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Abstract Some theoretical concepts on polymer + solvent systems and Monte Carlo simula-
tions of corresponding coarse-grained models are briefly reviewed. While the phase diagram
of polymers in bad solvents invoking the incompressibility approximation for the polymer
solution has been a standard problem of polymer science for a long time, a more complete
understanding of compressible polymer solutions, where liquid-liquid phase separation and
liquid-vapor transitions compete, has emerged only recently. After giving a phenomenolog-
ical introduction, we outline and compare three complementary approaches: self-consistent
field theory, thermodynamic perturbation theory and grandcanonical Monte Carlo simulation.
In order to give a specific example, we focus on the mixture of hexadecane with carbon diox-
ide. Attention is paid to correlate the description of the phase diagram with the properties
of interfaces and the nucleation barrier that needs to be overcome to form a droplet (or bub-
ble, respectively) of critical size, necessary for the decay of the corresponding super-saturated
metastable state. Particular emphasis is given to new techniques used for the computer sim-
ulation of such phase diagrams where several order parameters compete, and to systematic
difficulties that still hamper the prediction of accurate nucleation barriers from the observa-
tion of droplets (or bubbles, respectively) in finite volumes. The extent to which real materials
can be modeled will also be examined.
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1
Introduction

Understanding the properties of solutions of polymers in solvents of variable quality
has been an outstanding problem in polymer science for decades [1, 2, 3, 4, 5]. The-
ses systems are of fundamental interest as model systems for the statistical mechanics
of fluid binary mixtures [6] and also are of enormous practical interest for predict-
ing processing properties of various plastic materials in the chemical industry [7]. A
good example is the production of solid polystyrene foam from polystyrene + carbon
dioxide mixtures [8, 9, 10, 11]. While in this system phase separation between the
polymer and the small, molecular solvent is induced by a pressure jump, other sys-
tems show phase separation when the solvent quality is changed by variation of tem-
perature (see e.g. [12]).

Fig. 1. (a) Schematic phase diagram of an incompressible polymer solution. Temperature T
and molar fraction x of the solvent are variables, pressure p is constant. The position of the
critical point (xcrit, Tcrit) is indicated by a filled circle. The coexistence curve is drawn as a
full curve, while the (mean-field) spinodal is shown as a dotted curve. It separates metastable
states which can only decay via nucleation and growth from unstable states which decay via
spontaneous growth of concentration fluctuations (“spinodal decomposition”). A temperature
quench from the one-phase region into the two-phase region is also indicated. (b) Schematic
isothermal slice of a phase diagram of a compressible polymer solution, using pressure p and
molar fraction x of the solvent as variables. A pressure jump from the one-phase region into
the two-phase region is indicated. From [16]

Actually, the latter case is conceptually most simple, since it can already be
addressed using a special case of the Flory-Huggins theory [1, 2, 13, 14, 15] of
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binary polymer mixtures (see Sect. 2). A schematic phase diagram is drawn in
Fig. 1 (a) [16]. Note that the critical molar fraction of the solvent xcrit → 1 when the
chain length N of the polymer tends to infinity. In this limit the critical temperature
Tcrit of the polymer solution converges to the Θ temperature. We shall summarize
the main facts for this case in Sect. 2.

When one works at temperatures far below the liquid-vapor critical point of the
solvent, treating the polymer solution as incompressible is a reasonable approxima-
tion. Often, however, many solvents are used in their super-critical region [7], and
then it would be completely inappropriate to assume incompressibility: Rather then,
pressure is a useful control variable to trigger the phase separation (Fig. 1 (b)). While
in Fig. 1 (a) an equilibrium state in the two phase coexistence region consists of poly-
mer with some dissolved solvent molecules (on the left branch of the coexistence
curve) coexisting with essentially pure (x = 1) dense solvent of high density in the
liquid phase, Fig. 1 (b) actually may represent an equilibrium of polymer (with some
dissolved solvent molecules) with the solvent (x = 1) in the vapor phase, having a
much lower density than the polymer-rich phase.

Fig. 2. (a) Phase diagrams of pure CO2 (lower two curves) and pure hexadecane (C16 H34,
upper two curves) in the temperature-density plane. Experimental data were taken from [17,
18, 19, 20, 21], simulation data from [22] (see Sect. 5) (b) Same as (a) but in the pressure-
temperature plane. Curves are experimental results [17, 18, 19, 21], simulation data were taken
from Virnau et al. [22]

Of course, Fig. 1 only focuses on the simplest cases of the phase behavior. Even
when we disregard the solid (crystalline or glassy) phases of the polymer and the
solvent from the outset, it is necessary to discuss the global phase diagram of the
binary fluid mixture consisting of polymer and solvent in more detail. As is well-
known [6, 23, 24], in the space of control parameters – pressure p, temperature T ,
and molar fraction x of the solvent – several distinct types of phase diagrams may oc-
cur, due to different ways in which liquid-vapor transitions and liquid-liquid unmix-
ing interfere with each other. To set the scene, let us consider the model system that
will be considered extensively throughout this review, namely the mixture of hexade-
cane and carbon dioxide. The phase diagrams of these two pure fluids are plotted in
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Fig. 2 [17, 18, 19, 20, 21, 22]. In principle, we expect a qualitatively similar behavior
for any pair of polymer and solvent. In practice, of course, the liquid-vapor critical
point can only be observed for oligomers (such as hexadecane) but not for polymers
of high molecular weight, since then Tcrit would be so high that the polymer chains
chemically disintegrate before the critical region is reached. Now the question is how
does the phase diagram of the mixed system look like?

Fig. 3. Schematic phase diagrams of binary fluid mixtures, showing projections of critical
lines (pcrit(x), Tcrit(x)) into the pressure-temperature plane (broken lines), while projections
of first-order transitions are shown as full lines. From top/left to bottom/down phase diagrams
of type I (a) to type VI (f) in the classification of Van Konynenburg and Scott [24]. For further
explanations see text. From [6]

In the simplest case, the critical points (pPcrit, TPcrit) and (pScrit, TScrit) of pure
polymer and pure solvent are connected by the critical line (pcrit(x) , Tcrit(x)),
cf. Fig. 3 (a). The graph shows a projection of the phase boundaries of the two pure
systems and this critical line into the p-T plane. This phase diagram is called “type
I” in the classification of Van Konynenburg and Scott [24]. In this case, phase coex-
istence is always characterized by a coexistence of a vapor-like phase (with molar
fraction x ′) and a liquid-like phase (with molar fraction x ′′). While such a phase
diagram is often found in experiments for mixtures of chemically very similar mole-
cules, the phase diagrams of polymer + solvent systems are typically more compli-
cated. Oftentimes, they are of type III in this classification [24] (note that more types
of phase diagrams do occur [6, 23, 24] than are discussed here). Then, not only
liquid-vapor but also liquid-liquid phase separation occurs. The liquid-vapor critical
line (pcrit(x), Tcrit(x)) that starts at the critical point of the pure solvent does not ex-
tend all the way to the critical point of the pure polymer, but rather ends at a critical
end-point, where it joins a triple line. On the triple line the polymer-rich liquid co-
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exists with a solvent–rich liquid and with a vapor phase. The phase coexistence with
a critical line that starts at the critical point of the pure polymer gradually changes
its character from a liquid-vapor phase coexistence – close to the critical point of the
pure polymer – to a coexistence between a polymer–rich and solvent–rich liquid at
low temperatures and high pressure. Thus, the two parameters, the total density of
the fluid and the relative polymer concentration, are coupled in a non-trivial way. Of
course, already the correct prediction of such complex phase diagrams from models
for the molecular interactions is an ambitious and difficult task. It is even more diffi-
cult to assess the interface properties (interfacial tensions between coexisting phases,
interface profiles of the two order parameters, nucleation barriers which control the
decay rate of metastable states that can be reached in quenching experiments such as
schematically shown in Fig. 1).

In the present review we summarize various theoretical approaches to this prob-
lem, emphasizing the system hexadecane and carbon dioxide as a representative test-
ing ground. In Sect. 3, a phenomenological treatment of the problem based on the
self-consistent (SCF) field approach is given. Here we use a simple expansion of the
basic free energy density, and do not attempt a quantitatively accurate description of
a specific system, but rather try to model the generic features. In Sect. 4, a rather
powerful version of thermodynamic perturbation theory (TPT) adopted to solutions
and melts of flexible chain molecules is presented. In [134, 145] Sect. 5, Monte Carlo
(MC) methods [145] are developed which allow an estimation of both the phase dia-
gram and the desired properties of interfaces. It will be shown that indeed useful and
non-trivial predictions on the behavior of real systems, such as the C16H34+CO2 sys-
tem, can be made. Sect. 6 then contains some conclusions and an outlook on future
work.

2
The Flory-Huggins Model
of Incompressible Polymer Solutions and Its Test

2.1
The Flory-Huggins Lattice Model and the Mean-field Approximation

Although the Flory-Huggins lattice model [1, 2, 13, 14] is more than 60 years old and
extremely idealized, treating the configurations of the (flexible) polymers as random
walks on a lattice, it is still widely used and in fact a useful starting point to expose
the basic ideas of thermodynamics of polymer solutions. Each lattice site i is either
taken by a monomer (ci = 1) or by a solvent molecule (ci = 0), and the polymer
chains are described as self- and mutually avoiding random walks of N − 1 steps on
a lattice, i.e., we have N (effective) monomers per chain. If two neighboring lattice
sites are taken by monomers which are not nearest neighbors along the same chain,
an energy εP P is won.

If no further approximations were made, the statistical mechanics of such a model
still would be a formidable problem, impossible to solve analytically, only tractable
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by Monte Carlo (MC) simulations [5]. To make progress and derive simple ana-
lytical expressions for the critical temperature Tcrit(N) and critical volume fraction
φcrit(N) taken by the monomers (φ ≡ 〈ci 〉T where 〈· · · 〉T denotes an average in the
canonical ensemble of statistical mechanics), Flory and Huggins [13, 14] introduced
several additional approximations, that go beyond the simplifications inherent in the
use of the lattice model, as it was just formulated: (i) Correlations in the occupancy
of lattice sites are ignored. (ii) It is ignored, that on a lattice with coordination num-
ber z an inner monomer of a chain can at most have z − 2 neighboring monomers
from other chains, and that a monomer forming a chain end can have at most z − 1
non-bonded neighbors, and one takes the possible number of non-bonded neigh-
bors (from other chains) equal to z. Writing now ε = εPS − (εP P + εSS)/2 where
εPS , εSS are enthalpies for nearest neighbor pairs of polymer-solvent or solvent-
solvent molecules, the enthalpy per lattice site simply is zεφ(1 − φ). The last ap-
proximation (iii) amounts to ignore that chains must not intersect themselves (or
other chains), by treating them as non-reversal random walks, rather than true self-
avoiding walks. Then a simple expression for the entropy of mixing of the model
results, S(φ)/kB = −(φ ln φ)/N − (1 − φ) ln(1 − φ), again normalized per lattice
site. Thus, the free energy density of the system becomes (a is the spacing of the
Flory-Huggins lattice, which henceforth is taken as the unit of length in this section,
a = 1)

a−3 f (φ)/kB T = (φ/N) ln φ + (1 − φ) ln(1 − φ) + χφ(1 − φ) , (1)

where the Flory-Huggins parameter χ is χ = zε/kB T . For large N only volume
fractions φ � 1 matter and hence expanding ln(1 − φ) the potential g(φ) = f (φ) +
kB T φ(1 − χ) becomes

g(φ)/kB T ≈ φ

N
ln φ + 1

2
b2φ

2 + 1

6
b3φ

3 + · · · , (2)

where the virial coefficients are simply b2 = 1 − 2χ, b3 = 1. In the following we
allow for a slightly more general choice where b3 can differ from unity. The spinodal
curve of the polymer solution then is found from the condition (∂2g(φ)/∂φ2)T = 0,
i.e.

−b2 = 2χs(φ) − 1 = (Nφ)−1 + b3φ . (3)

The minimum [] of the spinodal curve in the χ-φ plane yields the critical point
of the phase separation, which is given by

φcrit = (Nb3)
−1/2 , χcrit(N) =

[
1

2
+ (b3/N)1/2

]
. (4)
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Noting that the limiting value of χcrit(N → ∞) = 2 yields the Theta point of the
polymer solution, the critical temperature Tcrit of the polymer solution (note Tcrit =
zε/kBχcrit) varies as

Tcrit(N) = Θ
[
1 − (b3/N)1/2

]
, N → ∞ . (5)

The coexistence curve that describes (see Fig. 1) the coexistence between a dilute
polymer solution of volume fraction φ

(1)
coex and a semidilute polymer solution of vol-

ume fraction φ
(2)
coex for T < Tcrit, can be found by equating the chemical potentials

µ = kB T (∂g(φ)/∂φ)T and the osmotic pressures [1, 2, 3]

Π = φ2(∂[g(φ)/φ]/∂φ)T = φ/N + b2φ
2/2 + b3φ

3/3 (6)

of both phases. Near the critical point, where Πcrit = b−1/2
3 N−3/2/3, one finds a

coexistence curve of mean-field type,

φ(1,2)
coex = φcrit ±

√
3(χ − χcrit)/(N1/2b3/2

3 ) . (7)

Thus, we can define the “order parameter” ψ of the unmixing transition as

ψ = [φ(2)
coex − φ(1)

coex]/2 = B̂(N)τβ , τ ≡ χ/χcrit − 1 ≈ 1 − T/Tcrit , (8)

where the critical exponent β takes its mean-field value βMF = 1/2 and the critical
amplitude B̂(N) scales for N → ∞ as

B̂(N) = √
6 b−3/4

3 N−1/4 . (9)

It is also of interest not only to consider the uniform order parameter, but also
its long wavelength fluctuations. This can be done by introducing the free energy
functional [5, 25, 26, 27, 28]


F /kB T =
∫

d
r
{

f
[
φ(
r)

]+ a2

36φ(1 − φ)

[∇φ(
r )
]2}

. (10)

Note that the length a (which we choose as our unit of length, as noted above) has
the physical meaning of a2/[φ(1 − φ)] = b2

P/φ + b2
S/(1 − φ) ≈ b2

P/φ, where bP

is the size of an effective monomeric unit forming the polymer, and bS the typical
size of a solvent molecule. This interpretation can be derived from the random phase
approximation [5, 28] (cf. also Sect. 3.5.1). The homogeneous chemical potential µ
introduced above can then be generalized as
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µ(
r) ≡ δ(
F )/δφ(
r)

= const + kB T

{
(Nφ0)

−1 + b2 + b3φ0 − a2

18φ0
∇2
}

δφ(
r), (11)

where we have written φ(
r) = φ0 + δφ(
r) and linearized the functional derivative
with respect to δφ(
r). Considering the spatial Fourier components δφ
q , the inverse
collective structure factor Scoll(
q) [5, 28]) becomes

Scoll(
q)−1 = [(Nφ0)
−1 + b2 + b3φ0][1 + q2ξ2] , (12)

with a correlation length ξ of local concentration fluctuations,

ξ = (a/3
√

2φ0)[(Nφ0)
−1 + b2 + b3φ0]−1/2 . (13)

Comparison with Eq. (3) immediately shows that both Scoll(0) and ξ diverge
when one approaches the spinodal curve from the one-phase region

Scoll(0) = [χs(φ) − χ]−1 , (14)

ξ = (a/3
√

2φ0)[χs(φ) − χ]−1/2 . (15)

In particular, at the critical point, φ0 = φcrit, we find mean-field type power laws
analogous to Eq. (9),

Scoll(0) = Γ̂ +(N)(−τ )−γ , (16)

ξ(φcrit) = ξ̂+(N)(−τ )−ν , (17)

where the exponents γ and ν take their mean-field values γMF = 1, νMF = 1
2 and the

critical amplitudes scale as

Γ̂ +(N) = χ−1
crit = 1/2 (independent of N) , (18)

ξ̂+(N) = (a/6φ
1/2
crit ) = (ab1/4

3 /6)N1/4 . (19)

It also is straightforward to work out the corresponding power laws along the
coexistence curve [28],
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Scoex
coll (0) = Γ̂ −(N)τ−γ , Γ̂ −(N) = 1

2
Γ̂ +(N) = 1/4 , (20)

ξcoex = ξ̂−(N)τ−ν , ξ̂−(N) = 1√
2

ξ̂+(N) . (21)

Finally, we recall that Eq. (10) can be used [5, 25, 26, 27, 28] to derive the excess
free energy γ due to a flat interface. The result is [29, 30], for b3 = 1, a = 1

γ /kB T = (5/3)1/2N−1/4(χ/χcrit − 1)3/2 ; (22)

writing again a general power law γ /kB T = γ̂ (N)τµ we conclude µMF = 3/2 and

γ̂ (N) = (5/3)1/2N−1/4 . (23)

However, it should be noted that even within a mean-field context the validity
of these asymptotic power laws is severely restricted. This is noted already from
Eqs. (7)–(9), since φ

(1,2)
coex = φcrit ± ψ implies that ψ < φcrit, since φ

(1)
coex must

be positive, and thus we conclude that (χ/χcrit − 1)1/2N−1/4 < N−1/2, ignoring
prefactors for the moment, or alternatively (χ/χcrit − 1)N1/2 < 1. This shows that
already when |χ/χcrit − 1| is of order N−1/2, the power laws derived in Eqs. (7)–
(23) cease to describe the actual functions ψ , Scoll(0), ξ and γ /kB T , and rather
a crossover to a different behavior sets in. This crossover is a consequence of the
fact that the limit N → ∞, Tcrit(N) → Θ , φcrit → 0 can be considered as
a tricritical point [3, 29, 30, 31, 32, 33]. As expected from the above argument,
ζ = N1/2(χ/χcrit − 1) acts as a crossover scaling variable, and hence [3, 29, 30]

ψ = N−1/2ψ̃(ζ ) , ψ̃(ζ → 0) ∝ ζ 1/2 , (24)

in agreement with Eqs. (7)–(9). In the limit where χ/χcrit − 1 � 1 but N → ∞,
the N-dependence must in fact cancel out from Eq. (24), in order to allow for a
physically plausible behavior. This readily yields [3, 29, 30], cf. Eq. (5)

ψ̃(ζ → ∞) ∝ ζ 1 , ψ ∝ (χ/χcrit(N → ∞) − 1) = 1 − T/Θ . (25)

Similar crossover formulae can be written down for the other quantities of inter-
est, too. While Eqs. (12)–(19) also remain valid for ζ → ∞, the behavior of ξcoex,
ζ coex

coll (0) and γ /kB T gets correspondingly modified by the crossover. A pronounced

asymmetry along the dilute branch (φ
(1)
coex → 0) is then of particular interest and

the concentrated branch of the coexistence curve becomes (φ(2)
coex → 2ψ): One finds

ξ
(1)
coex ∝ N1/2 while ξ

(2)
coex ∝ N1/2/ζ as ζ → ∞, i.e. ξ

(2)
coex ∝ (1 − T/Θ)−1 inde-

pendent of N . A related asymmetry concerns Scoex(0). Finally, we consider γ /kB T
which can be written as [29, 30]
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γ /kB T = N−1 γ̃ (ζ ) γ̃ (ζ → 0) → ζ 3/2 , (26)

reproducing Eqs. (22), (23), while for N → ∞ at fixed small 1 − T/Θ we must
require that N cancels out and thus

γ̃ (ζ → ∞) → ζ 2 , γ /kB T ∝ (1 − T/Θ)2 . (27)

2.2
Phase Separation Between Polymer
and Solvent Beyond Mean-field Theory: Scaling Predictions

From Eqs. (24)–(27) we have seen that the standard mean-field power laws de-
scribing the singularities near the critical unmixing point can hold only for ζ =
N1/2(χ/χcrit − 1) � 1. Of course, when χ → χcrit at fixed N , we do expect that
mean-field theory breaks down due to the neglect of thermal fluctuations, and in re-
ality a crossover to the critical behavior described by the Ising model universality
class [34, 35, 36] sets in. Thus, very close to the critical point, we expect the follow-
ing critical exponents [35, 36].

β ≈ 0.326(1), γ = 1.238(2), ν = 0.630(1), µ(= 2ν) = 1.260(2) . (28)

Note that the “hyperscaling relation” dν = γ +2β (in d = 3 dimensions) [34] as well
as the Widom [38] scaling relation for the interfacial tension exponent µ = (d − 1)ν
hold here, but are not obeyed for the mean-field exponents [34].

We now discuss at what distance from the critical point the crossover to this
Ising-type critical behavior occurs. A simple and qualitative but essentially correct
answer to this question is provided by the Ginzburg criterion [39], which is a sim-
ple self-consistency check of mean-field theory (for more detailed discussions and
derivations of this criterion see e.g. [5, 40]). Basically it says that the standard mean-
field description of critical behavior holds if the reduced temperature distance from
the critical point, |τ |, exceeds the “Ginzburg number” Gi , which can be written as the
following combination of mean-field critical amplitudes [41], in d = 3 dimensions

Gi = (3/4π)2 1

[B̂(N)]4

[
Γ̂+(N)

]2 [
a/ξ̂+(N)

]6
. (29)

Using Eqs. (9), (18), and (19) we readily recognize that

Gi ∝ N−1/2 (30)

and hence the condition for the validity of the mean-field power law would be
|τ |/Gi  1, i.e. N1/2|τ |  1. However, as we have seen for χ > χcrit(T < Tcrit)
this condition means that ζ  1, and hence the crossover towards the tricritical
behavior (e.g. Eq. (25) and (27)) has occurred.
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We conclude that for polymer solutions the standard mean-field critical (rather
than tricritical) behavior never holds, irrespective of how large the chain length N
becomes. Of course, this conclusion is opposite to the result for symmetric polymer
mixtures (where also Flory-Huggins theory similar to Eq. (1) is the starting point,
but we have an entropy of mixing-term (φ/NA) ln φ + ([1 − φ]/NB ) ln[1 − φ] with
NA = NB rather than the expression written in Eq. (1)). There, the Ginzburg criterion
shows that standard mean-field theory does become valid in d = 3 [3, 5, 42, 43]
(though not in d = 2 [44]), when NA = NB → ∞. This conclusion actually is
in agreement with both experiment (e.g. [45]) and simulation [46, 47]. On the other
hand, one knows that - apart from logarithmic correction factors – the mean-field
description of tricritical behavior is correct [31], and hence one does expect that the
part of Sect. 2.1. pertaining to the region ζ  1 is qualitatively correct.

Unfortunately, a full description of the crossover from tricritical behavior to non-
mean-field critical behavior is a difficult theoretical problem [48]. Here, we shall not
dwell on recent developments based on the renormalization group approach, since
this is outside the scope of the present review, but we only mention the phenomeno-
logical extension of the crossover scaling description, Eqs. (24)–(27), to incorporate
the Ising behavior [3, 30, 49]. There one starts from the observation that the variable
appearing in the Ginzburg criterion, |τ |Gi ∝ N1/2|τ |, is simply proportional to the
mean-field crossover scaling variable ζ . Thus, the assumption is that there is no need
to change the crossover scaling variable, and one only needs to change the behavior
of the crossover scaling functions ψ̃ , γ̃ (ζ ) etc. in the limit of small ζ , in order to
incorporate the correct Ising-type critical behavior. Thus, one writes

ψ̃(ζ → 0) ∝ ζ β , γ̃ (ζ ) ∝ ζ 2ν. (31)

Then it follows that

B̂(N) ∝ N−x1 , γ̂ (N) ∝ N−x5 , (32)

with

x1 = (1 − β)/2 ≈ 0.34, x5 = 1 − ν ≈ 0.37 , (33)

adopting a notation introduced by Enders et al. [50]. In that work, the phenomeno-
logical assumption of power laws with non-trivial exponents for the shift of Tcrit(N)
with N and the critical concentration φcrit(N) were also made,

φcrit(N) ∝ N−x2 , Θ − Tcrit(N) ∝ N−x3 . (34)

From Eqs. (4), (5) we read off that the mean-field predictions for these exponents are

x2 = 1/2, x3 = 1/2 . (35)



Polymer + Solvent Systems 13

However, experiments have found that [51, 52, 53, 54, 55, 56, 57, 58]

x1 ≈ 0.23 − 0.34, x2 ≈ 0.38, x3 ≈ 0.47 − 0.50 . (36)

One sees that the data for x1 span the full range from the mean-field result (x1 = 1/4)
to the scaling prediction (cf. Eq. (33)), while the data for x3 are compatible with the
mean-field result. However, the experimental results for x2 seem to indicate a clear
discrepancy with the mean-field result x2 = 1/2 (cf. Eq. (35)). Enders et al. then also
allowed for a non-mean-field crossover exponent, writing

ψ = N−x4 ψ̃(N x4τ ) , (37)

which requires ψ̃(ζ → ∞) ∝ ζ in order to reproduce ψ ∝ 1 − T/Θ for N →
∞ (cf. Eq. (25)) while ψ̃(ζ → 0) ∝ ζ β yields x1 = x4(1 − β). The physical
interpretation for Eq. (37) would be the assumption that the radius of gyration of
the polymer coils does not scale like Rgyr ∝ N1/2 in the critical region but with
a different exponent. However, there is little information from experiment on this
issue. With respect to the exponent x5, experimental results lie in the range [52, 55]

x5 ≈ 0.38 − 0.44 , (38)

close to the scaling prediction, Eq. (33) .
The discrepancy for x2 between experiment, Eq. (36) and mean-field prediction,

Eq. (35), has led to a large theoretical activity, aiming to explain how a different
exponent could arise, and to predict what its value should be [58, 59, 60, 61, 62, 63].
We shall come back to this question in the framework of thermodynamic perturbation
theory (TPT) in Sect. 4. There is the alternative view that logarithmic corrections to
the simple mean-field power laws, Eqs. (4) and (5), are present, namely [64]

φcrit(N) ∝ (ln N)1/2/N1/2 , Θ−Tcrit(N) ∝ N−1/2(ln N)−3/11, N → ∞ .

(39)

If Eq. (39) holds asymptotically, it is quite likely that the approach to this as-
ymptotic behavior for large N as a function of N is quite slow, and hence the re-
sults, Eqs. (36) and (38), find an explanation as non-universal pre-asymptotic slow
crossovers.

Finally we mention that also the collective scattering function Scoll(0) and the
correlation length ξ(φcrit) must show a crossover scaling

Scoll(0) = N1/2 S̃(ζ ) , ζ = N1/2(−τ ), (40)
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where S̃(ζ → ∞) ∝ ζ−1 to reproduce Eqs. (14), (16) in the (tricritical) mean-field
region, while S̃(ζ → 0) ∝ ζ−γ with γ given in Eq. (28). Hence it follows that
Γ̂ +(N) ∝ N (1−γ )/2 must vanish with a power law as N → ∞. Similarly,

ξ(φcrit) = N1/2ξ̃ (ζ ) , ξ̃ (ζ → ∞) ∝ ζ−1/2 , (41)

which reproduces Eqs. (17), (19) in the (tricritical) mean-field region, while ξ̃ (ζ →
0) ∝ ζ−ν with ν given in Eq. (28) as well. This argument shows that ξ̂+(N) ∝
N (1−ν)/2 in the Ising-like critical region. We expect that the same power laws (but
with different amplitude prefactors, compatible with the known universal critical am-
plitude ratios [65]) hold for ξ̂coex(N) and Scoex

coll as well.

2.3
Monte Carlo and Molecular Dynamics Methods

First of all we emphasize that the theory described in the previous sections can be in-
terpreted alternatively as a description for the liquid-vapor transition of a homopoly-
mer in the absence of any solvent: When lattice sites occupied by solvent particles
are reinterpreted as vacancies, it is natural to take εss = εps = 0 and ε = −εpp/2.
The osmotic pressure Π , Eq. (6), is then simply reinterpreted as the total pressure of
the polymeric fluid. Thus, Eq. (6) is nothing but the virial equation of state for the
polymeric fluid, with the first term (Π = φ/N) representing the ideal gas law (recall
that a factor 1/kB T has been absorbed in the definition of Π).

We emphasize this liquid-vapor interpretation of the Flory-Huggins theory here,
since many of the computer simulations that we shall discuss actually use this lan-
guage, in the interest of comparing to experimental data on the liquid-vapor equilib-
rium of short alkane chains [19, 66, 67, 68, 69], for instance.

As we have seen in the previous sections, the formulation of the theory involves
many questionable assumptions, and hence the idea to test them by computer simula-
tion methods [70, 71, 72, 73] is clearly attractive. However, while the first study of the
self-avoiding walk problem of single polymer chains [74] has appeared two years af-
ter the importance sampling MC method [75] was invented, the study of phase equi-
libria of multi-chain systems by computer simulation is much more difficult. The first
tests of the Flory—Huggins theory were performed in 1987 for a study of phase sep-
aration in a strictly symmetric polymer mixture (chain lengths NA = NB = N) [76],
utilizing the possibility to carry out the simulation in the semi-grandcanonical en-
semble (where the chemical potential difference 
µ is a central parameter, and MC
moves are introduced that transform A into B or vice versa). While later the tech-
nique was generalized to asymmetric mixtures [77, 78], the corresponding simula-
tion of the polymer-solvent phase separation is more difficult, since MC simulations
in the grandcanonical ensemble (with the chemical potential µ as a control para-
meter) require MC moves where chains have to be inserted with randomly chosen
configurations at random positions into the simulation box that already contains other
chains. For long chains, the acceptance rate of such moves becomes negligibly small
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already at semidilute concentrations, preventing a naive implementation of such an
algorithm [79, 80, 81]. It has been possible to carry out a simulation study of the
polymer-solvent critical point [82] for the bond fluctuation model [83, 84] for chains
up to a length of N = 60 effective monomers. In this model, each effective monomer
blocks all eight sites of an elementary cube of a three-dimensional lattice from fur-
ther occupation, and the length b of the bond vector 
b may take the values b = 2,

√
5,√

6, 3, and
√

10 [84]. Applying a combination of “random hopping” and “slithering
snake” moves (see [70] for a review of the basic simulation methods for polymers)
the configuration of chains for this model can be equilibrated more efficiently than
using the ordinary self-avoiding walk (SAW) model, as done in [76]. However, while
for the case of symmetric polymer mixtures rather long chain lengths could be stud-
ied (up to N = 512 [46]), it is clear that the chain length reached for the polymer-
solvent case (N = 60) [82] may be too short to reach the asymptotic behavior of
interest. Actually, much longer chains (up to N = 2048) were used by Frauenkron
and Grassberger [85], applying the pruned-enriched Rosenbluth method (PERM) to
generate the chains in the simulated sample. However, even with these chain lengths
it is not yet clear whether a significant test of the theoretical predictions summarized
in Sect. 2.2 is possible.

While it is our view, that in principle the finite size scaling analysis [86, 87,
88, 89] of MC simulation results generated in the grandcanonical ensemble (uti-
lizing also histogram extrapolation methods [90, 91, 92] and paying attention to
“field mixing” [89, 93, 94]) is the most powerful simulation approach to study the
polymer-solvent critical point and the phase equilibrium at temperatures slightly be-
low Tcrit(N), other methods can be applied when one is interested in the study of the
wellseparated phases at temperatures far below criticality. Actually, the first study of
this problem is due to Madden et al. [95, 96] who used the canonical ensemble.

The disadvantage of this method is that the two phases have to coexist in the
same simulation cell, including two interfaces (Due to the periodic boundary con-
ditions, the interfaces are oriented parallel to a surface of the cubic simulation box,
generating the fluid in a slab-like configuration. Hence, one faces the problem of
slow equilibration of interface fluctuations, and to distinguish bulk properties from
those of the interface region [97, 98, 99, 100]).

The most popular method to study phase equilibria, however, is the Gibbs en-
semble [101, 102, 103]. In this method, one simulates two boxes 1 and 2, where the
total number of particles n = n1 + n2 and the total volume V = V1 + V2 are kept
constant. One considers moves where particles are exchanged between the boxes and
the volume is redistributed (V1 → V ′

1 = V1 − 
V , V2 → V ′
2 = V2 + 
V ). If the

total density ρ = n/V is chosen such that it falls in between the two branches of
the coexistence curve, the system will evolve into an equilibrium state such that one
box contains only the fluid with a density according to the liquid branch of the coex-
istence curve, and the other box contains only the fluid with a density according to
the vapor branch. Of course, there is no physical reason which of the boxes should
contain the liquid and which should contain the vapor, and in fact, if one simulates
long enough, one will observe transitions where the boxes switch the identity of
the phases they contain, i.e. the “liquid box” will become the “vapor box” and vice
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versa. Nevertheless, one can sample the density distribution and distinguish between
the vapor peak and the liquid peak of this distribution, at least for temperatures well
below Tcrit(N). In this method, both boxes automatically establish the equilibrium
characterizing two-phase coexistence, i.e. both boxes are at the same chemical po-
tential µ and pressure p on average (note that both µ and p are fluctuating variables
in this ensemble).

As it stands, the Gibbs ensemble due to its need for volume exchange moves
is well-suited for off-lattice models, and in fact it has been used to calculate phase
equilibria for various models of chain molecules [104, 105, 106, 107, 108, 109, 110,
111, 112, 113], making use of the configurational bias method to perform the nec-
essary chain insertions, when one exchanges chains from one box to the other. In
particular, the move of a chain from the vapor box to the liquid box is very dif-
ficult due to a low acceptance rate. An alternative method constructs the chemical
potential in the two coexisting phases explicitly [114], applying the chain increment
method [115] to calculate the chemical potential of the chains, and avoid potential
sampling difficulties due to the biased insertion moves. However, the results of this
method seems to be compatible to the Gibbs ensemble studies [114]. Finally, we
mention that the Gibbs ensemble technique has also been extended to lattice ho-
mopolymer models [116, 117]. Chain lengths up to N = 100 could be treated by this
method.

The Gibbs ensemble approach to study liquid-vapor phase equilibria of poly-
mers (or other fluids) as well as polymer-solvent equilibria [112] clearly is a very
valuable and efficient method, since it requires comparatively modest computer re-
sources, which in turn allows the study of chemically realistic models of specific
systems [109, 112, 118]. Predicting coexistence curves and the rough location of the
critical point of alkanes such as C24H50 and C48H98 complements experiment (the
real polymers could never be studied in the critical region due to chemical degrada-
tion) but is very useful since it helps to develop a better equation of state also for
the experimentally accessible region [106, 107, 109]. On the other hand, it is clear
that for a detailed study of critical properties of polymers or other fluids the Gibbs
ensemble is not the method of choice, since near the critical point one has to deal
with finite size effects [72, 73, 86, 87, 88, 89, 93, 94] which for the Gibbs ensemble
are cumbersome to deal with. It now is widely accepted that the use of finite size
scaling [72, 73, 87, 88, 89] in conjunction with MC simulations carried out in the
grandcanonical ensemble is the most powerful method to study liquid—vapor criti-
cal points [119, 120, 121, 122], critical unmixing of binary fluid mixtures [123, 124],
and polymer solutions [82, 85]. Another limitation of the Gibbs ensemble occurs far
below the critical point, where the configurational bias chain insertion step into the
dense polymer fluid has an acceptance rate that is too low (then the grandcanoni-
cal ensemble simulations fail as well, of course). This limitation has recently been
overcome by Brennan and Madden [113] for the case where the polymer density in
the vapor (or solvent, respectively) can be taken to be strictly zero. They developed
a strategy to establish an osmotic equilibrium between a pure solvent phase and a
polymer–rich phase which produces a polymer–rich phase that should be indistin-
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guishable from the corresponding phase of the full binary polymer+solvent system
and does not require the insertion and deletion of chain molecules [113].

Fig. 4. Free energy F(n)/kB T plotted versus the number n of chains (using a coarse-grained
bead-spring model of hexadecane with N = 5 effective monomers, see Sect. 5) at temperature
T = 1.38ε/kB (ε sets the scale for the Lennard-Jones energy). The results are for a box
geometry L×L×2L , with periodic boundary conditions in all three directions, and a choice of
L = 9σ , σ being the range parameter of the Lennard-Jones interaction. The rectangles in the
main part of the figure show the schematic state of the system: Pure vapor (left), liquid-vapor
coexistence with a slab-like liquid layer (middle) and pure liquid (right). A typical snapshot
picture of the system in the slab configuration with n = 100 polymers is shown on the right

An additional bonus of the finite size scaling analysis of grandcanonical simula-
tion data is that information on the interfacial tension between the coexisting phases
can be extracted [22, 99, 120, 121, 125, 126, 127, 128, 129, 130]. Figure 4 gives a
brief explanation of this method: The idea is to sample the density distribution func-
tion P(φ) at temperatures T < Tcrit for densities throughout the full miscibility gap.
Doing this by straightforward MC sampling [125] would be extremely inefficient, of
course, but accurate data on P(φ) can in fact be obtained either by multicanonical
MC methods [131, 132] or by other “extended ensemble” methods (transition matrix
MC [133] was used in [121], while successive umbrella sampling [134] was used
for the results presented in Fig. 4). The states of the system at intermediate densi-
ties (near φm = (φ

(1)
coex + φ

(2)
coex)/2, φ

(1)
coex, φ

(2)
coex being the densities of the coexist-

ing phases, where P(φ) has sharp maxima) are dominated by “slab” configurations,
where a thin film of liquid extends throughout the simulation box, separated from the
surrounding vapor by two planar interfaces, which are oriented parallel to the walls
(and are connected in itself via the periodic boundary conditions). If one chooses a
cubic L × L × L box, these interfaces could be oriented perpendicular either to the
x or y or the z axis; however, choosing a box geometry of L × L × 2L (cf. Fig. 4)
the interfaces orient perpendicular to the direction in which the system is longer, to
minimize the interface area. This choice also puts the two interfaces farther apart,
thereby reducing their mutual interactions [130]. The effective free energy of the
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system then simply is F(φ) = −kB T ln P(φ) + const, and this quantity is plotted in
Fig. 4. Note that for φ near φm , F(φ) is horizontal, because changing φ in this re-
gion only changes the volume of the liquid slab but not its total surface area 2L2, and
for large enough L the two liquid-vapor interfaces can be treated as non-interacting.
This interpretation implies that the free energy of interfaces can be found as

fγ = 
F/(2L2), 
F = F(φm) − [F(φ(1)coex) + F(φ(2)
coex)]/2 . (42)

This method was used in [22] to obtain the data shown in Fig. 5.

Fig. 5. Interfacial free energy of pure CO2 and of C16H34 plotted versus temperature. Experi-
mental data from Dee and Sauer [135, 136] are included. Data for CO2 were taken from [137]

At this point, we emphasize that the use of Eq. (42) is not the traditional standard
method to estimate interfacial tensions from computer simulations: Usually, one sim-
ulates a system prepared in a slab configuration such as shown in Fig. 4, using the
canonical (nV T ) ensemble or the microcanonical ensemble (when one carries out
Molecular Dynamics (MD) rather than MC simulations). The interface free energy
is then found from the anisotropy of the pressure tensor [138, 139]

γ = 1

2

∫
dz [ΠN (z) − ΠT (z)],

ΠN (z) = Πzz(z) ΠT (z) = [Πx x(z) + Πyy(z)]/2 , (43)

where we have assumed that the interfaces are normal to the z-axis, and the integra-
tion is extended in this direction over the entire box. The pressure tensor requires to
evaluate the forces between particles 
Fij = −∂U(
ri j )/∂
ri j . If we assume pairwise
potentials,
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Παβ(z) = φ(z)kB T δαβ + 1

2L2

∑
i �= j

(
ri j )α( 
Fij )βΘ[z−zi)/zi j ]Θ[z j −z)/zi j ]/zi j ,

(44)

where zi j is the z-component of 
ri j = 
ri −
r j , and Θ(ζ ) is the Heaviside step function
here.

Forces are not required in MC simulations but are routinely calculated in the con-
text of Molecular Dynamics (MD) simulations (where one solves Newton’s equa-
tion of motion [70, 71]). In these simulations [140, 141, 142], Eqs. (43) and (44)
are used and both the liquid-vapor coexistence curve and fγ are extracted. How-
ever, while this method has been used for various chemically realistic models of
solvents [140, 141, 142], we are not aware of studies of liquid-vapor coexistence
curves for polymeric systems by this method yet. Already for small molecules such
as CO2, only a rather rough estimation of the coexistence curve is possible [142].
Therefore, we shall not discuss the MD method in this article further. An interest-
ing comparison between the MD approach (using Eq. (43)) and the grandcanonical
MC method (using Eq. (42)) for a square well fluid is given in [121]. In agreement
with our own experience [99] they find that the grandcanonical method is superior
to measuring the interfacial tension by the anisotropy of the pressure, at least for not
too low temperatures.

In the next section, we briefly describe some results obtained [82, 85] for lattice
models of critical unmixing of polymers, which have some relevance for the theories
summarized in the previous sections. We do not give a more detailed account of the
simulation techniques applied in those papers, however, because they are well doc-
umented in the literature [70, 71, 72, 73, 77, 78, 81, 82, 85, 91]. The extensions of
these techniques needed to cope with the complications due to competing order para-
meters (as they occur in polymer+solvent systems when both liquid-vapor unmixing
and fluid-fluid unmixing is possible) are deferred to Sect. 5.

2.4
Comparison Between Computer Simulation Results
and Analytical Predictions

Due to the strong asymmetry of the coexistence curve for large N , it is mandatory to
include “field mixing” [82, 85, 89, 93, 94, 119] in the finite size scaling analysis (i.e.,
energy density and particle number density need to be treated as coupled parameters,
and the “order parameter” M of the transition needs to be constructed as a suitable
linear combination, as described in the quoted references). If this is done, one finds an
excellent agreement of the rescaled order parameter distribution PL(x) at criticality
versus the rescaled order parameter x = a−1

m Lβ/ν(M − Mcrit), with that of the three-
dimensional Ising model (Fig. 6). Here, am is a normalization constant, and Mcrit the
value of the order parameter M precisely at the critical point in the limit L → ∞. The
Ising model exponents, as quoted in Eq. (28), were used in this analysis, too. Within
statistical errors, very good agreement with the scaled order parameter distribution
of the Ising model is found, which is not a big surprise, of course, since the applied
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Fig. 6. The order parameter distribution function PL (x), where x is the rescaled order para-
meter x = a−1

M Lβ/γ (M − Mc), for the bond fluctuation model with N = 20. The crosses
represent the Ising model order parameter distribution. From Wilding et al. [82]

chain length is still rather short. But Frauenkron and Grassberger [85] obtained a
similar good agreement also for somewhat longer chains, such as N = 128 and
N = 256, using the simpler self-avoiding walk model on the simple cubic lattice.

The chain length dependence of the critical parameters is of particular interest.
When one fits the MC data for Tcrit(N) − Θ and φcrit(N) to simple power laws, one
finds

Tcrit(N) − Θ ∝ N−1/2 , φcrit(N) ∝ N−0.38 . (45)

Exactly the same conclusion emerges from the bond fluctuation model study of Wild-
ing et al. [82] that used 20 ≤ N ≤ 60, and the SAW model study of Frauenkron and
Grassberger [85] that used much longer chains (N ≤ 2048). Equation (45) is nicely
compatible with experiment, but it is not consistent with the theoretical expectations.
Of course, the possibility that simple power laws do not apply and rather logarithmic
corrections need to be considered (e.g. Eq. (39)) is not ruled out. In order to test
for such logarithmic corrections, both very large values of N and a range of several
decades in N would be required. However, it remains then to explain why the asymp-
totic power law for the relation for Tcrit(N) − Θ is readily seen for small N and for
various models as well as in experiment, while the other relation for φcrit(N) is not.
In addition, if the exponent 0.38 is an effective exponent, it is strange that it shows up
in an almost universal manner - two different lattice models for very different ranges
of N , and various experiments with rather good accuracy yield the same number.

At least the simulations are rather definite on another point that has been con-
troversial among the theories described in Sect. 2.2: It has been shown [82, 85]
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that the chain configurations at criticality are definitely not collapsed, but do fol-
low Gaussian chain statistics for larger N , i.e. the mean square radius of gyration for
large N scales linearly with N [82, 85] (very short chains are slightly swollen rather
than contracted [82], so chain contraction as an origin of the anomalous power law
in Eq. (45) is definitely ruled out).

Another point which still needs to be addressed by the simulations is the crossover
between critical and tricritical behavior. Wilding et al. [82] noted that the Ising crit-
ical region (describing the shape of the coexistence curve for T < Tcrit(N) in terms
of the critical exponent β ≈ 0.326, Eq. (28)) is considerably narrower than for other
systems (e.g., the simple Lennard-Jones fluid), but an analysis of the critical vs. tri-
critical behavior is still lacking. These crossover phenomena in polymer solutions
have recently been studied experimentally by Hager et al. [143] and Anisimov et
al. [144]. Thus, we conclude this section by stating that even in the study of unmix-
ing of those polymer solutions which can be approximated as incompressible, there
are still many unsolved questions.

3
Self-consistent Field Theory
for Compressible Polymer Solutions

3.1
Hexadecane and Carbon Dioxide:
A Model for a Compressible Polymer Mixture

While the Flory-Huggins mean-field theory [13, 14, 15] of Sect. 2.1 describes the
generic, qualitative behavior of incompressible polymer + solvent mixtures, it in-
vokes three important simplifications that restrict its application:

1. In compressible polymer-solvent mixtures there are two coupled order parame-
ters – the density and the composition – and in addition to liquid-vapor phase
coexistence also liquid-liquid phase separation can occur [6, 7, 24, 21]. The in-
terplay between composition and density gives rise to six distinct types of phase
diagrams according to the classification of Van Konynenburg and Scott [24] (see
also Fig. 3).

2. Spatial inhomogeneities are only captured by a square gradient term in the free
energy functional [3]. While this is appropriate in the vicinity of the critical
point (or the spinodal), where the width of interfaces grows very large [146],
this approximation becomes less accurate away from the critical point, where
the “intrinsic” width (i.e., without accounting for capillary waves [100, 147]) of
the interface is on the order of the interparticle distance in the liquid.

3. Being a mean-field approach, the Flory-Huggins theory neglects fluctuations
which are important in the vicinity of the critical point or the spinodal (cf.
Sect. 2), i.e., just where the square gradient approximation is useful.

The first approximation might prevent the Flory-Huggins theory even from captur-
ing the qualitative behavior of compressible systems. In this section, we will present
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a self-consistent field (SCF) theory which makes a first step towards improving the
first two issues. We expect the theory to correctly describe the qualitative behavior of
compressible polymer-solvent mixtures; yet the mean-field character of the descrip-
tion and deficiencies in describing the structure on short length scales will remain.
Importantly, the computational scheme can be systematically improved albeit at the
expense of computational complexity.

As illustrated by the qualitatively different types of phase diagrams in the classi-
fication of Van Konynenburg and Scott [24] the thermodynamic properties of poly-
mer + solvent mixtures exhibit a great deal of variability. Rather than exploring the
complete parameter space of polymer + solvent mixtures, we shall focus on phase
diagrams of type III and often refer to a specific, experimentally accessible model
system: a mixture of hexadecane C16H34 and carbon dioxide CO2. In particular, we
will investigate the super-critical region of the solvent, which corresponds to para-
meters commonly used in processing polymers (e.g., foaming [8, 9, 10, 11]). In this
region of parameter space, the solubility can be adjusted over a wide range by vary-
ing the pressure. On the one hand, this polymer + solvent mixture already exhibits
many characteristics (e.g., three phase coexistence) which cannot be explained by
the Flory-Huggins theory. On the other hand, the chemical structure is rather sim-
ple (e.g., simple monomer structure, no branching) and there are no strong specific
interactions. Additional complications (e.g., crystallization or glass transition) occur
far below the solvent critical temperature. Moreover, much is known of the phase
behavior, both of the pure components as well as of the mixture. Importantly, direct-
ing a great deal of experimental expertise towards observing homogeneous bubble
nucleation, Rathke and co-workers [148] have determined nucleation rates and the
onset of bubble nucleation for this model system.

In the following we represent the hexadecane+carbon dioxide mixture by a
coarse-grained model, which does not faithfully represent the atomistic details, but
rather uses a few coarse-grained parameters that are adjusted to mimic the specific
substances. This coarse-graining procedure results in a significant reduction of the
number of degrees of freedom which makes the model computationally tractable.
We do not derive the coarse-grained model, but rather use physical intuition. Where
possible, we then compare our MC simulation to experimental results to evaluate the
limitation of our model.

A solvent molecule, CO2, is represented by a single particle. Solvent particles
interact via a truncated Lennard—Jones potential

VLJ(r) =
{

4εSS

(( σSS
r

)12 − ( σSS
r

)6 + 127
16384

)
for r < 2 · 6

√
2σSS

0 for r ≥ 2 · 6
√

2σSS,
(46)

where r denotes the distance between the particles. Obviously, this is a crude rep-
resentation, which ignores all internal degrees of freedom of CO2. Additionally, the
completely spherical interaction potential not even faithfully describes intermolecu-
lar interactions, because CO2 molecules have a quadrupole moment.

In the same spirit of a rough but effective description, we represent a hexadecane
molecule by a chain of NP = 5 segments. Again, segments interact via a truncated
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Lennard-Jones potential that is characterized by an energy parameter εP P and seg-
ment size σP P . Monomers along a chain are bonded together via FENE (finitely
extensible non-linear elastic) springs [149]:

VFENE(r) = −33.75ε · ln

[
1 −

(
r

RP P

)2
]

(47)

with RP P = 1.5σP P . No bond angle or torsional potentials are included in our
model, and we do not attempt to match experimental data for the radius of gyration
of hexadecane. In our model the statistical segment length b is about 1.22σP P [99].
In any case, these values would rather sensitively depend on the thermodynamic
state [112, 150, 151]. Since an effective segment corresponds to a small number of
CH2 units of hexadecane (literally, 3.2), we expect a flexible chain model to yield
qualitatively reasonable results. Importantly, this modeling preserves roughly the
geometrical size ratio between solvent and polymer segment, which determines the
intermolecular packing. The comparison between the critical properties of alkanes
and the predictions of the TPT1 in Sect. 4.3.2 lends further support to our coarse-
grained description.

Table 1. Critical points of the pure components in MC simulation and experiment

TScrit φScrit pScrit TPcrit φPcrit pPcrit

MC 0.999 εSS/kB 0.32 σ−3
SS 0.088 εSS/σ3

SS 1.725 εP P /kB 0.27 σ−3
P P 0.022 εP P /σ3

SS
0.725 εP P /kB 0.59 σ−3

P P 0.118 εP P /σ3
SS

EXP 304K 0.464 g/cm3 73.87 bar 723K 0.219 g/cm3 13.98 bar

εP P /kB =419.15K, εP P /σ3
P P =625.45 bar, εP P /σ2

P P =28.29 mN/m

In the following we shall measure all lengths in units of the Lennard-Jones di-
ameter σ ≡ σP P and all energies in units of the Lennard-Jones well-depth ε ≡ εP P

of the polymer. The parameters of the Lennard-Jones potentials of the pure com-
ponents are identified by matching the critical density φcrit and temperature Tcrit of
pure carbon dioxide and hexadecane. The values from the simulations in reduced
Lennard-Jones units and from the experiments are compiled in Table 1. Comparing
simulation and experiments we identify σ = 4.52 · 10−10m and ε = 5.79 · 10−21J.
The ratio of the critical densities of CO2 and hexadecane yields σSS = 0.816σ , and
from the ratio of critical temperatures we obtain εSS = 0.726ε.

The comparison between the phase behavior (cf. Fig. 2) and the interface prop-
erties (cf. Fig. 5) of the pure components demonstrates that our crude coarse-grained
model reproduces the properties of the pure components reasonably well, especially
those of the polymer. It is therefore a good starting point for exploring the properties
of polymer + solvent mixtures.

To complete the definition of our coarse-grained model, we also use a truncated
Lennard-Jones potential between segments of different species. For the size parame-
ter, we use a simple mixing rule
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σS P = σSS + σP P

2
(48)

while we take

εS P = ξ
√

εSSεP P (49)

for the interactions between unlike segments. For ξ = 1 we recover the Lorentz-
Berthelot mixing rule. In order to reproduce the experimental observations, however,
we have to depart from the Lorentz-Berthelot mixing rule. We shall demonstrate in
the following two sections that even the qualitative topology of the phase diagram
sensitively depends on the mixing parameter ξ .

3.2
Self-consistent Field Theory

In the remainder of this section we describe the behavior of the coarse-grained model
in the framework of the SCF theory. To allow for an analytical treatment, the SCF
calculations use an even simpler model, which only reproduces the properties of the
polymer model on long-length scales.

To describe a compressible mixture of two molecules – solvent S and polymer
P – we use two independent (segmental) number densities φS and φP . The pressure
depends on both densities and to capture the qualitative behavior we parameterize the
equation of state by a virial expression that only retains terms up to third order [152]:

p

kB T
= φS + φP

N
+ v

kB T

[
1

2
(φS + φP )2 − χ̃

4
(φS − φP )2 + ζ

2
(φ2

S − φ2
P)

]

+2wSSS

3
φ3

S + wSS P

3
φ2

SφP + wS P P

3
φSφ

2
P + 2wP P P

3
φ3

P . (50)

The first two terms correspond to an ideal gas. v parameterizes the average excluded
volume per segment, and ζ their difference. χ̃ characterizes the repulsive interaction
between the solvent and the polymer and is proportional to the Flory-Huggins para-
meter. wSSS, wSS P, wS P P , and wP P P are third order virial coefficients and mimic
the (mainly entropic) repulsion of the segments at short distances. Obviously, this
is only a very crude description of the equation of state of compressible polymer-
solvent mixtures: (i) At low polymer concentration (semi-dilute solutions) one ex-
pects the osmotic pressure of the polymer to exhibit a characteristic power-law and
the second virial coefficient to depend on the chain length N like v ∼ R3

e ∼ N3νSAW ,
where Re is the end-to-end distance and νSAW = 0.588 the exponent that charac-
terizes the chain extension in dilute solution. (ii) At high density, higher order virial
coefficients become important, too. Even for a one-component monomeric fluid (e.g.,
a Lennard-Jones system or hard sphere fluid) such an equation would yield at best a
qualitative approximation. Therefore, we should consider this expression as an effec-
tive description only, and the parameters shall be identified to give a reasonable de-
scription of the equation of state over the relevant regime of densities and not only be
fitted to the low-density behavior. In principle, all parameters of the equation of state
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v, χ̃ , ζ,wSSS, wSS P, wS P P , and wP P P depend on temperature. In the following, we
assume the second virial contributions to be purely enthalpic and the third order
contributions to be purely entropic, i.e., the second and third virial coefficients of the
pure polymer are B2(T ) = v N2(1− χ̃/2−ζ )/2kBT and B3(T ) = 2wP P P N3/3, re-
spectively. The chain length dependence of the virial coefficients coincides with the
Flory-Huggins theory. The temperature dependence however differs: In the Flory-
Huggins theory one takes B2(T ) = N2(1 − Θ/T ) which accounts for the vanishing
second virial coefficient at the Θ-temperature, while the second virial coefficient
in the SCF calculations is purely enthalpic. In the super-critical regime of the sol-
vent, T ≈ TScrit � Θ , the difference between the two assumptions becomes less
important. In spite of its simplicity, this phenomenological form is flexible enough
to describe the various types of phase diagrams. Moreover, it is straightforward to
improve the equation of state by considering higher order terms.

We also mention an alternative approach by Hong and Noolandi [153]: In their
SCF calculations of a compressible polymer mixture three species – polymer A,
polymer/solvent S, and vacancy V – are introduced and incompressibility is en-
forced, i.e., φA+φS+φV = 1. This approach is a generalization of the Flory-Huggins
theory, and by similar arguments as discussed in Sect. 2 one can identify the behav-
ior of an incompressible ternary mixture with the behavior of a compressible binary
mixture. The translational entropy of the vacancies in junction with the incompress-
ibility constraint generates an infinite sequence of virial coefficients. Hence, this ap-
proach can describe the liquid (A) - liquid (S) immiscibility at high pressures and low
densities of vacancies, whereas our third order virial expansion will become quanti-
tatively unreliable at high densities. There is, however, quite a conceptual difference:
The third order virial coefficients in our equation of state arise from the packing of
segments in the fluid, while in the Flory-Huggins approach higher order virial co-
efficients stem from the translational entropy of vacancies. Therefore, we prefer our
more flexible equation of state to describe the behavior at low pressure.

To investigate the properties of spatially inhomogeneous systems, we start from
the grandcanonical partition function:

Z =
∞∑

nS,nP =0

eµSnS/kB T

nS!

eµP NnP /kB T

n P !

∫
DPSDPP exp

⎛
⎝−
E
[
φ̂S, φ̂P

]
kB T

⎞
⎠ , (51)

where we sum over all numbers of molecules nS and n P , and µS and µP denote the
chemical potentials per segment. E denotes the interaction free energy functional for
which we assume the following form

E[φS, φP ]

kB T
=
∫

dr
{

v

kB T

[
1

2
(φS + φP)2 − χ̃

4
(φS − φP)2 + ζ

2
(φ2

S − φ2
P )

]

+wSSS

3
φ3

S + wSS Pφ2
SφP + wS P PφSφ2

P + wP P P

3
φ3

P

}
. (52)

Equation (52) is compatible with the equation of state (50). Note that this inter-
action functional is strictly local, i.e., we implicitly assume the range of segmen-
tal interactions to be small compared to the width w of the liquid-vapor interface,
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which is the smallest length scale of interest. Far away from the critical point,
the width of the interface is comparable to the size of a segment and this as-
sumption becomes quantitatively inaccurate; also packing effects at high densities
are not properly represented. Non-local free energy functionals have also been ex-
plored [99, 154, 155, 156, 157, 158, 159] and it turns out that a decomposition into
a short-ranged repulsive contribution, which determines the packing inside the fluid,
and an attractive contribution is essential to provide a quantitatively accurate descrip-
tion. Without such a decomposition, the theory tends to underestimate the interfacial
tension [99, 154] (cf. also Fig. 38). Nevertheless, we expect this interaction func-
tional to describe the qualitative behavior correctly.

φ̂P(r) = ∑nP
i=1

∫ N
0 ds δ(r − ri (s)) denotes the microscopic segment number

density, which depends on the position ri (s) of the sth segment on polymer i . For
computational convenience, we model polymers as Gaussian chains and

PP [r] ∼ exp

[
− 3

2b2

∫ N

0
ds

(
dr
ds

)2
]

(53)

characterizes the probability distribution of the unperturbed molecular conforma-
tions. b is the statistical segment length, and the end-to-end distance of the polymers
is given by Re = b

√
N . This sets the length scale of a spatially varying density

profile for the pure polymer system. There are two limitations: (i) Chain conforma-
tions depend on the thermodynamic parameters (i.e., solvent quality, density, and
concentration), but in the SCF calculations the chain extension in a spatially homo-
geneous system always remains Gaussian with Re = b

√
N . This approximation also

excludes any contribution of conformational entropy on the bulk phase behavior.1

(ii) Note that we assume the conformational statistics of the polymer to be Gaussian
on all length scales, i.e., we do not represent the local conformations due to bending
and torsional potentials and there are no details of the chemical architecture (e.g.,
side groups) which would be included into a chemically realistic modeling.

In this important aspect, polymer + solvent mixtures differ qualitatively from bi-
nary polymer blends: In the latter class of systems, the Flory-Huggins parameter
which parameterizes the segmental interactions is small (χ ∼ O(1/N)),2 the inter-
face width is much larger than the statistical segment length, and a rather universal
behavior is observed which depends on only two parameters – the segmental repul-
sion χ and the coil size Re. In polymer solutions, however, interactions are strong on
the segmental scale (χ ∼ O(1)), the width of the liquid-vapor interface is comparable
to the statistical segment length, and details of the local structure (molecular archi-
tecture and interactions) are important. They cannot be described quantitatively by
just a small number of coarse-grained parameters. A quantitatively accurate descrip-
tion is outside the scope of the SCF approach presented here, but we shall mention
possible improvements at the end of this section.

1 The SCFT does describe the variation of chain conformations in the vicinity of spatial
inhomogeneities.

2 For a symmetric polymer blend phase separation occurs already for χ > χcrit = 2/N � 1
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Since the interactions are strictly local, it is not possible to represent the solvent
as a structureless point particle. In the following we assume that the size of the sol-
vent particle is comparable to the size of a polymer segment. To deal with solvent
and polymer on the same footing, we describe the spatial distribution of the density
of a solvent particle by that of a single polymer segment, i.e., we set NS = 1 and
bS = b.

Specifying the segmental interaction free energy functional, and the spatial char-
acteristics of the polymer and solvent molecules we have completely defined the
model that we employ in our SCF calculations. Even though it involves rather drastic
simplifications, it cannot be solved exactly and we shall use a mean-field approxima-
tion to proceed. Introducing auxiliary fields WS , WP and densities ΦS , ΦP we can
rewrite the grandcanonical partition function in the form [153, 160, 161]:

Z =
∫
DWSDWP DΦSDΦP exp

(
−G[WS, WP ,ΦS,ΦP ]

kB T

)
, (54)

with

G[WS, WP ,ΦS ,ΦP ]

kB T
= E[ΦS,ΦP ]

kB T

−eµS/kB T VQS[WS] − eµP N/kB T VQP [WP ]

−
∫

dr (WSΦS + WPΦP). (55)

QP [WP ] is the partition function of the polymer in the external field WP [162].

QP [WP ] = 1

V

∫
D1PP1 exp

(
−
∫ N

0
ds WP (r(s))

)
, (56)

where D1 sums over all conformations of a single polymer. An analog expression
holds for QS .

A critical bubble or interface corresponds to a saddle point of the unconstraint
grandcanonical free energy functional G, but, unfortunately, the corresponding solu-
tion is unstable with respect to small perturbations: If the radius of the nucleus is too
large, the bubble will grow indefinitely and the solution will ultimately converge to
the stable gas. If the extension of the bubble is too small, it will eventually vanish.
Finding the saddle point in the grandcanonical ensemble is a difficult task due to
the numerical instabilities associated with the growth or shrinkage of a near-critical
bubble. The iterative solution of the SCF equations will first converge towards the
metastable critical nucleus, but eventually grow or shrink. Oxtoby and Evans [163]
used the convergence properties of the numerical solution to identify the critical bub-
ble.

To circumvent this difficulty we constrain the polymer density at R0 to equal a
predefined value φ0

P (crossing criterion) via a Lagrange multiplier Ψ :∫
dr δ(|r| − R0)(φP(r) − φ0

P ) = 0. (57)
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Typically, we use the mean of the polymer densities φ0
P = (φ

(1)
Pcoex + φ

(2)
Pcoex)/2 at

coexistence. This is a reasonable choice close to coexistence, but fails in the ultimate
vicinity of the spinodal, where the density of the spinodal φ0

P = φPspin has to be
employed. We emphasize that our results for the nucleation barrier, interface free en-
ergy, and the excess of polymer or solvent at a spatial inhomogeneity are independent
from the value φ0

P or the specific way the constraint is imposed [164].
The constraint grandcanonical free energy functional G̃

G̃[WS, WP ,ΦS ,ΦP , Ψ |R0]

kB T
= G[WS, WP ,ΦS ,ΦP ]

kB T

−Ψ

∫
dr δ(|r| − R0)(ΦB(r) − φ0

P) (58)

has a saddle point for each value of R0, and the corresponding solution is numeri-
cally stable. Ψ represents an additional external chemical potential which acts on the
polymer on the sphere of radius R0. We adjust Ψ to fulfill the constraint (57) and de-
note this value by ψ(R0). In mean-field approximation, we extremize G̃ with respect
to its five arguments. These saddle point values are denoted by wS, wP , φS, φP , and
ψ and obey the self–consistent set of equations:

φS(r) = −eµS/kB T V
DQS
DwS

φP(r) = −eµP N/kB T V
DQP
DwP

wS(r) = DE
DφS

wP(r) = DE
DφP

− ψδ(|r| − Rc)

φP(|r| = R0) = φ0
P (constraint Eq. (57)). (59)

The first two equations show that the densities are given by the density of a single
molecule in an external field (within the grandcanonical ensemble) while the next
two equations relate the external fields to the local densities. Inserting the values at
the saddle point in Eqs.(55) and (58) we obtain:

G̃(R0)

kB T
= G̃[wS, wP , φS, φP , ψ|R0]

kB T

=
∫

dr
{
− v

kB T

[
1

2
(φS + φP )2 − χ̃

4
(φS − φP)2 + ζ

2
(φ2

S − φ2
P)

]

−2wSSS

3
φ3

S − wSS P

3
φ2

SφP − wS P P

3
φSφ

2
P − 2wP P P

3
φ3

P

−φS − φP

N
+ ψδ(|r| − Rc)φP

}
. (60)

For the spatially homogeneous system G = −pV (ψ = 0) and we recover the
equation of state (50), of course.
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If we fix the chemical potential to a value which corresponds to the coexistence
of a polymer-rich and a polymer-poor phase, and consider a planar interface, ψ will
vanish by virtue of translational invariance. In spherical geometry, there is a critical
radius Rc at which ψ(Rc) = 0. Its value depends on the deviation of the chemi-
cal potentials from their coexistence values. In both cases, ψ = 0, and the value and
derivatives of the constraint free energy functional G̃with respect to WS , WP , φS, φP

coincide with those of the original free energy functional G. Consequentially, a sad-
dle point of G̃ is simultaneously a saddle point of G, i.e., the condition ψ = 0
characterizes a planar interface or a critical nucleus. This condition is equivalent to

dG̃(R0)

dR0
= −4π R2

0ψ
dφP

dr

∣∣∣∣
R0

!= 0 ⇐⇒ ψ
!= 0 (61)

but easier to implement numerically.3 The structure and free energy of the inter-
face or critical bubble is independent from the way the constraint is enforced (e.g.,
whether the excess of the stable phase (integral criterion) or the density at a certain
radius (crossing criterion) is fixed). This is no longer valid for sub-critical or super-
critical bubbles (ψ �= 0), where the profiles as well as the free energy depends on
how one prevents the bubble to shrink or grow. This limits the application of the
constraint grandcanonical ensemble to near-critical bubbles.

To calculate the segment densities it is useful to introduce the end segment dis-
tribution

qP(r, t) =
∫ t

0
D[r]δ(r − r(t)) exp

[
− 3

2b2

∫ t

s=0
ds

(
dr
ds

)2

−
∫ t

s=0
ds wP (r(s))

]
.

(62)

It obeys the modified diffusion equation:

∂qP(r, t)

∂ t
= b2

6

qP(r, t) − wP qP(r, t) with qP(r, 0) = 1. (63)

Then, we can calculate the segment density φP and the single chain partition function
QP [153, 160, 161, 162]:

φP(r) = eµP N/kB T
∫ N

0
ds qP(r, s)qP(r, N − s)

QP = 1

V

∫
dr qP(r, s)qP(r, N − s) ∀s

= 1

V

∫
dr qP(r, N) = eµP N/kB T

NV

∫
dr φP (r). (64)

In order to calculate the properties of a spherical bubble, we consider a spherical
shell of size R − D ≤ |r| ≤ R + D. The width D is chosen large enough for the

3 We do not solve the whole set of equations for different values of R0 but rather add one
equation to the set of 2M + 1.
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profiles to reach their limiting values at the boundaries. Following Matsen [161], we
expand all spatial dependencies normal to the interface in a cos–series with M terms.
For example, the monomer density takes the form φP(r) =∑M

i=1 φPi fi (r) with

fi (r) = Ni cos

(
(i − 1)π(r − R + D)

2D

)
, (65)

and normalization factors N1 = 1 and Ni = √
2 for i ≥ 2. Up to M = 128 basis

functions have been employed in our calculations. Using this set of basis functions
the diffusion equation in spherical coordinates

∂qP(r, t)

∂ t
= b2

6

(
∂2

∂r2
+ 2

r

∂

∂r

)
qP(r, t) − wP (r)qP(r, t) (66)

transforms into a matrix equation [161]:

∂qPi(t)

∂ t
= Aik qPk(t) with (67)

Aik = −b2π2(k − 1)2

24D2 δi,k + 2(k − 1)πb2

12DR

∑
j

Γ ′
ikjR

−1
j −

∑
j

Γikj wP j

Rm
j = 1

2D

∫ D

−D
dr
( r

R

)m
f j

Γikj = 1

2D

∫ D

−D
dr fi fk f j

= NiN jNk

4

(
δi+ j+k,3 + δi+ j−k,1 + δi− j+k,1 + δi− j−k,−1

)
Γ ′

ikj = 1

2D

∫ D

−D
dr fi Nk sin

(
(k − 1)π(r + D)

2D

)
f j

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

NiN jNk
2π

(
1

i+k+ j−3 + 1
i+k− j−1 − 1

i−k+ j−1 − 1
i−k− j+1

)
if i + j + k even

0
if i + j + k odd

In planar symmetry the matrixAi j is symmetric and real, i.e., it possesses real eigen-
values. In spherical geometryAi j is not normal, but it can still be decomposed into

Ai j =
∑

k

OikλkO−1
kj (68)

Eigenvalues {λk} are obtained via a HQR–algorithm [165] and (right) eigenvectors
are found via inverse iteration using the eigenvectors of the planar problem as starting
values. As Ai j is a real matrix the eigenvalues {λk} are real or they occur in pairs,
which are complex conjugated. This decomposition enables us to rewrite Eq. (64)
into:
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qPi (t) =
∑

k

Oik exp(λk t)O−1
k1 and

φPi = eµP N/kB T
∑

j k

Γi j k

∫ N

0
dt qP j (t)qPk(N − t). (69)

Similarly, we proceed for the solvent component.
Given the fields wSi and wPi , we calculate the densities φSi [{wSi}] and

φPi [{wPi }] according to the procedure outlined above. Then, we adjust the 2M
fields, wSi and wPi , and the two parameters Rc and Ψ via a Newton–Broydon
scheme as to fulfill the remaining 2M + 2 self–consistent equations:

wSi = v

kB T

(
(φSi + φPi ) − χ̃

2
(φSi − φPi ) + ζφSi

)

+
∑

j k

Γi j k
(
wSSSφS jφSk + 2wSS PφS jφPk + wS P PφP jφPk

)

wPi = v

kB T

(
(φSi + φPi ) + χ̃

2
(φSi − φPi ) − ζφPi

)

+
∑

j k

Γi j k
(
wP P PφP jφPk + wSS PφS jφPk + 2wS P PφS jφPk

)− 1

2
ψci

c1φ
0
P =

∑
i

ciφPi with ci = 1

D
fi (Rc)

ψ = 0. (70)

This computational scheme allows us to calculate both the free energy and the
profiles of interfaces and critical bubbles in compressible polymer mixtures within
mean-field approximation.

Although, this SCF theory goes clearly beyond the Flory-Huggins theory, we ex-
pect it only to capture the qualitative behavior correctly due to (i) a coarse description
of the local structure and (ii) the mean-field approximation.

In principle, it is straightforward to incorporate a better description of the local
structure which is required to model a specific chemical substance: Instead of using
the Gaussian chain model, one can calculate the density of a single chain in an ex-
ternal field by brute force enumeration techniques [99, 154, 155, 166, 167, 168, 169]
over a large representative sample of molecular conformations. These configura-
tions can be generated from the Rotational-Isomeric-State [1, 170] model or ex-
tracted from detailed, atomistic modeling. On parallel computers one can use 107

chain conformation without excessive computational effort. Likewise, one could use
a weighted density functional instead of the local one to incorporate information
about packing effects and the range of repulsive and attractive interactions. Another
important challenge is to include a realistic description of the equation of state. To
calculate interface properties, our calculations require input also for a hypothetical
homogeneous state at densities at which the system phase separates. This informa-
tion cannot be obtained from experiments, and one has to rely either on an ad-hoc
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extrapolation from the accessible one-phase region into the miscibility gap or has to
resort to a systematic, microscopic derivation of the equation of state. A powerful
method to achieve this goal – thermodynamic perturbation theory (TPT) – will be
discussed in the following Sect. 4. Incorporating the dependence of the chain confor-
mations in the bulk on the thermodynamic state is more difficult. From the various
methods [171, 172, 173], to date none has been applied to spatially inhomogeneous
systems. Computer simulations, however, indicate that the effects might be quite
pronounced for super-critical solvents [112, 150].

The second caveat – the mean-field approximation – is also difficult to remedy
(see article Incorporating fluctuations and dynamics into SCF calculations for poly-
mer blends in this same volume). The mean-field treatment neglects fluctuations
around the most probable configuration. Thus, composition fluctuations or fluctu-
ations of the shape of interfaces or bubbles (i.e., capillary waves) are not consid-
ered. We expect those fluctuations to be important when their energy is comparable
to thermal fluctuations (e.g., in the vicinity of spinodals or critical points) or when
structures (droplets or bubbles) become so small that their excess free energy is com-
parable to the thermal energy scale kB T . In principle, computer simulations are well
suited to evaluate the role of fluctuations and we shall discuss them in Sects. 4 and 5.
In the following application of the SCF theory to polymer + solvent systems, we shall
mention fluctuation effects where we expect them to change the qualitative behavior.

3.3
Modeling a Type III-phase Diagram of a Polymer + Solvent System

The grandcanonical free energy density of the homogeneous system gives the equa-
tion of state. For a spatially homogenous system the saddle point equations become
particularly simple. Using

QPhom = Zconf exp(−NwP ), (71)

where Zconf = (1/V )
∫
D1PP1 denotes the number of conformations of a single

molecule, we obtain for the chemical potential per segment:

µP

kB T
= − 1

N
lnZconf + 1

N
ln

φP

N
+ wP

= − 1

N
lnZconf + 1

N
ln

φP

N
+ v

kB T

[
(φS + φP) + χ̃

2
(φS − φP) − ζφP

]
+wP P Pφ2

P + wSS Pφ2
S + 2wS P PφSφP (72)

and a similar expression for the solvent. Using the chemical potentials and the equa-
tion of state, we can calculate the canonical free energy density f as a function of its
natural variables:
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f ≡ Fhom(φS, φP )

V kB T
= − p

kB T
+ µSφS + µPφP

kB T

= φS ln
φS

e
+ φP

N
ln

φP

NeZconf
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[
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2
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4
(φS − φP)2 + ζ

2
(φ2

S − φ2
P )

]

+wSSS

3
φ3

S + wSS Pφ2
SφP + wS P PφSφ

2
P + wP P P

3
φ3

P . (73)

This expression is similar to Eq. (2), but generalizes the result to two independent
densities.

Two phases – (φ
(1)
S , φ

(1)
P ) and (φ

(2)
S , φ

(2)
P ) – coexist, if they have identical pres-

sure (i.e., Gibbs free energy) at the same value of the chemical potentials. If we fix
the temperature, there is a coexistence curve µScoex(µP ) implicitly given by:

p
[
φ

(1)
S (µScoex, µP), φ

(1)
P (µScoex, µP )

]
= p

[
φ

(2)
S (µScoex, µP ), φ

(2)
P (µScoex, µP )

]
. (74)

The spinodals mark the limit of stability of a homogeneous state. They are found
by requiring that the determinant for the second derivatives of the canonical free
energy density f with respect to the densities (i.e., the stability matrix) vanishes:

∂µS

∂φS

∂µP

∂φP
= ∂µP

∂φS

∂µS

∂φP
. (75)

At the spinodal one eigenvalue of the stability matrix is zero and the corresponding
eigenvalue defines an unstable linear combination c of densities. Using the deriva-
tives of the free energy at the spinodal

α =
√

∂µP

∂φP

∣∣∣∣∣
spin

and β = −
√

∂µS

∂φS

∣∣∣∣∣
spin

(76)

we calculate the unstable linear combination c and its orthogonal c̄:

c = αφS + βφP

α2 + β2
and c̄ = βφS − αφP

α2 + β2
. (77)

The second derivative of the canonical free energy density f with respect to c van-
ishes at the spinodal. If additionally the third derivative becomes zero, there is a
critical point. Expressed in terms of φS and φP this condition takes the form:√

∂µP

∂φP

[
∂µP

∂φP

∂2µS

∂φ2
S

+ 3
∂µS

∂φS

∂2µP

∂φS∂φP

]
=

√
∂µS

∂φS

[
∂µS

∂φS

∂2µP

∂φ2
P

+ 3
∂µP

∂φP

∂2µS

∂φS∂φP

]
. (78)
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For the pure solvent the equation of state yields the critical points:

φScrit = 1√
2wSSS

and
|v(1 − χ̃/2 + ζ )|

kB TScrit
= 2
√

2wSSS. (79)

w
1/6
SSS and v/

√
wSSS set the units of length and energy.

In the following, we choose our parameters to resemble our coarse-grained model
for a mixture of carbon dioxide and hexadecane. Accordingly, we use N = 5 for our
numerical calculations. In the coarse-grained model segments of the polymer inter-
act via a Lennard-Jones potential which is characterized by a length scale σ and an
energy scale ε. In our SCF calculations, we will also use these Lennard-Jones units
in the following. In analogy to the identification of the Lennard-Jones parameters we
determine the parameters of the pure components to reproduce the critical densities
and temperatures obtained from experiment. This procedure is somewhat inconsis-
tent, because we match the calculations to the experimental data just at the point
where mean-field theory is at its worse. For small molecules, which interact only
with a few neighbors, we expect the mean-field treatment to overestimate the critical
temperature. We shall quantify this point in Sect. 4 where we compare the results
of TPT and MC simulations. Here we caution the reader that such an identification
imparts a significant uncertainty onto the parameters of the SCF calculations. A fact
that again limits the SCF calculations to qualitative predictions only. Of course, other
schemes of determining the parameters of our phenomenological equation of state
could be envisaged: For instance, if we were interested in a specific temperature, we
might choose the coefficients as to reproduce the density and compressibility of the
polymer liquid at the liquid—vapor coexistence of the pure fluid [99].

Identifying wSSS = 1.451σ 6 = 1.2 · 10−56m6, we match the critical density of
CO2, φScrit = 6.4 · 1027 m−3. Choosing v = −2.24924εσ 3 = −1.2 · 10−48 Jm3, and
1 − χ̃/2 + ζ = 1.1 (cf. below) we reproduce the critical temperature of pure CO2,
TScrit = 304 K.

To specify all length scales, we furthermore set the statistical segment lengths to
b = bS = σ . This is consistent with a fully flexible chain model, but in the simula-
tion model we find b ≈ 1.22σ [99] due to the restriction of bond angles by excluded
volume. Our choice does not affect the bulk phase behavior, it does, however, in-
fluence the properties of spatially inhomogeneous systems, i.e., interfacial tension
and profiles or nucleation barriers. We do not attempt to tune those parameters as to
reproduce the temperature-dependent conformational statistics of hexadecane.

The ratio of the critical temperatures and densities of the pure solvent and the
polymer determines the second and third order coefficient of the polymer

wP P P

wSSS
= 1

N

(
φScrit

φPcrit

)2

and
1 − χ̃/2 − ζ

1 − χ̃/2 + ζ
=
√

wP P P

NwSSS

(
TPcrit

TScrit

)
.

(80)

Of course, being a mean-field theory, our SCF calculations reduce to the Flory-
Huggins prediction φPcrit ∼ 1/

√
N for the pure polymer. Using φScrit/φPcrit = 2.17,
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we obtain wP P P = 1.37157σ 6. The second equation and the experimental ratio
TScrit/TPcrit = 0.42 result in the relation ζ = −0.017(1 − χ̃/2). Note that the third
order virial expansion fixes the ratio between the critical pressure and the ideal gas
value to pcrit/kB Tφcrit = 1/3N . For carbon dioxide and hexadecane one experimen-
tally obtains 0.277 and 0.048, respectively, i.e., the critical pressure is overestimated
by 39% for the polymer. As we shall see in Sect. 4, this is a quite generic feature of
a mean-field equation of state.

To reduce the number of variables further we assume that the third order coeffi-
cients obey a simple mixing rule:

wSS P = (w2
SSSwP P P )1/3 and wS P P = (wSSSw

2
P P P )1/3. (81)

Fig. 7. Coexistence lines of the pure components and critical lines as a function of temperature
and pressure. Critical lines, which emerge from the critical point of the pure polymer are
shown for different values of χ̃ as indicated in the key. The solid line, which emerges from the
critical point of the solvent, and the dashed line denote the critical line and the triple line for
χ̃ = −0.2359. The inset presents an enlarged view of the vicinity of the critical point (CP) of
the volatile solvent at χ̃ = −0.2359. The critical line, which emerges from the critical point
of the solvent ends in an upper critical end point (UCEP). At the UCEP it joins the triple line
(TL) and not the critical line which starts at the critical point of the pure polymer. The (hidden)
continuation of the liquid—liquid critical points which form an unstable critical line (UCL) is
also shown. Adapted from [164]

This leaves us with a single parameter χ̃ with which we describe deviations from
the Berthelot mixing rule:

ξ ≡ |vAB |√|vAAvB B | = 2 + χ̃√
(2 − χ̃)2 − 4ζ 2

, (82)
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where vSS = v(1 − χ̃/2 + ζ ) and vAB = v(2 + χ̃) and vP P = v(1 − χ̃/2 − ζ )
denote the strength of binary interactions. For χ̃ = −ζ 2/2 the Berthelot mixing
rule, ξ = 1, is fulfilled, and this corresponds to χ̃ = −0.00015. In this case, the
phase diagram is of type I, i.e., there is a line of critical points that joins the critical
points of the pure solvent and the pure polymer. The experimental phase diagram
of hexadecane and carbon dioxide belongs to type III (down to tridecane) while one
finds phase diagrams of type I or type II for shorter alkanes [6, 23]. To reproduce this
experimental observation, we reduce the attraction between polymer and solvent by
decreasing χ̃ . The dependence of the phase behavior on this parameter is illustrated
in Fig. 7. For small negative values χ̃ , we always find phase diagrams of type I.
For large negative values of χ̃ the phase diagram is of type III, i.e., the critical line
which emerges from the critical point of the pure polymer P rapidly moves to higher
pressure upon decreasing temperature and does not reach the critical point of the
solvent S. At intermediate (negative) values of χ̃ the critical line develops an s–
shape. The value χ̃ = −0.2359 or ξ = 0.789 corresponds to a phase diagram of type
III, but a minuscule increase would change the type of phase diagram, and we choose
this value for the following calculations. The parameters of our equation of state are
compiled in Table 2. The phase behavior in the vicinity of the critical point of the
solvent is presented in the inset of Fig. 7 for that value of χ̃ . The critical line which
emerges from the critical point of the solvent ends in an upper critical end point
(UCEP). There it connects to a triple line, on which a polymer–rich phase coexists
with a solvent–rich vapor and a solvent–rich liquid.

Table 2. Critical pressure of the pure components and parameters of the equation of state,
Eq. (50). The critical densities and temperatures agree by construction with the Lennard-Jones
data in Table 1

component wiii /σ
6 N b/σ

S: CO2 1.451 1 1
P: C16H34 1.37157 5 1

v = −2.24924εσ 3

χ = −0.2359
ζ = −0.0193562

The temperature dependence of the phase behavior is shown in Fig. 8(a), where
we present the binodals at a fixed temperature as a function of pressure and molar
fraction of the solvent, x = φS/(φS + φP/N). At low pressure we find a coexis-
tence between an almost pure polymer–rich phase and a low density solvent–vapor.
Upon increasing pressure, we can load the polymer–rich phase with solvent and the
molar fraction x of the polymer–rich phase increases. At high temperatures, this
phase coexistence ends in a critical point. At low temperatures, we encounter a triple
point, where a polymer–rich phase coexists with an almost pure solvent–vapor and
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Fig. 8. (a) Phase diagram as a function of pressure p and molar fraction x for various temper-
atures T as indicated in the key. Triple points are marked by horizontal lines and diamonds,
critical points are marked by circles. kB T/ε = 0.72 is below the critical temperature of the
solvent. (b) Phase diagram as a function of pressure and molar fraction for kB T/ε = 0.75
(thick lines) and kB T/ε = 0.82 (thin lines). Binodals are represented as solid lines, spinodals
are drawn with dashed lines. The triple point for kB T/ε = 0.75 is marked by a horizontal line
and diamonds. Critical points are marked by circles. Crosses mark the location at which we
study the temperature variation in Fig.18. The open square marks the unstable liquid-liquid
critical point for kB T/ε = 0.75. From [164]

a solvent–rich liquid. Above the pressure ptriple of the triple point, the polymer–rich
phase coexists with a solvent–rich liquid.

Binodals and spinodals for temperatures kB T/ε = 0.75 and kB T/ε = 0.82 are
shown in Fig. 8(b). As we increase the pressure above the triple line for kB T/ε =
0.75, the miscibility gap first narrows but then widens again for pσ 3/kB T > 0.325,
because the segregation between polymer–rich and solvent–rich liquid increases as
we increase the pressure/density. This behavior is an artifact of our simple equa-
tion of state, because in the experiment on CO2 and hexadecane one observes that
the liquid—liquid phase coexistence terminates in a critical point at high pressure
(about pcrit = 165 bar at T = 40◦C) [148]. At such large densities the simple rep-
resentation via a third order polynomial in the densities cannot be expected to be
reliable anymore. The spinodal of the solvent–rich phase touches the binodal at the
critical point of the solvent–vapor and the polymer–rich liquid, but always remains
at positive pressure. The spinodal of the polymer–rich phase depends for positive
pressure only weakly on the molar fraction; notably the spinodal stays in the regime
x > 0.6 for all positive pressures. The spinodal extends, however, further to nega-
tive pressures and for large negative pressures (not shown in the figure) it also tends
towards x = 0. Unlike the solvent–rich phase, the polymer–rich phase can support
negative pressure as a metastable state. The bubble formation or cavitation of a liquid
under tensile stress ( p < 0) can be realized experimentally. Of course, there is no
such analog of a metastable state for a temperature quench.

Comparing kB T/ε = 0.82 with kB T/ε = 0.75 we find that the binodals below
p < ptriple(kB T/ε = 0.75) depend only very little on temperature, but spinodals



38 Kurt Binder et al.

exhibit a much stronger variation with temperature. The distance between binodal
and spinodal increases upon increasing temperature at high pressure, but the regime
where we expect nucleation to occur narrows with increasing temperature at low
pressure.

Fig. 9. Dependence of the phase diagram on chain length N of the polymer. (a) coexistence
line of the pure components and critical lines which emerge from the critical point of the pure
polymer. The critical line which begins at the solvent critical point and the triple line is only
shown for N = 5. The values of N are given in the key, and the arrow indicates an increase in
chain length. (b) Binodals and spinodals for chain length N = 5 and N = 50 as a function of
pressure and mass fraction of solvent at kB T/ε = 0.75

The chain length N of the polymer enters the calculation of the bulk phase behav-
ior only via the (trivial) reduction of the translational entropy due to the bonding of
the segments to chains; a non-trivial dependence of the virial coefficients on the chain
length is absent. Therefore, we can extend our calculations to long chain lengths. In
Fig. 9(a) we show the phase behavior in the pressure-temperature plane. In accord
with experiments [23], increasing chain length has a qualitatively similar effect as
decreasing χ̃ , i.e., the polymer and the solvent become more unlike. This behavior
agrees qualitatively with TPT (cf. Sect. 4.5) and experiments [23].

The binodal and spinodals as a function of the solvent weight fraction are pre-
sented in panel (a) of Fig. 9, where we have used the ratio of the molar masses
of hexadecane and carbon dioxide. This representation is more convenient for large
molecular masses, because the molar faction x of the coexisting phases is very close
to unity. For long polymers and pressures far below the triple pressure, the polymer–
rich phase at saturation contains only a few weight-percent of the super-critical sol-
vent, and this amount decreases upon increasing molecular mass. Moreover, both
binodals and spinodals depend only on mass fraction, but become fairly independent
from pressure for large N .
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Fig. 10. (a) Interfacial tension between polymer–rich phase and solvent–rich phase as a func-
tion of pressure p at temperature kB T/ε = 0.75 which corresponds to T = 314K . For
p < ptriple = 0.193174kB T/σ 3 the polymer–rich phase coexists with a solvent–vapor, while
beyond the triple pressure it coexists with a solvent–rich liquid. The jump of the interfacial
tension at the triple point is hardly visible on the scale of the figure. The insets show the log-
arithmic divergence of the interfacial excess as one approaches the triple pressure from below
and the experimental values of the interfacial tension at T = 40oC= 313.15K. (b) Density
profiles between coexisting phases at various pressures as indicated in the keys. From [164]

3.4
Profiles Across Interfaces

In this paragraph we focus on the properties of interfaces between coexisting phases,
i.e., planar interfaces between macroscopic domains. Let A denote the area of the
(planar) interface, so we calculate the free energy that an interface costs per unit
area, the interfacial tension γ , via:

γ = G + pcoexV

A
. (83)

The results of our calculations at temperature kT/ε = 0.75 are displayed in Fig. 10
(a). Upon increasing pressure the interfacial tension decreases. At the triple pres-
sure ptripleσ

3/kB T = 0.193174 there is a small jump, because for lower pressure
we consider the interface between the polymer–rich phase and the solvent–vapor,
while for higher pressure the polymer–rich phase coexists with a solvent–rich liquid.
Upon increasing pressure further, the interfacial tension decreases, passes through a
minimum, and then increases again at high pressure as the miscibility gap becomes
wider again (not shown in the figure). Comparing our results to experimental data
(cf. left inset in panel (a)), we note that we underestimate the interfacial tension by
about a factor of 3.5. Unfortunately, MC simulations cannot access this part of the
parameter space, but the simulation data shown in Fig. 5 for the pure polymer can be
extrapolated towards lower temperatures and match the experimental data at around
T = 450 K. Therefore we conclude that these deviations of the SCF calculations are
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not related to the coarse-grained representation as such, but due to the additional as-
sumptions in the SCF model: (i) the simple equation of state, (ii) the approximation
of a fully flexible chain model b = σ , and (iii) the local character of the interaction
free energy functional. Indeed, a comparison of MC results for the bead-spring model
with chain length N = 10 and SCF calculations suggests, that a non-local density
functional is crucial for obtaining quantitative accurate predictions. Nevertheless, the
qualitative behavior – strong reduction of the interfacial tension upon approaching
the triple point – agrees with the experimental findings.

The density profiles across the interface are depicted in Fig. 10(b). At low pres-
sure the coexisting phases differ in the density of polymers. The density of the
volatile solvent is almost equal in both phases, and very low. At the center of the
interface there is a small excess of solvent. Upon increasing pressure, the density of
solvent increases both in the vapor and in the liquid. The density of the polymer in
the liquid decreases in turn. The interfacial excess of solvent increases and the profile
becomes asymmetric; most of the excess is found on the vapor side of the interface.
The interfacial excess per unit area can be defined by

Ω int
S ≡ 1

A

(∫
dr φS(r) − φ

(1)
ScoexV1 − φ

(2)
ScoexV2

)
, (84)

where V1 and V2 are the volumes associated with the two phases. Obviously, ΩS

depends on the choice of the interface position and we have defined the position as
the point where the density of the polymer equals the mean of the densities at coex-
istence. Upon approaching the triple line from low pressure, a layer of liquid solvent
forms at the interface and the interfacial excess of solvent diverges (cf. Fig. 10(a)
inset). This indicates that the solvent in its liquid state wets the interface between
solvent–vapor and polymer–rich liquid. The interfacial excess increases logarith-
mically as the triple pressure is approached. This logarithmic increase of the wet-
ting layer of liquid solvent is a consequence of the short–ranged interactions in
our model [174]. With (more realistic) van der Waals interactions between mole-
cules, i.e., intermolecular potentials that exhibit a power law tail proportional to
r−6 at large distances, one expects an increase of the interfacial excess as t−1/3

when the distance t to the triple point goes to zero. Note also that throughout our
mean-field calculations of interface profiles we disregard capillary wave broadening
(cf. Ref. [100, 147]).

3.5
Bubble Nucleation

Having calculated the binodals and spinodals in the bulk and properties of planar
interfaces, we now turn to the quasi-equilibrium properties of bubbles, which form
upon reducing the pressure in the polymer–rich phase. Quasi–equilibrium means
that the bubble is in chemical and mechanical equilibrium with its surrounding, the
mother phase. The mother phase itself corresponds to a metastable state inside the
miscibility gap between the binodal and the spinodal. Such a critical bubble extrem-
izes the free energy among all configurations. In the simulations (cf. Sect. 5) such
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bubbles are observable in finite volumes when densities are fixed (canonical ensem-
ble). In the SCF calculations, we use the grandcanonical ensemble and observe only
critical bubbles.

In principle, the transition from the metastable, super-saturated liquid to the ther-
modynamically stable vapor phase is a non–equilibrium phenomenon and a kinetic
theory or computer simulations are well suited to tackle the problem [175]. This
holds a fortiori if there is a large disparity in the dynamical behavior between the
components. One species might be very mobile (e.g., the super-critical solvent) while
the other might be rather viscous (e.g., a polymer near its glass transition). These ef-
fects are expected to be particularly pronounced in the late stages of phase separation
where viscoelastic effects [176, 177, 178] become important. If the kinetics is suffi-
ciently slow, however, one can hope to describe the early stages of phase separation
via the evolution of an isolated bubble and use the amount of the stable vapor phase
as a reaction coordinate. The critical bubble corresponds to a saddle point of the free
energy along the reaction path. This concept forms the basis of many versions of
nucleation theory and we shall adopt it in the following as well.

The surrounding of the bubble, the mother phase, is characterized by its pressure
p = pout and molar fraction x . Since bubble (inner phase) and mother phase (outer
phase) can exchange particles, the grandcanonical ensemble is appropriate and we
employ chemical potentials µS(p, x) and µP(p, x) as to reproduce the pressure and
composition of the mother phase. We use the total excess of polymer with respect to
the mother phase


nuc
B ≡

∫
dr (φP (r) − φPout) (85)

to define the radius of the bubble as

Rnuc ≡
(

3
Pnuc

4π(φPin − φPout)

)1/3

, (86)

where φPin and φPout denote the polymer segment densities at the center of the bub-
ble and in the mother phase, respectively. This definition is independent from the
constraint we impose to stabilize a bubble of a given size. The critical bubble does
neither grow nor shrink (i.e., ψ = 0) and its free energy of formation is given by:


G� ≡ G(Rc) + poutV . (87)

In Fig. 11 (a) we present the phase diagram at temperature kB T/ε = 0.75 as a
function of molar fraction and pressure. Binodal, spinodal, and three lines of constant
nucleation free energy are shown. At the binodal the nucleation barrier diverges. As
we increase the molar fraction and move away from the binodal at constant pressure
the nucleation barrier decreases, and at the spinodal it vanishes.

If the nucleation free energy is of the order of 200kBT or larger, the rate of
homogeneous nucleation will be unmeasurably small. Using nucleation theory we
can estimate the nucleation rate J per unit volume
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Fig. 11. (a) Phase diagram at temperature kB T/ε = 0.75 ≈ 41°C as a function of pressure p
and molar fraction x . Lines of constant nucleation barrier are shown. A pressure jump, which
would result in bubble nucleation, is indicated schematically. From [164]. (b) Nucleation be-
havior of a hexadecane + carbon dioxide mixture at T = 40°C. The binodal and the triple line
are indicated by solid and horizontal dashed lines, respectively. Full circles mark the starting
and ending point at which (homogeneous) bubble nucleation can be induced by a pressure
jump. Open circles indicate starting points at which no bubble formation could be observed.
The lines inside the miscibility gap indicate the location where the nucleation rate is J = 107

and 1010/(cm3s), respectively. Courtesy of B. Rathke (adapted from [148])

J = K exp(−
G�/kB T ), (88)

where K is a kinetic prefactor, which has been the subject of considerable de-
bate [179]. If we use a typical value K = 1032/(cm3s) (the precise value does not
matter here), then a nucleation barrier of 
G� = 114kBT would mean that one could
wait the age of the universe (about 1010 years) to observe a single nucleation event
in a cubic centimeter of solution. Clearly, under these circumstances the system will
choose alternative pathways of phase separation, e.g., nucleation may occur at the
wall of the container or the surface of an impurity (heterogeneous nucleation). In the
simplest case of heterogeneous nucleation at a planar surface, the barrier is reduced
by a factor of


G�
hetero


G�
= (2 + cos Θ)(1 − cos Θ)2

4
, (89)

where Θ denotes the contact angle between the liquid-vapor interface and the sur-
face.

If the nucleation barrier is on the order of 1kBT or smaller, “spinodal nucleation”
occurs. In this case, the concept of a single bubble being a well-defined transition
state breaks down. Since the free energy of the bubble is on the order of thermal
fluctuations we expect many bubbles to form simultaneously in the system, and the
situation is qualitatively similar to the behavior across the spinodal. In fact, ther-
mal fluctuations destroy the meaning of a spinodal as a sharp boundary between
metastable and unstable states, and for nucleation barriers which are comparable to
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kB T there is a gradual, very broad crossover from nucleation to spontaneous phase
separation [175]. This is one instance, where mean-field theory fails, and thermal
fluctuations alter the qualitative behavior. A theory which takes due account of fluc-
tuations is required to obtain information about the kinetics of the phase transition in
this regime. Nevertheless, the SCF theory provides a useful estimate for its limit of
validity and the onset of “spinodal nucleation” [180, 181].

Thus, the concept of a single critical bubble as a transition state is pertinent to
experiments only in a small fraction of the phase diagram in the middle between bin-
odal and spinodal, namely for barriers of – say – 15kBT or larger. The curve, which
marks a nucleation barrier of 15kBT , can be taken as a rough estimate of a cloud
point curve, where an onset of strong homogeneous nucleation would be observed on
experimental time scales. Of course, the choice of the specific value 15kBT is some-
what arbitrary and depends on what precisely is meant by “experimental timescale”.

In panel (b) of Fig. 11 we reproduce experimental data from Rathke and co-
workers [148], studying the onset of nucleation and measuring the nucleation rate in
hexadecane + CO2 mixtures at 40°C. Our crude and coarse-grained SCF calculations
are able to reproduce some qualitative features of this careful, experimental study:
The topology of the phase diagram, i.e., the location of binodals and the triple line
are similar. Most notably, the experiment observes bubble nucleation where the SCF
calculations predict barriers on the order of a few tens of kB T , and the line of constant
nucleation barrier is closer to the binodal at higher pressure (close to the triple line)
and is further inside the miscibility gap at lower pressure.

3.5.1
Comparison to Classical Nucleation Theory
and Cahn–Hilliard Theory

In the following we compare our results of the SCF calculations to a simple form of
classical nucleation theory. Namely we assume that the free energy of a bubble of
radius R is given by a balance between a surface and a volume contribution:


GCNT(R) = 4πγ R2 − 4π

3

pR3, (90)

where γ denotes the interfacial tension of a planar interface between the coexisting
phases at pressure p, and 
p is the pressure difference between the interior of the
bubble and the mother phase. We estimate the pressure inside the bubble by calcu-
lating the densities at the center of the bubble and using the bulk equation of state.
This procedure is close in spirit to the classical nucleation theory [182], where it is
assumed that the bubble is a macroscopic object and the properties of the vapor in-
side the bubble are describable by the thermodynamics of the (homogeneous) bulk
system. Maximizing 
GCNT with respect to the bubble radius, we obtain [147]

R�
CNT = 2γ


p
and 
G�

CNT = 16π

3

γ 3


p2 (91)
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for the size and excess free energy of a critical bubble. Unless explicitely noted
otherwise, we use 
p for calculating the classical nucleation barrier.

Unfortunately, the densities or the pressure inside the bubble are not easily ac-
cessible experimentally. Therefore we also try to relate 
p to the distance from the
coexistence curve (cf. arrow in Fig. 11). We consider a pressure change δpout from
the coexistence curve at constant molar fraction x . In an experiment, this change cor-
responds to the isothermal expansion of a polymer—liquid which has been saturated
with solvent. The pressure in the mother phase is then given by pout = pcoex + δpout
and the pressure inside the bubble is pin = pcoex + δpin. The change of the pressure
is related to the change in the chemical potentials via:

φSδµS = φ2
S

∂µS
∂φS

+ φSφP
∂µS
∂φP

φ2
S

∂µS
∂φS

+ 2φSφP
∂µS
∂φP

+ φ2
P

∂µP
∂φP

δp (92)

and

φSδµS

φPδµP
= φ2

S
∂µS
∂φS

+ φSφP
∂µS
∂φP

φ2
P

∂µP
∂φP

+ φSφP
∂µS
∂φP

. (93)

If the mother phase is a dense polymer–rich liquid, its compressibility will be small
and the term φ2

P∂µP/∂φP will be large compared to derivatives of the chemi-
cal potential µS of the super-critical solvent with respect to the densities. Hence,
φSoutδµS � φPoutδµP . Using the Gibbs–Duhem relation, we then find:

δpout = φSoutδµS + φPoutδµP ≈ φPoutδµP (94)

i.e., if we change the chemical potentials at fixed molar fraction, the super-critical
solvent will give a small contribution to the pressure change but the almost incom-
pressible polymer liquid will give a large contribution. The pressure change of the
interior of the bubble can be calculated to:

δpin = φSinδµS + φPinδµP ≈ φPin

φPout
δpout ≈ 0. (95)

The first term is small compared to δpout even if the solvent density inside the bub-
ble and in the mother phase are comparable. The second term is small, if the poly-
mer density inside the bubble is much smaller than in the polymer–rich liquid, i.e.,
φPin � φPout. Provided that the polymer–rich liquid (mother phase) is nearly in-
compressible and the vapor inside the bubble has a low polymer density, we obtain
the approximation 
p = δpin − δpout ≈ |δpout|. This latter quantity can be readily
obtained from the phase diagram and the information can be used to estimate the
nucleation barrier in the framework of the classical nucleation theory. Of course, this
approximation is only valid for small pressure changes, and it obviously breaks down
for changes across the triple line.

In Fig. 12, we compare the results for the free energy of formation 
G� of the
critical bubble as obtained from the SCF calculations with classical nucleation the-
ory. We fix temperature kB T/ε = 0.75 and pressure pσ 3/kB T = 0.1 and study
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Fig. 12. Nucleation barrier 
G� versus molar fraction x . The solid line corresponds to the
SCF calculations, dashed lines correspond to the classical nucleation theory using the pressure
difference 
p between interior of the bubble and mother phase or the distance δpout from
the coexistence curve as illustrated in Fig. 11. The dashed line (CH) close to the spinodal
corresponds to the predictions of the Cahn–Hilliard theory. The arrow on the top marks the
binodal, the arrow on the bottom marks the spinodal. The left inset presents the behavior in
the vicinity of the binodal; the dashed line marks the power law 
G� ∼ (x − xbin)

−2. The
right inset shows the behavior close to the spinodal; the dashed line (CH) is the prediction of
the Cahn–Hilliard theory. From [164]

the behavior as a function of molar fraction x of the solvent. We use both 
p as
obtained from the densities inside and outside of the bubble and the approximation

p ≈ δpout. The classical nucleation theory provides an accurate description in the
vicinity of the binodal. There, the pressure difference depends linearly on the differ-
ence from the binodal, and the nucleation barrier diverges like 
G� ∼ (x − xbin)

−2.
The Figure shows that the SCF calculations and classical nucleation theory agree in
the ultimate vicinity of the binodal. However, classical nucleation theory becomes
gradually inaccurate in predicting nucleation barriers smaller than O(102kB T ). Ap-
proximating 
p by δpout appears to provide a slightly better description due to can-
cellation of errors. Independent from this approximation, classical nucleation theory
tends to overestimate the nucleation free energy for 
G� ∼ 102kB T , i.e., it is not
quantitatively accurate in the experimentally relevant regime. Ultimately, classical
nucleation theory fails to predict the vanishing of the nucleation barrier at the spin-
odal.

The SCF theory describes the vanishing of the nucleation barrier at the spin-
odal [163, 183, 164] and is free of the thermodynamic inconsistency of the classical
nucleation theory. In the vicinity of the spinodal, the density difference between the
inside and the outside of the bubble becomes small, the bubble size large, and its
interface to the mother phase very broad. These effects make the behavior in the
vicinity of the spinodal amenable to an analytic description, the Cahn–Hilliard the-
ory [146]. While the theory was originally formulated for systems with a single order
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parameter, it can be straightforwardly applied to a compressible binary mixture by
recognizing that only the unstable linear combination c of the two densities is impor-
tant in the ultimate vicinity of the spinodal, while the other combination c̄ remains to
a first approximation constant across the interface between the bubble and the mother
phase. Therefore, we can approximately describe the bubble by a single density c,
and use the results of Cahn and Hilliard [146] for a one–component system. Anal-
ogous to Eq. (10) we can write down a square gradient expansion for the SCF free
energy [27, 28]

F [φS, φP ]

kB T
=
∫

dr
{

f (φS, φP ) + b2

36

(∇φS)2

φS
+ b2

36

(∇φP )2

φP

}
, (96)

which is appropriate because the interface of the bubble is very broad in the vicinity
of the spinodal. f denotes the canonical free energy density and is given by Eq. (73).
Rewriting this free energy in terms of the densities c and c̄, we can cast the free
energy in the Cahn–Hilliard form:

F [c]

kB T
≈
∫

dr
{

3ξCHτ (c − c0)
2 − ξCH(c − c0)

3 + κCH(∇c)2

+linear terms in c + O(c̄ − c̄0)} , (97)

where c0 is the density far away from the bubble in the mother phase and the coeffi-
cients are given by:
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The definitions of α and β are given in Eq. (76). τ measures the distance from the
spinodal and the condition τ = 0 yields Eq. (75). Comparing this expression with
the calculation of Cahn and Hilliard [146] we can read off the nucleation barrier:


G�
CH

kB T
≈ 197 ξ

−1/2
CH κ

3/2
CH τ 3/2 ∼ (x − xspin)

3/2. (99)

The radius of the critical nucleus diverges according to:

R�
CH ∼ (x − xspin)

−1/2. (100)

In the vicinity of the spinodal the Cahn–Hilliard theory and the full SCF cal-
culations agree quantitatively, as shown in the inset of Fig. 12. At smaller super-
saturation, however, the interface becomes steeper and the square gradient approxi-
mation breaks down. Additionally, the variation of the densities across the interface
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can no longer be described by a single linear combination of densities. This leads
to deviations between the SCF calculations and the Cahn–Hilliard theory for nucle-
ation barriers as small as 0.1kBT . Therefore, also the Cahn–Hilliard theory only is
of limited use for describing the experimental range of nucleation rates, because it is
only valid in the regime of “spinodal nucleation” where both SCF calculations and
Cahn–Hilliard theory fail, and thermal fluctuations are important.

Fig. 13. Size of the critical bubble as determined from the excess of polymer for the same
parameters as in Fig. 12. The dashed line in the right inset marks the power law R� ∼ (x −
xspin)

−1/2. From [164]

In Fig. 13 we show the size of the critical bubble. Both at the binodal and the
spinodal the size of the critical bubble diverges as expected from classical nucleation
theory and Cahn–Hilliard theory, respectively. The insets show that both analytical
approaches agree quantitatively with the SCF calculations in the limits x → xbin
and x → xspin, respectively. Between binodal and spinodal the critical size has a
minimum. At the minimum, the size of the critical bubble is only a few segment
diameters. For the parameters used in the present calculations, the minimum corre-
sponds to rather small nucleation barriers and is close to the regime of “spinodal
nucleation”. For most practically relevant nucleation barriers the size of the critical
bubble decreases upon increasing molar fraction.

In Fig. 14 we show the radial density profiles of the solvent and polymer across
the interface of the critical bubble. In the vicinity of the binodal (x = 0.4) the bubble
is large and the interface between the bubble’s interior and the mother phase resem-
bles the planar interface between macroscopically coexisting phases. For comparison
we have also included the profile of a planar interface. Upon increasing molar frac-
tion x , the solvent density increases in both regions. The excess of solvent at the
interface also increases slightly. The polymer density decreases in the mother phase
and increases in the interior of the bubble. The interface profile broadens gradually.
Upon approaching the spinodal further, the solvent density inside the bubble becomes
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Fig. 14. Interface profiles as a function of the radial distance from the center of the critical
bubble at various molar fractions x as indicated in the key at temperature kB T/ε = 0.75 and
pressure pσ 3/kB T = 0.1. For comparison we show the profiles of a planar interface as thin
lines with circles at x = 0.4. The spinodal values are marked by horizontal lines for x = 0.7.
From [164]

larger than in the mother phase. At this stage the density inside the bubble is quite
comparable to the density of the mother phase [184]. Clearly, the interface of the
bubble in the vicinity of the spinodal bears little resemblance with a planar interface;
a fact which illustrates the qualitative failure of the classical nucleation theory in the
vicinity of the spinodal.

To summarize, classical nucleation theory is quantitatively accurate only for bar-
riers of 102kB T or larger while Cahn–Hilliard theory is accurate for barriers smaller
than 1kBT . Unfortunately, the regimes of validity of these analytical approaches do
not overlap and there is no obvious way how to interpolate between them or to ex-
trapolate their results into the regime of experimentally relevant nucleation barriers.
It is exactly in this regime that density functional methods [163, 184, 186] or SCF
calculations [164, 183] are most useful. Our system shares this qualitative behavior in
the vicinity of the binodal and the spinodal with pure fluids and incompressible mix-
tures [163, 183, 184]. The concept of a single spherical bubble as a unique transition
state is applicable in a rather small fraction of the region between binodal and spin-
odal only. Nevertheless, the knowledge of the phase behavior (including the spinodal
lines) already yields a rough, but valuable impression of the qualitative nucleation
behavior.
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Fig. 15. Excess free energy G of a bubble as a function of the excess of solvent and polymer
at temperature kB T/ε = 0.75 and pressure pσ 3/kB T = 0.1. Different values of the molar
fraction x are indicated in the key. For x = 0.6 and 0.5 the critical bubble is included and
marked by a circle, for x = 0.45 only sub-critical data are shown. From [164]

3.5.2
Nucleation in the Vicinity of the Triple Line

In the previous Sect. 3.5.1 we have focused on the rather universal behavior in the
vicinity of the binodal and the spinodal. In this section we shall highlight features
that are specific to compressible polymer + solvent systems.

In a compressible binary mixture, the composition inside a bubble does not nec-
essarily coincide with the composition of the vapor phase. This additional parameter
is chosen as to minimize the free energy of the bubble and depends on the bubble’s
size. In Fig. 15 we plot the free energy 
G of the bubble as a function of the excess

Snuc of the solvent component and the excess 
Pnuc of the polymer. The critical
bubble corresponds to a maximum of a curve. The values of 
G away from the max-
imum depend on the way the size of the bubble is held constant. Such a dependence
is rather weak in the vicinity of the maximum, but it gives rise to unphysical den-
sity profiles (and convergence problems in the numerical procedure) for very small
bubble sizes. Those small sizes are excluded from Fig. 15.

The wings correspond to the lowest free energy path in the 
Snuc–
Pnuc plane.
The polymer excess is negative, because the vapor inside the bubble has a lower
polymer density than the polymer–rich mother phase. |
Pnuc| is proportional to the
volume of the bubble. If the composition of the bubble was independent from its
size, the projection of the curve into the 
Snuc–
Pnuc–plane would be straight lines
and their slope would be given by the composition of the vapor. This is not all what
we observe for bubbles of small and medium sizes. The solvent excess first increases
with the size of the bubble (or |
Pnuc|), passes through a maximum, and then de-
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creases. Small bubbles contain more of the volatile solvent than one would expect
from the composition of the vapor phase. Only for very large bubbles (not shown),
we find that 
Snuc decreases roughly linearly with 
Pnuc.

Fig. 16. Condensation of the solvent–vapor into a solvent–rich fluid in the critical bubble at
temperature kB T/ε = 0.75. The dashed line is extrapolated from the SCF data and the critical
point, at which the line of capillary condensation ends, is marked by an open circle. Binodal,
spinodal, and triple line are shown as reference. The inset presents the radial density profiles
at pσ 3/kB T = 0.19. Lines with circles refer to the condensed state, while lines correspond
to the state with solvent–vapor inside the nucleus. From [164]

Upon approaching the triple line the composition of small bubbles differs more
strongly from the composition of the vapor. This effect is related to the thick wetting
layer of liquid solvent that builds up at the interface between the polymer-liquid
and the solvent–vapor. The polymer-rich liquid prefers the solvent in its metastable
liquid state rather than the thermodynamically stable vapor. Analogous to capillary
condensation, the solvent–vapor might condense into a solvent–rich liquid due to the
confined geometry of the bubble. This is observed in our SCF calculations in the
ultimate vicinity of the triple line. The density profiles at the “bubble condensation”
point for pσ 3/kB T = 0.19 are presented in the inset of Fig. 16. For molar fractions
x < 0.70258 the critical bubble is filled with almost pure solvent–vapor, while for
larger values of x , the solvent has condensed to a liquid inside the bubble. At the
condensation point both critical bubbles – the one with vapor inside and the one with
liquid inside – have the same free energy of formation 
G�. The effective interfacial
tension γeff between the solvent liquid with respect to the polymer is lower than
for the solvent–vapor. At constant nucleation barrier, the radius R� ∼ γeff/
p ∼√


G�/γeff in the condensed state is larger than in the state where the bubble is
filled with vapor, in agreement with the data in the inset of Fig. 16.

As we approach the triple pressure, the free energy difference between metastable
liquid solvent and stable solvent–vapor decreases, and “bubble condensation” occurs
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for larger bubbles and closer to the binodal (cf. Fig. 16). Above ptriple the solvent–
rich liquid coexists with the polymer–rich liquid, and then, of course, critical “bub-
bles” are always filled with liquid solvent. Likewise, if we decrease the pressure away
from the triple line, the line of capillary condensation ends in a critical point within
mean-field approximation. This behavior is generic in the vicinity of a triple point,
and similar effects have been observed in the framework of Cahn–Hilliard theory for
droplet nucleation in the presence of a metastable crystalline phase [192] and in sim-
ulations [193]. More generally, the condensation inside the bubble into a metastable
liquid solvent is an example of Ostwald’s rule [194]: The nucleus needs not to be
formed by the thermodynamically most stable phase (i.e. the solvent–vapor in our
model), but might consist in the phase that is closest in free energy to the mother
phase.

At this stage, we point out a qualitative effect of thermal fluctuations: The con-
densation inside the bubble is a sharp first order transition which ends in a critical
point only within mean-field approximation. Since the bubble is only of finite size
no true phase transition can occur, because in the vicinity of the transition the free
energy difference between the stable and the unstable states is finite. Therefore one
can always find the critical nucleus in the metastable state with a small but finite
probability, and the transition is rounded. The consideration of fluctuations will re-
place the sharp transition by a rather rapid but continuous variation of the density
inside the bubble.

Fig. 17. Ratio between our SCF results for the nucleation barrier 
G� and the predictions of
the classical theory (using 
p) as a function of the reduced distance from the binodal. Curves
correspond to different pressures as indicated in the key. The circle marks the condensation
of the solvent–vapor into a solvent–rich liquid inside the critical bubble. The inset shows
the data for all pressures versus the scaled distance in the chemical potential of the polymer.
From [164]
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The classical nucleation theory agrees with the SCF calculations in the vicinity
of the binodal, but fails to predict the vanishing of the nucleation barrier at the spin-
odal. To compare the behavior at different pressures, to correlate data from differ-
ent systems, or to gauge the deviations from classical nucleation theory for systems
for which no detailed calculations are available, it is useful to compare data in a
rescaled form [185, 186, 187, 188, 189, 190]. For x → xspin the ratio 
G�/
G�

CNT
vanishes with the scaled distance x̃ = (x − xbin)/(xspin − xbin) between the bin-
odal and the spinodal like x̃3/2, while 
G�/
G�

CNT → 1 for x̃ → 0. To quan-
tify the deviations from the classical nucleation theory, we plot (
G�/
G�

CNT)2/3

versus the scaled distance x̃ in Fig. 17 for different pressures at kB T/ε = 0.75.
For low pressures the density of the vapor is very small and there is also almost
no solvent dissolved in the polymer–rich liquid. The behavior of the compressible
mixture is determined by the pure non-volatile polymer, i.e., the behavior is simi-
lar to a one-component compressible system. In this case we heuristically find that
(
G�/
G�

CNT)2/3 decreases roughly linearly with x̃ over the entire range between
binodal and spinodal. As we increase the pressure, more of the solvent enters the
polymer–rich liquid and deviations from the classical nucleation theory gradually
become larger as the character of a compressible binary mixture becomes more
prominent. In the ultimate vicinity of the triple pressure ptripleσ

3/kB T = 0.193174,
deviations become quite pronounced due to the condensation of the liquid inside
the critical bubble. Another common scaled data representation is obtained by using

µ/
µspin ≡ (µ − µcoex)/(µspin − µcoex) to parameterize the region between bin-
odal and spinodal. Plotting the ratio 
G�/
G�

CNT versus (
µ/
µspin)
2 results in

an effective collapse of the data over a wide range of pressures pσ 3/kB T ≤ 0.18
(cf. inset), but, there are systematic deviations, that become pronounced in the vicin-
ity of the triple pressure. Qualitatively, the behavior is similar to bubble nucleation in
a Lennard–Jones liquid [186, 188], but the ratio 
G�/
G�

CNT is somewhat smaller
than for a Lennard–Jones liquid, where it was found to decrease linearly to a first ap-
proximation, i.e., 
G�/
G�

CNT ∼ 1 − (
µ/
µspin)
2 [185, 190, 191]. Intriguingly

such a scaling is also born out of a kinetic approach [187]. In the ultimate vicinity of
the spinodal, however, one expects G�/
G�

CNT ∼ (1 − 
µ/
µspin)
3/2.

3.5.3
Temperature Dependence and “Foam Diagrams”

Talanquer and co–workers [195, 196] have considered the nucleation of bubbles
in binary mixtures. Intuitively [197], one would expect that the nucleation rate
increased with increasing temperature (as it does, e.g., in a compressible one-
component polymer solution), but they have found the inverse behavior for certain
parameters [195, 196], i.e., a decrease of the nucleation rate with increasing tempera-
ture at fixed composition and pressure. Intriguingly, there is no qualitative difference
between the structure of critical bubbles with normal and inverse nucleation rate be-
havior [196]. In Fig. 18 (a) we present the temperature dependence of the nucleation
barrier at low pressure pσ 3/kB T = 0.001 and high pressure pσ 3/kB T = 0.16.
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Fig. 18. (a) Temperature dependence of the nucleation barrier at fixed pressure p = 0.001kB T
and p = 0.16kB T and composition x = 0.46 and x = 0.68, respectively. For higher pressure
the nucleation barrier exhibits a maximum as a function of temperature, while it decreases
with increasing temperature for low pressure as expected. Insets show the radial density pro-
files of critical bubbles (left) and planar interfaces (right) at temperature kB T/ε = 0.7573.
(b) The temperature variation of the interfacial excess of solvent and the interfacial tension
at bulk coexistence. The interfacial excess for pσ 3/kB T = 0.001 is increased by a factor
100. The triple temperature kB Ttriple/ε = 0.6903 for the higher pressure pσ 3/kB T = 0.16,

the temperature at which the nucleation barrier is maximal (at pσ 3/kB T = 0.16), and the
liquid–vapor coexistence of the pure solvent at pσ 3/kB T = 0.001 are indicated by arrows.
From [164]

The former corresponds effectively to a one-component compressible polymer solu-
tion, while the character of a compressible binary mixture becomes more apparent
at higher pressures in the vicinity of the triple line. The composition is held con-
stant, and the temperature is varied. From Fig. 8 (b) we conclude that the compo-
sition of the coexisting phases remains almost constant in the temperature interval
0.75 < kB T/ε < 0.82 for both pressures. At low pressure, the nucleation barrier
decreases monotonously with temperature as expected. At higher pressure, however,
the nucleation barrier exhibits a non-monotonous dependence on temperature: 
G�

exhibits both a maximum and a minimum upon increasing temperature at fixed mo-
lar fraction. The inset compares the radial density distributions of the critical bubbles
and planar interfaces at kB T/ε = 0.7573. In both cases the solvent density at the cen-
ter of the bubble is higher than at coexistence and there is an enrichment of solvent
at the interface of the bubble. However, there are no qualitative differences in the
structure, in agreement with the observation of Talanquer and co–workers [196] for
binary Lennard–Jones mixtures.

To obtain further information, we plot the interfacial tension γ and the excess of
solvent at the interface between coexisting phases in the bulk in panel (b). At low
pressure, γ decreases with temperature and there is almost no excess of solvent at
the interface. At high pressure, also the interfacial tension exhibits a maximum as a
function of temperature and there is a pronounced interfacial excess. In our specific
model, this non-monotonous temperature dependence of the interfacial tension can
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be related to the phase behavior (cf. Fig. 19 or 7). If we decrease the temperature at
pσ 3/kB T = 0.16 we will encounter a triple point at kB Ttriple/ε = 0.690251. In the
ultimate vicinity of the triple temperature T > Ttriple there is a pronounced enrich-
ment of liquid solvent at the interface and the interfacial tension is particularly low.
Increasing the temperature, we decrease the interfacial excess of solvent rapidly and
increase the interfacial tension. Only when the distance from the triple temperature
is large enough for the interfacial excess to be small, the normal decrease of γ with
temperature sets in. For low pressure pσ 3/kB T = 0.001, no substantial interfacial
excess builds up and we simply observe the normal decrease of γ with increasing
temperature. A maximum in the interfacial tension imparts – in the framework of
classical nucleation theory – a non-monotonous temperature dependence onto the
nucleation barrier. Similarly, a non-monotonic behavior of the nucleation barrier has
been observed in polydisperse colloids [198], albeit not as a function of temperature
but as a function of super-saturation, and it has also been related to a non-monotonic
behavior of the interfacial free energy.

Fig. 19. Binodals (solid lines) and spinodals (dashed lines) in the temperature–composition
plane at pσ 3/kB T = 0.16. The critical point is marked by a filled circle, diamonds, and
a horizontal dashed line mark the triple point. The unstable liquid–liquid critical point is
indicated by a square. Above the triple point, lines of constant nucleation barriers are shown.
An open circle on the line of nucleation barriers 15kB T marks the condensation of solvent–
vapor into a solvent–rich liquid inside the critical nucleus. The dotted vertical line at x = 0.68
(ending in crosses) marks the path at which the nucleation barrier is examined in Fig. 18.
From [164]

It is instructive, however, to set our finding also in context of the phase diagram.
In Fig. 19 we plot binodals and spinodals as a function of composition x and temper-
ature T at constant pσ 3/kB T = 0.16. For the composition x = 0.68 the spinodal of
the polymer–rich liquid is located at kB Tspin/ε = 0.675239, i.e., just 2% below the
triple temperature. In the SCF calculations the nucleation barrier vanishes at Tspin,
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and the nucleation barrier increases steeply with temperature ultimately above Tspin.
It passes through a maximum, and then exhibits the expected “normal” decrease
with temperature. Upon increasing temperature further, however, we approach the
binodal, which is located at kB Tbin/ε = 1.097. At this point, the nucleation barrier
diverges; i.e., the nucleation barrier passes through a minimum and then grows. This
sequence of a maximum and a minimum in the nucleation barrier upon increasing
temperature is, indeed, what we observe in our SCF calculations. It can be quali-
tatively inferred from the location of the binodal and the spinodal. In Fig. 19 we
show lines of constant nucleation barrier, too. The line of high nucleation barriers

G� = 200kBT closely follows the binodal, while the line of low nucleation bar-
riers 
G� = 1kBT has a similar s-shape as the spinodal. Unlike the diagram at
constant temperature (cf. Fig. 11), however, the relative distance x̃ of lines, which
mark constant nucleation barriers, from binodal and spinodal strongly depends on
temperature.

The binodals of the liquid-vapor phase coexistence as a function of molar frac-
tion and temperature resemble the binodals of a one-component system as a func-
tion of density and temperature: At high temperature, there is a critical point. Upon
decreasing temperature the polymer-rich phase becomes more concentrated in poly-
mer, while the solvent concentration increases in the vapor phase. The spinodal of
the polymer liquid, however, exhibits a non-monotonous temperature dependence of
the composition. This dependence is parallel to the non-monotonous behavior of the
nucleation barrier as we increase temperature. In fact, at the pressure considered,
and even more so at lower pressures (cf. Fig. 20), there exists an extended tempera-
ture region, where the polymer-fraction at the spinodal of the liquid decreases upon
increasing temperature.

The reason for this s-shaped form of the spinodal is an unstable liquid—liquid
critical point. Below the triple temperature, there exists a polymer-rich liquid and
a solvent-rich liquid. Both binodal and spinodal of the polymer-rich phase become
richer in solvent upon increasing temperature. This tendency of the polymer-rich
spinodal persists also above the triple temperature, the spinodal runs towards the
(unstable) critical point of the liquid—liquid phase coexistence, which would termi-
nate the liquid—liquid phase coexistence if it was not pre-emptied by liquid-vapor
coexistence. The unstable critical points are marked by a square in Figs. 19 and 20
(a-c). The influence of the unstable liquid—liquid critical point is also detectable
in the combination c of densities which becomes unstable at the spinodal. Initially,
spinodal decomposition leads to a liquid–liquid phase separation. This effect also
matches the observation slightly above the triple temperature that the critical bubble
is not filled with solvent-vapor – the thermodynamically stable phase – but rather
with liquid solvent. Only at temperatures farther above the triple temperature, the
spinodal adopts the normal behavior and approaches the liquid-vapor critical point.
In this region the unstable mode also changes from liquid-liquid to liquid-vapor.

The qualitatively different T –x–diagrams in Fig. 20 suggest a large sensitivity of
the nucleation behavior on pressure. Below the critical pressure of the non-volatile
polymer (a), the diagram contains a triple line, but no (stable) critical point. The spin-
odal has a triangular shape: At low temperatures the solvent molar fraction increases
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Fig. 20. Binodals and spinodals of the polymer–rich phase in the temperature–composition
plane at various pressures as indicated in the key. Critical points are marked by circles, triple
lines are shown as diamonds and horizontal lines. Unstable liquid–liquid critical points are
indicated by open squares. The different pressures correspond to pressures below the critical
pressure of the non-volatile component (p = 0.001kB T/σ 3 < pPcrit = 0.018kB T/σ 3 (a)),
above this threshold (p = 0.02kB T/σ 3 (b)), above the critical pressure of the solvent ( p =
0.21kB T/σ 3 > pScrit = 0.1957kB T/σ 3 (c)), above the UCEP (p = 0.2205kB T/σ 3 (d) and
0.229kB T/σ 3 (e)). At even higher pressure, there is only a single two–phase region which
terminates in a critical point (not shown). From [164]
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with temperature towards the unstable liquid—liquid critical point and above the
vicinity of the unstable critical temperature, the molar fraction decreases with tem-
perature. The behavior above the critical pressure of the polymer is similar, except
that the spinodal does not reach x = 0 but terminates in a liquid—vapor critical
point. As the pressure increases, the critical point shifts to larger molar fractions (cf.
panel (b) and Fig. 19). Increasing the pressure even more, the triple line shortens and
moves to larger temperatures (see panel (c)). Eventually (panel (d)) the triple line
disappears but the binodal continues to constrict. This leads to the formation of an
isobaric cut though the phase diagram which contains three critical points. At very
large pressure, the critical points at the higher temperature merge and we are left with
a single miscibility gap that ends in a single critical point.

Fig. 21. Qualitative representation of the properties of polystyrene foams using carbon diox-
ide as a blowing agent and plasticizer. The inset shows a part of Fig. 20 (b) Redrawn from
Krause et al. [11]

We close this section on SCF calculations by trying to relate our findings qual-
itatively to the experimental observations by Krause and co-workers [11]. In these
experiments, one saturates a thin film of polystyrene with carbon dioxide at low tem-
perature and high pressure. Then, one suddenly quenches the polymer—solvent mix-
ture into a super-saturated state by increasing temperature (and/or decreasing pres-
sure) and observes the nucleation and growth of vapor bubbles at a fixed temperature
and low (atmospheric) pressure. Carbon dioxide not only acts as a blowing agent, but
also plasticizes the glassy polymer. The decrease of the glass transition temperature
depends on the concentration of the dissolved CO2. Stable foams are produced in the
narrow temperature window below the glass transition temperature of the pure poly-
mer and above the glass transition temperature of the CO2 saturated polystyrene. If
the temperature was lower, no bubbles form because the material would be solid. If
the temperature was too high, bubbles would form but the final foam would be liquid
and collapse like a souffle. Therefore only a small triangular region of the entire T −x
plane results in useful foams. This is illustrated schematically in Fig. 21. Krause and
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co-workers mapped out the structure and density of foams in the T − x plane and
compiled their results in “foam diagrams” [11]. Generally, the density of the foam
decreases as the polymer becomes more saturated with the blowing agent. Of course,
the experiment observes the late stages of phase separation, while we have consid-
ered only the mechanisms in the earliest stages. Nevertheless, a smaller density of the
foam is partially the result of a larger nucleation rate and, hence, a smaller nucleation
barrier. Therefore, the supersaturation of the mixture is higher for larger values of x .
Interestingly, one finds (i) that the iso-density lines shift to smaller saturation upon
increasing temperature and (ii) that there is a characteristic molar fraction at which
the foam density and structure suddenly changes. It is tempting to relate the qualita-
tive behavior of the iso-density lines to the lines of constant nucleation barrier and
the change of the foam structure to a change in the mechanism of phase separation
from nucleation to spinodal decomposition. The location of the spinodal in the T − x
diagrams of Fig. 20 (a) and (b) lends at least qualitative support to this speculation.

4
Equation of State of Compressible Polymer Solutions

4.1
Introduction

We have already considered two different approaches to the equation of state of
polymer–solvent mixtures, the well-known Flory-Huggins theory and a paramet-
ric equation of state employed in the context of Self Consistent Field Theory. As
noted in Sect. 2.1, the Flory-Huggins model can only describe the behavior of a
polymer solution in those special cases where the solvent may be considered es-
sentially incompressible, such that its properties are equal both in the polymer–rich
and polymer–poor phases. Typically, a polymer–solvent mixture does have a much
more complex phase behavior than that predicted by the Flory–Huggins theory, pro-
vided one probes a large region of the pressure–temperature plane [6]. In order to
remedy this deficiency, in Sect. 3.2 we have considered a simple parametric equa-
tion of state which is capable of showing a rich variety of phase behavior, including
phase diagrams of type I to V in the Scott—Van Konynenburg classification. Unfor-
tunately, despite its qualitative agreement, this equation is not particularly accurate,
even when the parameters are adjusted to quantitatively describe some chosen sub-
stance. Actually, despite some early attempts [199, 200, 201, 202, 203, 204, 205],
the development of an accurate equation of state in terms of a well–defined and re-
alistic polymer model has been a difficult problem of statistical mechanics since a
long time ago. However, in the mid eighties and early nineties a great progress has
been made, and different approaches have been developed in order to describe the
thermodynamics of coarse–grained off-lattice polymer models.

One such approach is based on integral equation theories [206, 207, 208, 209,
210, 211]. Possibly the most popular of these attempts is the P-RISM theory of Curro
and Schweizer [206, 207]. Typically, these integral equation theories allow to include
fine chemical details, such as bond lengths and angles, and yield a rather reasonable
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description of the site—site correlation functions and structure factor. However, it is
found that small errors in the determination of the structure have a very large effect in
the equation of state, and the results depend dramatically on the closures employed
to solve the integral equations [212, 213].

Another popular approach is that of Hall and coworkers, who have attempted
to extend the Flory-Huggins ideas to off–lattice polymer solutions, yielding first
the Generalized Flory and then the Generalized Flory Dimer theories [214, 215].
The GFD theory provides a simple and tractable equation of state and produces
rather accurate results for hard sphere chains. The drawback of this approach is
that there is no unique way to extend it to more complicated cases, such as mix-
tures of polymer + solvent [216], heteropolymers [217], systems with attractive in-
teractions [218]; and it is difficult to include chemical details in a straightforward
manner [212, 219, 220].

An interesting approach towards an accurate and rigorous equation of state
for polymers has its footing in a rather different field, namely, that of chemical
equilibrium of simple fluids. In a series of papers, Wertheim developed a pertur-
bation theory especially devised to deal with the equation of state of associat-
ing fluids [221, 222, 223, 224]. By studying the chemical association of spherical
monomers in the limit of infinite association, it was found that this theoretical treat-
ment yields results for dimers [225], or even, polydisperse polymers of arbitrary
length [226]. An important feature in this perturbation theory is that it is formal and
rigorous so that the results may be improved successively by adding higher order
perturbation contributions. In practice, most of the time one considers only the first
order contribution, TPT1, although some results have been reported at the level of
second order perturbations (TPT2) [226, 227, 228]. Already at the level of first order
the theory is quite accurate, but more importantly, of an enormous versatility. This
was shown by Jackson, Chapman, and Gubbins [229, 230], who reformulated and
generalized the complex functional formalism of Wertheim in such a way that one
can consider the equation of state of simple associating fluids [231, 232, 233]; chains
of different length [234, 235, 236, 237, 238, 239], including associating chains [240];
heteropolymers [241, 242]; mixtures of polymer and solvent [243, 244]; and of poly-
mer plus colloids [245], all based on a single unified framework. Very recently, Vega
et al. have shown that the formalism of TPT1 is not only applicable to the liq-
uid phase, but it also provides an appropriate framework to describe solid phases
of polymers [246, 247, 248]. Another very powerful feature of TPT1 is that it
can be applied in a straightforward manner to chains made of attractive interaction
sites [231, 233, 249]. Incorporating the dispersive forces right away into the reference
system has proven to be very successful, and accurate results have been obtained
for Lennard–Jones [234, 236, 238, 240, 250], square well [237, 251] and Yukawa
chains [252]. Also the phase coexistence of pure polymer chains and mixtures has
been studied and fairly good agreement has been found [238, 240, 244, 250].

The versatility and simplicity of the theory has made this approach rather at-
tractive for engineering applications. Actually, the first engineering application of
TPT1, known as the Self-Associating-Fluid-Theory, or SAFT [253, 254], is now em-
ployed many times as an alternative name for TPT1. Since the development of SAFT,
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however, many different TPT1 versions have appeared, the difference between them
being the different liquid state theories which are employed to describe the reference
fluid. These equations of state have been employed to describe pure chain mole-
cules [254, 255, 256], as well as their mixtures [257, 258, 259, 260, 261, 262, 263,
264, 265, 266, 267]. Many other different applications have been reported and the
interested reader is referred to a recent review on the subject [268].

4.2
Thermodynamic Perturbation Theory

4.2.1
Intuitive Approach

Although the original work of Wertheim is mathematically very involved, the under-
lying physical idea leading to TPT1 may be described in terms of much simpler ar-
guments [269, 270, 271]. The situation is simplified further if one ignores altogether
the possibility of partial association [271]. Consider a reference system, made of
nm free monomers. Then the free energy cost required to bring two such monomers
a distance r apart will be given by the potential of mean force W (r) [272]. Now,
the potential of mean force is expressed conveniently in terms of the pair correla-
tion function, W (r) = −kB T ln g(r). Accordingly, the work required to bond two
atoms together will be W (�) = −kB T ln g(�), with � being the bond length. In or-
der to form a chain of N monomers, we will need to make N − 1 such bonds. As
a result, we may consider that the free energy difference between a fluid contain-
ing n = nm/N polymers, and an analogous reference system with nm monomers is
simply expressed as:

F − Fref = −kB T (N − 1) ln g(�) (101)

where Fref stands for the free energy of the reference system of unbonded monomers.
A similar argument allows to measure the free energy difference between an ideal
gas of polymers and an ideal gas of monomers. The difference in this case is that
g(�) = exp(−βu(�)), where u is the pair potential between the reference system of
unbonded monomers. We may therefore write:

Fig − Fig
ref = −kBT (N − 1)u(�) . (102)

In order to relate the free energy of the polymer chain to that of the reference fluid, we
now consider a thermodynamic cycle which is the result of summing four different
free energy contributions:

[F − Fref] + [Fref − F ig
ref] + [F ig

ref − F ig] + [F ig − F] = 0 . (103)

Clearly, the four contributions add up to zero. By definition, however, the second
and fourth contributions are 
F and 
Fref, the residual free energies of the polymer
and reference systems, respectively. Substitution of Eq. (101–102) into the above
expression then yields:
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F

nkB T
= N


Fref

nmkB T
− (N − 1) ln y(�) (104)

where y is the background correlation function, defined as y = g eβu . In this way, we
are able to express the residual Helmholtz free energy of the polymer system, 
F ,
in terms of the properties of the reference monomer system, namely, the residual
free energy, 
Fref, and the background correlation function, y(�). The above result
is Wertheim’s TPT1 result for the equation of state of pure polymer chains of length
N and fixed bond length [226, 230].

In Sects. 4.3 and 4.4, we will make quantitative tests of this equation of state.
However, some of its limitations become already apparent. First of all, the above ex-
pression only gives residual free energies. This means that no information on the sin-
gle chain partition function is given. Furthermore, the effect of chain connectivity is
included only at the level of two body correlations. This means that the theory cannot
correctly predict effects which are related to changes in the configuration of the poly-
mer. Particularly, the trivial linear chain length dependence implies that the i th virial
coefficient scales as Ni , independent of the ‘solvent’ quality (i.e., the temperature).
Contrarily, scaling arguments suggest that the virial coefficients of polymers scale
such as N (i−1)νd , where ν is an exponent governing the size of the polymer and varies
from ν = 0.5 to ν = 0.58, depending on whether the solvent is marginally bad (low
temperature) or good (high temperature). This scaling behavior is well documented
for B2 [273, 274, 275, 276, 277, 278] and B3 [279, 280], but it is not altogether clear
whether it holds for B4 and higher order coefficients [280]. On the other hand, at high
densities the linear dependence of the free energy on chain length is known to be cor-
rect [281]. Some attempts to reconcile these two limiting scaling behaviors have been
proposed recently [282, 283]. Another limitation of TPT1 is that the perturbation to
the unbonded reference monomer system is small only if the packing fraction of
the system does not change significantly when forming the chains. Obviously, this
can only hold true if the monomers bond tangentially, i.e., provided that there is no
significant overlap. Although successful extension to chains of overlapping spheres
have been proposed, this is at the cost of employing ad-hoc assumptions which are
not valid for chains with attractive interactions [284, 285, 286, 287, 288, 289, 290].
Finally, it is clear that the simple treatment considered here provides no information
whatsoever on intra- or intermolecular structure. We note, however, that the origi-
nal approach by Wertheim is cast in the form of a functional theory which allows to
extract information of this kind [227, 291].

4.2.2
Scaling Laws for the Critical Properties

Although quantitative comparison of TPT1 requires to consider some specific liquid
state theory for the reference fluid, TPT1 already provides a great deal of informa-
tion on the critical properties without the need of making any specific assumption
concerning the reference fluid. To see this, let us start by assuming that the monomer
density, φ, becomes small for large chain lengths, as suggested by the Flory–Huggins
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theory (cf. Sect. 2.1). In this case, one can describe the equation of state in terms of
a truncated virial series.

p

kB T
= φ

N
+ B2(T )

N2
φ2 + B3(T )

N3
φ3 . (105)

By applying the conditions for the critical point of pure fluids, we obtain a set of
equations for the critical temperature and density:

B2(Tcrit) +√3B3(Tcrit) = 0 (106)√
3B3(Tcrit)

φcrit

N
− 1 = 0 . (107)

Making a Taylor expansion in powers of the density, the first and second virial
coefficients predicted by TPT1 are found to be:

B2 = N2
(

b2 − N−1
N a2

)
B3 = N3

(
b3 − N−1

N a3

) (108)

where b2 and b3 are the second and third virial coefficients of the reference fluid of
non–bonded monomers, while a2 and a3 are the zeroth and first order coefficients
in a density expansion of ∂ ln δ/∂φ. Of course, all these quantities are chain length
independent.

Now, in order to solve Eq. (106) for the critical temperature we will need to
linearize the virial coefficients with respect to the temperature. To do so, let us as-
sume that there is a finite asymptotic critical temperature in the limit of infinite chain
length, which we call Θ , in analogy to the polymer + solvent case. We now make
a series expansion of B2 and B3 in powers of 
T = Θ − T up to first order, and
consider the limit of this expression for large N , leading to

B2(T ) = N2
(
C2 − C ′

2
T
)

B3(T ) = N3
(
C3 − C ′

3
T
) (109)

where C2 = b2(Θ) − a2(Θ) and C3 = b3(Θ) − a3(Θ) while C ′
2 and C ′

3 are the
corresponding derivatives with respect to temperature. Substitution of the linearized
virial coefficients into the condition for the critical temperature leads to a quadratic
equation for 
T . Solving this equation yields 
Tcrit(N), defined as Θ − Tcrit(N):


Tcrit(N) − C2
C ′

2
= ± 1

2C
′2
2

(
12C

′2
2 C3 − 12C2C ′

2C ′
3 + 9C

′2
3

1
N

)1/2
1

N1/2

− 3C ′
3

2C
′2
2

1
N

. (110)

This equation shows that 
Tcrit(N) must reach an asymptotic finite value, since
the right-hand-side term should ultimately vanish for large N . The requirement for
Tcrit(N) to attain a finite asymptotic critical temperature equal to Θ is then obeyed
provided that C2 vanishes. If we now notice that
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lim
N→∞ B2(Θ) = N2C2 . (111)

we arrive at the conclusion that indeed C2 must vanish at the Boyle temperature of
the infinitely long polymer, T ∞

B , thus identifying the Θ temperature with the Boyle
temperature of the infinitely long polymer.

The case of the critical density is much simpler. Substitution of the expression
for B3 in the condition for the critical density, Eq. (107), shows that:

φcrit(N) ∝ N−1/2 (112)

as predicted by the Flory–Huggins theory. Also note that the above arguments apply
regardless of the specific form used to describe the reference fluid (thermodynamics
and structure).

Another interesting issue is the apparent universality of the compressibility fac-
tor as predicted by the truncated virial expansion of Eq. (105). By substitution of
Eq. (106–107) into the Eq. (105), it may be shown that Zcrit is given by:

Zcrit(N) = N pcrit

φcritkB Tcrit
= 1

3
+ B4

(3B3)3/2
+ · · · . (113)

This result is independent on whatever assumption is made concerning the actual N
dependence of the virial coefficients, as long as the ratio of Bi to B3/2

3 vanishes (with
i > 3). In the case of TPT1 this is indeed the case, such that a finite asymptotic
critical compressibility factor of about 1/3 is predicted in the limit of infinite chain
length, irrespective of the nature of the polymer. This implies that the critical pressure
should decay as N−3/2.

An interesting result follows when one considers that the Θ temperature is also
the Boyle temperature of the infinitely long polymer. From the expression of B2,
Eq.109, we see that this temperature is attained when the following condition is
obeyed:

b2(Θ) − a2(Θ) = 0 . (114)

By employing results from liquid state theory, Vega et al. show that one can transform
the above equation further, in the following manner [271]:

b2(Θ) − 2

3
bmd

2 (Θ) = 0 (115)

where bmd
2 is simply the crossed second virial coefficient between a monomer and

a dimer. Hence it is possible to determine the Θ temperature of a polymer from the
low density virial coefficients of a simple fluid.

Before closing this section, it is interesting to discuss the similarity of these pre-
dictions with those obtained from the Flory–Huggins theory. It is clear that for both
Tcrit and φcrit the chain length dependence is the same. Also note that the leading
terms of the expansion Eq. (110) are of order N−1/2 and N−1, just as predicted by
the Flory–Huggins theory. In this case, there is one difference, however. Namely, the
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value taken by the coefficients. It is very usual to employ a Flory–Schulz plot in order
to extrapolate Θ temperatures from short chain data, and there it is assumed that the
ratio of the N−1/2 to the N−1 coefficient is 2. From TPT1, however, it is observed
that there is no particular reason to assume that this ratio should be precisely 2. Ac-
tually, according to TPT1 this ratio takes a non-trivial value which should depend on
the monomer properties.

Recently, Chatterjee and Schweizer [292] have analyzed the behavior of the crit-
ical point of infinite chain lengths using the P-RISM theory. For two of the closures
employed, the same behavior as that predicted by TPT1 is observed, at least con-
cerning (i) vanishing critical density and (ii) finite critical temperature. The power
laws are, however, different. The critical monomer density is predicted to vanish with
a weaker dependence which may be either N−1/3 or N−1/4 depending on whether
the RMPY/HTA or the MSA closures are used. The critical temperature is predicted
to reach a finite critical value with the same exponents as the critical density. It is
pleasing to see that TPT1 is able to give a unique conclusion, independent of the
molecular theory used to describe the monomer fluid. Unfortunately, the exact scal-
ing laws for the asymptotic critical properties of a polymer remain a matter of de-
bate. Both Flory–Huggins and TPT1, as well as renormalization arguments by de
Gennes [3] predict an exponent of −1/2 for φcrit. Experiments [51, 53, 55, 57] and
simulations [82, 85, 116] have found exponents in the range of about 0.3–0.4, but it
is not clear whether the chain lengths considered had attained the scaling regime. As
noted in Sect. 2.2, it has been argued that considering long enough chains could lead
to the expected −1/2 exponent, but that smaller apparent exponents in experiments
and simulations result when shorter chain lengths are considered [64, 293, 294].

4.2.3
General Expression for Pure Polymers and Mixtures

Previously we have seen a heuristic derivation of TPT1 for the special case of a pure
polymer with fixed bond length. Actually, TPT1 is a much more general theory which
allows to describe a wide variety of systems. We will henceforth restrict our atten-
tion to the special case of multicomponent mixtures. We will assume that each of
the components is a chain molecule, described as an ensemble of Ni identical beads,
which interact with each other and with any other bead in the system by means of a
site–site potential, Vij . Furthermore, adjacent beads on the same molecule interact by
means of a bonding potential, Φii . The composition of the mixture may be described
by means of the total molecular density, ρ, and the molar fractions of each compo-
nent, xi . According to TPT1, the total Helmholtz free energy of the multicomponent
mixture may be described in terms of three different contributions [237, 253]:

F

nkB T
= F ig

nkB T
+ Fmono

nkB T
+ Fchain

nkB T
(116)

where n is the total number of molecules in the system. In the above equation, F ig

is the free energy of an ideal gas of chains; Fmono is the residual free energy of
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a mixture of unbonded monomers; and Fchain is the free energy required to form
the actual chain fluid from the monomer fluid. Let us now consider each of these
contributions in turn:

Ideal contribution: The Helmholtz free energy of an ideal gas of molecules is given
by,

F ig

nkB T
=
∑

xi ln ρxiΛ
3
i − 1 (117)

where xi = ni/n, the molar fraction, is defined as the ratio of molecules of com-
ponent i to the total number of molecules in the system; and Λi is the ‘molecular’
thermal wavelength of species i . Note that this thermal wavelength includes the non–
trivial single chain partition function, a problem which is not addressed by TPT1.
Fortunately, for phase equilibria calculations a lack of knowledge on Λi is unimpor-
tant, as it takes the same value in each of the coexisting phases.

Monomer contribution: The residual monomer contribution to the free energy is
given by:

Fmono

nkB T
=
∑

xi Ni
Fm

nmkB T
(118)

where Fm is the residual free energy of a mixture of unbonded monomers, while nm

is the total number of monomers in the system.

Chain contribution: The free energy required to form the chain fluid from the refer-
ence fluid of unbonded monomers is given by:

Fchain

nkBT
= −

∑
xi (Ni − 1) ln δii/δ

0
ii (119)

where δii (T, φ, x), the ‘bonding strength’ between monomers of type i , is expressed
in terms of the radial distribution function of the monomer fluid, gii (r), and the
bonding potential, Φii :

δii =
∫

gii (r) exp(−Φii (r)/kB T )dr (120)

while δ0
ii (T, x) is the corresponding quantity evaluated at zero density. When eval-

uating δii one must make sure that the integrand vanishes for distances much larger
than the bond distance. Otherwise the integral will not converge. Hence, in those
cases where the zero of the bonding potential is set at infinite distance, one adds a
−gii (r) term in the integrand to ensure convergence [230]. This is not required here,
because we assume that the bonding potential diverges at large distances.

Note that within the TPT1 theory, the problem of describing the thermodynamics
of a system of chain molecules is converted into a much simpler problem, namely,



66 Kurt Binder et al.

that of describing the structure and thermodynamics of a mixture of monomers
whose total monomer density, φ, is given by:

φ =
∑

Ni xiρ (121)

and whose monomer molar fractions, yi , are given by:

yi = Ni xi∑
l Nl xl

. (122)

In order to calculate the phase coexistence predicted by TPT1, expressions for the
compressibility factor and chemical potential are also required. The compressibility
factor is obtained by using the following standard thermodynamic relation:

Z = φ
∂

∂φ

A

nkB T
. (123)

The above equation then leads to:

Z = 1 +
∑

xi Ni Zm −
∑

xi (Ni − 1)φ
∂ ln δii

∂φ
(124)

where Zm is the residual compressibility factor of the mixture of monomers evalu-
ated at the monomer density. As to the chemical potentials, they are obtained using
the following equation [6]:

βµi = F

nkB T
+ Z + (1 − xi)
i (125)

where


i = ∂

∂xi

F

nkB T
(126)

Care must be taken when deriving the free energy with respect to molar fraction,
because a change in x will result in a change in both the monomer molar fraction
and the monomer density. When this is taken into account, one obtains:


1 = 

ig
1 + 
mono

1 + 
chain
1 . (127)

The different contributions in the above equation are given by:



ig
1 = ln x1Λ1 − ln(1 − x1)Λ2 (128)


mono
1 = (N1 − N2)

Fm

nkB T
+
∑

xi Ni

[
∂y1

∂x1

m

1 + ∂φ

∂x1

Zm

φ

]
(129)


chain
1 = −

{
(N1 − 1) ln δ11

δ0
11

− (N2 − 1) ln δ22
δ0

22
+

∑
xi Ni

[
∂y1
∂x1

∂
∂y1

ln δii

δ0
ii

+ ∂φ
∂x1

∂
∂φ ln δii

δ0
ii

]} (130)

where 
m
i is obtained from Eq. (126) with F replaced by Fm and xi replaced by yi .

Similar equations hold for 
2, but these are unnecessary, given that 
2 = −
1.
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4.2.4
Calculation of the Monomer and Chain Contributions

In the preceding section, we have shown general results for TPT1, i.e., we have
written expressions for the free energy, compressibility factor, and chemical potential
in terms of the corresponding properties of a reference fluid of unbonded monomers.
Depending on the way this reference system is described, one obtains different forms
of TPT1. For example, Chapman et al. considered a Carnahan—Starling fluid with
a parameterized attractive contribution, leading to the well–known SAFT equation
of state [253, 254]. Johnson et al. and Blas and Vega considered a very accurate
liquid state theory which results from a fit to Molecular Dynamics data, yielding the
soft-SAFT equation of state [234]. Gill-Villegas et al. used a Barker—Henderson
perturbation theory, and the resulting TPT1 version is known as SAFT-VR [237].
Other versions have been proposed, such as that of Nikitin et al., who employ the
simple van der Waals fluid as a reference [295, 296], or that of Yelash and Kraska,
who employ a Carnahan—Starling + mean-field contribution [297]. Although less
accurate, the last two versions are to be preferred when a thorough exploration of the
phase diagram is sought [294, 298].

In what follows, we will restrict our attention to a mixture of model polymers
as described in Sect. 3.1, with the chain length Ni and Lennard–Jones parameters
yet unspecified. In this case, the most convenient reference system is a mixture of
Lennard–Jones monomers, and the perturbative bonding potential is a FENE poten-
tial (Eq.47). Let us now consider how to describe such a reference mixture and how
to calculate the monomer and chain contributions.

Monomer contribution: As an alternative to the mentioned TPT1 versions, we will
attempt to describe the thermodynamics and structure of the binary reference mixture
of monomers by means of a second order perturbation theory, based on an analytical
solution of the Mean Spherical Approximation (MSA) of simple fluids [299, 317]. In
this theory, the free energy of the mixture of monomers is described perturbatively
in terms of the properties of an auxiliary fluid which contains only repulsive inter-
actions. We therefore split the full Lennard—Jones potential, Vij (r) into repulsive
and perturbative contributions as suggested by Barker and Henderson [300], so that
the repulsive potential, w

rep
i j , contains all of the positive part of the Lennard—Jones

potential, while the perturbation, wper
i j contains all of the negative region:

w
rep
i j (r) =

{
Vij (r) r ≤ tσi j

0 r > tσi j
and w

per
i j (r) =

{
0 r ≤ tσi j

Vi j (r) r > tσi j
(131)

where t defines the value of r where wi j becomes negative.
The residual free energy of the system may now be expressed as a perturbation

expansion to second order, yielding:

Fm

nmkB T
= F0

nmkB T
+ F1

nmkB T
+ F2

nmkB T
(132)



68 Kurt Binder et al.

where F0 is the residual free energy of the reference mixture with repulsive interac-
tions, while F1 and F2 are first and second order perturbations [301]:

F1

nmkB T
= 1

2
φβ
∑

i

∑
j

yi y j

∫ ∞

tσi j

g0
i j (r)w

per
i j (r)4πr2dr (133)

F2

nmkB T
= φβ

∑
i

∑
j

yi y j

∫ ∞

tσi j

g1
i j (r)w

per
i j (r)4πr2dr . (134)

In the above equations, g0
i j and g1

i j are zero and first order contributions in a Taylor
expansion of the radial distribution function about the repulsive system.

At this stage, we encounter the difficulty of describing the repulsive system de-
fined in Eq. (131), which is not well known. In order to circumvent this problem,
we map the repulsive system on a simpler mixture of hard spheres with appropri-
ate diameter. The key step is then to choose the hard sphere diameters such that
the error brought about by this mapping is minimized. In a one component fluid, a
suitable choice is to determine the diameter according to the Barker–Henderson pre-
scription [300]. Here we just consider the straightforward extension, so that the hard
sphere diameter of species i is calculated as:

dii =
∫ ∞

0
(1 − e−βw

rep
ii (r))dr . (135)

Direct application of this equation to the unlike interactions would lead to a mixture
of non–additive hard spheres, and this is rather inconvenient. Therefore, we choose
to determine di j by using the hard sphere diameters of the pure components and
requiring additivity:

di j = 1

2
(dii + d j j ) . (136)

More rigorous prescriptions for the determination of dii are possible. However, such
treatments lead to composition dependent diameters [301], and we avoid this com-
plication here.

Once the hard sphere fluid has been appropriately defined, the free energy of the
repulsive system may be described using the equation of state of hard sphere binary
mixtures proposed by Boublik [302]:

F0

nmkB T
= 6

πφ

[(
ζ 3

2

ζ 2
3

− ζ0

)
ln(1 − ζ3) + 3ζ1ζ2

1 − ζ3
+ ζ 3

2

ζ3(1 − ζ3)2

]
(137)

where the ζl coefficients are defined as:

ζl = π

6
φ
∑

i

yi d
l
ii . (138)
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The first and second order perturbation contributions could be evaluated by us-
ing rigorous expressions for g0

i j and g1
i j as obtained from an integral equation theory.

Such an approach has been recently undertaken with good results [301, 303]. Un-
fortunately, the expressions are quite lengthy and somewhat inconvenient for further
differentiation. For this reason, we will evaluate the perturbative contributions of the
free energy by using a Van der Waals like one fluid approximation. In this approxi-
mation, one considers that the radial distribution function of the Lennard–Jones fluid
mixture may be expressed in terms of the radial distribution function of a pure effec-
tive Lennard–Jones fluid with composition dependent parameters, σy and εy , yet to
be determined. More specifically, one assumes that gi j (r) may be expressed in terms
of the radial distribution function of a pure fluid as follows,

gi j (r ; φ, T, y) = g

(
r

σy

σi j
, φ, T

)
. (139)

As it is well known, however, the radial distribution function of a Lennard–Jones
fluid may be expressed in terms of a universal radial distribution function, g̃, when
r , φ and T are scaled appropriately. Accordingly, we may write,

gi j (r ; φ, T, y) = g̃

(
r

σi j
, φ∗, T ∗

)
(140)

where φ∗ = φσ 3
y and T ∗ = kB T/εy . Using this relation in Eq. (133) and Eq. (134),

one finds that the first order perturbation contribution may be expressed as follows:

F1

NmkB T
= 1

2
φβ
∑

i

∑
j

yi y jεi j σ
3
i j

∫ ∞

tσi j

g̃0(r/σi j )w
per
i j (r)4πr2dr (141)

and similarly for the second order contribution. If we now make a simple change of
variables of the form s → r/σi j it is then found that the perturbation contributions
may be expressed in terms of the perturbation contribution of a pure Lennard–Jones
fluid at reduced temperature and density T ∗ and φ∗:

F1(φ, T, y)

nmkB T
= F1(φ

∗, T ∗)
nmkB T

(142)

and similarly for F2. The above expression holds provided that σy and εy are chosen
such that the following relation is obeyed:

εyσ
3
y =

∑∑
yi y jσ

3
i j εi j . (143)

The actual value for σx is now determined by requiring that the one–fluid theory
predicts the same compressibility as the actual fluid mixture [304]. In this way, one
obtains:

σ 3
y =

∑∑
yi y jσ

3
i j . (144)
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What is now required are closed expressions for the first and second order contri-
butions of a pure fluid. To this end, we employ a theory that we have recently applied
successfully to study both bulk [238] and interfacial properties [99]. This theory is
based on a perturbation expansion proposed recently for the Lennard–Jones poten-
tial [299]. Although the expressions are obtained in a closed analytical form, they are
rather lengthy and we refer the reader to the original paper for further details [238].

Chain contribution: Once the thermodynamics of the reference monomer mixture
is known, we will now require to determine the bonding contribution, Fchain. This
is done by employing Eq. (119–120), together with a specific form for the radial
distribution function of the mixture, and the bonding potential, which we consider to
be of the FENE type (Eq. (47)). In principle, the radial distribution function could
be obtained from an integral equation theory. In practice, however, such equations
may only be solved by numerical calculations. For this reason, we will employ again
a one–fluid approximation for gi j . Substitution of Eq. (140) into Eq. (120), together
with the change of variable s → r/σii , then leads to:

δii = 4πσ 3
ii

∫ Rii /σii

0
g(s; φ∗, T ∗) exp(−Φii (s)/kB T )s2ds (145)

where Rii is the bond distance at which the FENE potential (Eq.47) diverges (cf.
Eq. (47)). Note that the use of Eq. (140) leads to a bonding strength that depends both
on the effective fluid temperature, T ∗, and the actual temperature of the system, T .
For this reason, the one–fluid approximation for gi j does not lead to a one–fluid ap-
proximation for the bonding strength (i.e., δii (φ, T, x) may not be approximated by
δ(φ∗, T ∗)). An explicit expression for Eq. (145) is obtained by using the simplified
exponential approximation for the radial distribution function of a one–component
fluid [299]. This, on its turn, requires knowledge of the MSA solution for g(r), which
may be obtained from an analytical solution proposed recently [305]. In this way, a
rather lengthy but tractable expression for Eq. (145) is obtained.

4.3
Application to Pure Polymers

4.3.1
Application to a Pure Model Polymer

In the previous section we have described how to implement TPT1 for a mixture
of Lennard–Jones chains with a FENE bonding potential. Before considering bi-
nary mixtures, however, we shall restrict our attention to the particular case of a one
component system of polymers. In order to describe the thermodynamic properties
of such a system, we will consider two TPT1 implementations, which we denote
TPT1-MSA and TPT1-RHNC. In TPT1-MSA, we employ the fully analytic equa-
tion of state described in the previous section. In TPT1-RHNC, the Lennard–Jones
reference system is described by means of the Reference Hypernetted Chain theory
(RHNC). This is an integral equation theory which can only be solved numerically,
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but has the advantage of being very accurate. In this way, we will be able to iden-
tify whether the limitations in TPT1 are related to a particular way of describing the
reference system, or, on the contrary, are related to the approximations inherent to
TPT1.

Fig. 22. Pressure (a) and chemical potential (b) against monomer density for chains of
10 monomers. Symbols are nVT simulation data while lines are predictions from TPT1; full
line, RHNC version; dashed line, MSA version. From top to bottom, pressure isotherms at
kB T/ε = 5, 4, 3, 2.5 and 1.68 in reduced Lennard-Jones units (adapted from [238])

Let us first examine thermodynamic data for chains of 10 monomers. Figure 22
compares the predictions of TPT1 for several pressure isotherms (kBT/ε=5, 4, 3,
2.5, and 1.68) with simulation results. Both the RHNC and MSA versions of the the-
ory are seen to give rather good estimates; at the highest temperatures, far above the
estimated Θ point of our model (see below) as well as at the lowest, a sub-critical
isotherm. Overall, the RHNC version seems to describe the isotherms slightly better.
Results for the excess chemical potential of the chains are also shown. The agree-
ment is quite satisfactory, though not as good as those for the pressure isotherms,
especially at the lowest temperatures and densities. Indeed, the main assumption of
TPT1, namely, that the local environment of a monomer in the polymer fluid is sim-
ilar to that of the reference fluid breaks down in the low density limit. The fluid is
then made of isolated clusters of N monomers, rather than of single monomers uni-
formly distributed in space. Likewise, the theory is unable to describe the density
dependence of the single chain internal energy and conformational entropy.

The liquid–vapor coexistence curve of the 10-mer as obtained from simulation
and theory is shown in Fig. 23. Both the RHNC and MSA versions overestimate
the critical temperature as obtained from simulation by about 15%. Of course, this
is expected for any classical theory. On the other hand, far away from the critical
point, results from both versions of the theory yield good agreement with simula-
tion. The MSA version is somewhat more convenient, however, because it allows us
to calculate the coexistence at low temperatures with no additional cost, while it be-
comes rather problematic to calculate the coexistence for the RHNC version below
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Fig. 23. Liquid–vapor coexistence curves of a 10-mer as obtained from grandcanonical sim-
ulations (solid lines) and npT simulations at p = 0 (diamonds), compared with TPT1-RHNC
(dotted line) and TPT1-MSA (dashed line). The filled circle presents the critical point as ex-
tracted from finite size scaling of the MC data. The open circle and the open square denote
the critical point of the TPT1-RHNC and the TPT1-MSA, respectively. The simulation results
and TPT1-MSA calculations for monomers (N = 1) are also included (adapted from [238])

the reference fluid critical temperature. The reason for this is that the RHNC integral
equation presents a region of no solutions below this point, such that the resulting
equation of state is no longer defined inside the liquid-vapor envelope.

Fig. 24. Critical temperatures (a) and critical monomer densities (b) in MC simulations and
perturbation theory. In panel (a) the temperatures of the intersections of R2

e (T )/(N − 1) for
neighboring chain lengths are also included. For N → ∞ the values tend to the Θ temperature
(adapted from [238])

We have also investigated the critical points of chains with N = 20, 40, and 60.
Table 3 gives a summary of the simulation results, obtained by finite size scaling,
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Table 3. Critical temperature, Tcrit and critical monomer density, φcrit as obtained from simu-
lation (MC) and from TPT1 with either the RHNC version or the MSA version for the structure
and thermodynamics of the reference fluid (adapted from [238])

kB Tcrit/ε φcritσ
3

n (MC) (RHNC) (MSA) (MC) (RHNC) (MSA)

1 1.00 1.02 1.11 0.321 0.376 0.323
5 1.72 1.92 2.03 0.270 0.250 0.255

10 1.98 2.27 2.36 0.245 0.207 0.217
20 2.21 2.56 2.62 0.206 0.145 0.184
40 2.40 2.79 2.81 0.172 0.108 0.150
60 2.48 2.90 2.88 0.152 0.091 0.140
∞ ∼ 3.3 3.44 3.39 – 0 0

together with predictions from TPT1-RHNC and TPT1-MSA. Both versions overes-
timate the critical temperatures by about 15% for all chain lengths studied. However,
the MSA and RHNC predictions seem to converge as the chain length increases. On
the other hand, the critical monomer densities are always underestimated, though the
MSA version seems to give a much better agreement than the RHNC version. In the
latter theory the density decreases much too fast compared to the MC results. The
overall behavior of the critical parameters is illustrated in Fig. 24, where both Tcrit
and φcrit are plotted against N−1/2, the predicted asymptotic scaling law for both
of these properties. It is seen that for chain lengths up to 60 monomers, the critical
properties are far from reaching their asymptotic behavior, so that the simulations do
not allow us to assess unambiguously the predicted scaling laws.

Although the calculation of the critical point of fluids larger than about 100
monomers by computer simulation becomes prohibitively expensive, we can esti-
mate the Θ point of our polymer model by an analysis of the temperature depen-
dence of the polymer extension [238]. Extrapolation of the results gives as an esti-
mate Θ ≈ 3.32. As to the theory, fitting the critical temperature predicted by TPT1-
RHNC to a power law of the form Tcrit = T ∞

crit + bN−1/2 + cN−1 in the range 102 to
107 gives kB T ∞

crit/ε = 3.44. On the other hand, by searching for the root in Eq. (114),
we find that TPT1-MSA predicts kB T ∞

crit/ε = 3.39.4 Assuming that the Θ point is in-
deed the critical point of the infinitely long chain, as suggested by the considerations
of Sect. 3, it would seem that TPT1 is capable of giving an excellent prediction for
the Θ point of the polymer, even though the actual prediction may vary somewhat
depending on the theory used to describe the reference fluid. Similar good agreement
has also been found for square well chains [271].

4 This value is significantly higher than that reported earlier, kB T ∞
crit/ε = 3.14 [238], which

was affected by numerical inaccuracy of the equation of state at low densities.
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4.3.2
Application to Alkanes

Essentially, the equation of state that has been proposed describes the thermodynam-
ics of an idealized model made of tangent Lennard—Jones beads. The parameters
of the model are the chain length, N , and the Lennard—Jones range, σ and en-
ergy, ε, parameters of the interaction sites. Despite of the idealized character of the
model, one may still be able to describe real substances if N , σ and ε are chosen
appropriately, by fitting the theoretical predictions to some well known experimen-
tal properties of the substance under consideration. This kind of approach has been
applied in a coarse–grained manner for the n-alkane series, by considering N , σ and
ε as linear functions of the molecular mass [255, 256, 262, 263, 265]. In this section
we will propose very simple arguments which allow us to extract more fine chemical
information from the parameters of the coarse–grained model. We emphasize, how-
ever, that a physical clear significance of the molecular parameters from knowledge
of the equation of state may be only obtained unambiguously by using an atomistic
molecular model [278, 286, 290, 306].

Table 4. Molecular parameters for TPT1 as obtained from a fit to critical properties. υi is
measured in units of Å3, while εi j σ

3
i j /kB is given in units of KÅ3

l1 l2 υ1 υ2 ε11σ
3
11/kB ε12σ

3
12/kB ε22σ

3
22/kB

1.6250 0.3125 75.44 24.64 6605 4664 2889

Model fitting: As noted above, one could fit a set of N , σ , and ε parameters to the
coexistence properties of each alkane of the series, and then make a linear regression
on the parameters. However, in order to make the theory as predictive as possible,
it would be desirable to make the fit from a minimum of information, and in such
a way that the N , σ , and ε parameters determined for some of the members of the
series may be employed to determine those parameters required for the remaining
members. This approach is justified, because the building blocks of n-alkanes are
just CH3 and CH2 units. As a reasonable approximation, one may consider that these
units are identical for the different alkanes. Therefore, it will be sufficient to know the
properties of a few members of the series in order to determine the energy parameters
of CH3 and CH2 and then use this information to determine the properties of just any
other alkane.

First, let us consider a melt of model polymers with site-site potential u and local
monomer density φ(r). The average internal energy of such melt will be given by:

U ∝
∫

u(r1, r2)φ(r1)φ(r2) dr1 dr2 . (146)

Considering that the system is uniform and that u(r1, r2) is a central potential, we
may assume that the total energy of the system is about U ∝ V φ2εσ 3, where ε and
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σ are effective Lennard–Jones parameters. On the other hand, on a more detailed
level we may consider that the polymer is made of different sites, say CH3 and CH2
sites in the case of an n-alkane. In order to account explicitely for this fact, the total
energy should be written as:

U ∝
∑
i, j

∫
ui j (r1, r2)φi (r1)φ j (r2) dr1 dr2 (147)

where the sum runs over all possible types of sites; φi is the total density of site i
and ui j is a site–site potential. Roughly speaking, we may consider that the above
equation is given by V

∑
i, j φiφ jεi j σ

3
i j , where εi j and σi j are site–site Lennard–

Jones parameters. Then, the Lennard–Jones parameters of the effective beads of the
idealized model should be related with the alkane interaction sites as follows:

N2εσ 3 = 4ε11σ
3
11 + 4(Nc − 2)ε12σ

3
12 + (Nc − 2)2ε22σ

3
22 (148)

where 1 and 2 indexes stand for C H3 and CH2 sites, respectively; while Nc is the total
number of carbon atoms in the chain. This equation is similar to that used by several
authors to correlate the energy of effective alkane beads [239, 255, 262, 263, 265].
A quadratic, instead of linear dependence on N is suggested here.

Using similar arguments for the molecular volume, we express the effective size
parameter of the idealized chain as:

Nσ 3 = υ1 + υ2(Nc − 2) (149)

where υ1 is related to the molecular volume of ethane, while υ2 is related to the
volume increments which result from the addition of CH2 groups into the chain.

Finally, we assume that the number of ‘effective’ monomers of the idealized
model which are necessary to describe the alkane series follows a linear relation
with Nc, so that:

N = l1 + l2(Nc − 2) . (150)

In order to be able to obtain N , σ , and ε as a function of Nc, we fit some exper-
imental properties of the alkane series so as to obtain the values for ε11σ

3
11, ε12σ

3
12,

ε22σ
3
22, υ1, υ2, l1, and l2. To achieve this goal, we will consider the critical properties.

According to TPT1, the critical properties of the idealized model are universal
functions of the chain length if scaled appropriately, i.e., there exist universal func-
tions, T̃crit, p̃crit, and φ̃crit such that:

T̃crit(N) = kB
ε Tcrit(N ; σ, ε)

p̃crit(N) = σ 3

ε pcrit(N ; σ, ε)

φ̃crit(N) = σ 3φcrit(N ; σ, ε)

. (151)

Our strategy is to adjust the products ε11σ
3
11, ε12σ

3
12, and ε22σ

3
22, as well as the pa-

rameters l1 and l2, υ1 and υ2 by fitting predictions of TPT1-MSA to the critical
temperatures and densities of the alkane series. The results of the fit are shown in
Table 4.
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Fig. 25. Critical temperature (a) and pressure (b) of the n-alkane series as a function of chain
length. The symbols are results from experiments [307, 308], while the full lines are predic-
tions from TPT1

Discussion: Whereas the coarse–grained nature of the molecular model employed
does not allow one to expect quantitative agreement with parameters obtained for
atomistic models, we do note that the values obtained show qualitative agree-
ment. For the strength parameters, for example, we obtain ε11σ

3
11/kB = 6605KÅ3,

ε12σ
3
12/kB = 4664KÅ3 and ε22σ

3
22/kB = 2889KÅ3. These results are consis-

tent with parameters suggested by Vega and López Rodríguez, i.e., ε11σ
3
11/kB =

6278KÅ3, ε12σ
3
12/kB = 4244KÅ3 and ε22σ

3
22/kB = 2868KÅ3, which provide a

good fit to second virial calculations [309], and accurately predict critical points
with hardly no modification [310, 311]. For the volume parameters similar qualita-
tive trends are observed. Thus, considering that υ1 is the volume of ethane, we may
relate a size parameter to the CH3 group of the order (1/2υ1)

1/3 = 3.35 Å. Simi-
larly, an order of magnitude size parameter for the CH2 group is υ

1/3
2 = 2.9 Å, in

reasonable agreement with the typical value of σ in united atom models, of about
3.9 Å [109, 310, 311, 312]. These results are in line with recent findings by Pamies
and Vega [265].

In Sect. 3.1 a simple spring–bead model was introduced in order to describe n-
hexadecane. Based on simple geometrical arguments for a CO2 C16H34 mixture, it
was assumed that a chain of 5 Lennard–Jones sites was appropriate. Considering the
fit of Table 4, it is found that TPT1-MSA best describes pure n-hexadecane with an
effective chain of 6 beads, somewhat larger than the geometrical estimate. Coinci-
dentally, the increment of effective chain length per carbon atom is 0.3125, which is
exactly 5/16, the ratio of effective monomers to actual carbon atoms that we have
employed to model hexadecane in Sect. 3.1. As to the Lennard–Jones parameters, the
fit for n-hexadecane yields ε/kB = 338K and σ = 4.12 Å, in reasonable agreement
with the parameters obtained for the model of Sect. 3.1 from a fit to experimental
data (ε/kB = 429K and σ = 4.5 Å).

In Fig. 25 we plot experimental critical temperatures [307, 308] and densities
together with the fit obtained from the theory. As it can be seen, the quality of the
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Fig. 26. Critical compressibility factors of the n-alkane series as a function of chain length.
The symbols are results from experiments [307, 308], while the full line is a prediction from
TPT1

fit is excellent. TPT1 correctly correlates the critical temperatures, as well as the
so-called anomalous behavior of the critical density, φcrit, which shows a maximum
value for n-hexane. It is interesting to note that when φcrit is drawn as a function of N ,
rather than as a function of Nc, the behavior is rather different, i.e., TPT1 then shows
a monotonous decay of the critical density. It has been shown that the occurrence of
a maximum in the critical mass density requires the effective chain length to grow
at a slower rate than the actual number of monomers [313]. In our approach, this is
effectively achieved by means of Eq. (150). In order to correctly predict this behavior
without the need of a fit, a fully atomistic molecular model is required [306, 313].

Figure 26 shows the critical compressibility factors as predicted by TPT1. It is
seen that TPT1 predicts Zcrit which are much too high, as noted recently [314]. Fur-
thermore, given that in the limit of long chain length Zcrit = 1/3, it would seem
that TPT1 predicts a maximum in Zcrit which is not observed experimentally. On
the contrary, in experiments it is found that Zcrit seems to monotonously approach a
plateau from upwards. We do not expect this problem to be related to any particular
problem in the reference equation of state, but rather, to deficiencies of TPT1 itself.

Once we have obtained information on the molecular parameters from data of the
low-molecular-weight members of the series, we can use TPT1 to predict interesting
properties of the longer members. As shown previously, Eq. (115) allows to deter-
mine the asymptotic critical temperature from knowledge of monomer—monomer
and monomer—dimer second virial coefficients alone. In particular, for the LJ-FENE
polymer model described in Sect. 3.1, we have seen that TPT1-MSA predicts a uni-
versal asymptotic critical temperature, T̃ ∞

crit = 3.39 (cf. Table 3). If we consider
that the fit for ε(Nc) has been performed for alkane chains long enough that we
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can extrapolate Eq. (148) to Nc → ∞, it can be shown that the ε parameter in the
asymptotic limit is given by,

ε∞

kB
= σ 3

22

l2υ2
≈ 375K . (152)

Using this information, our prediction for the asymptotic critical temperature of poly-
ethylene, T ∞

crit, should be:

T ∞
crit = kBT̃ ∞

crit

ε∞ = 3.39 · 375 = 1270K . (153)

Blas and Vega [240] have studied the equation of state of a slightly differ-
ent model by using TPT1. Their model is made of Lennard—Jones beads (full
Lennard—Jones, with no truncation) that are rigidly bonded at a distance equal to
σ . With this equation they have explored the behavior of alkanes by performing
somewhat different fits as the ones proposed here. Their estimated value for ε∞, ob-
tained from extrapolation, is ε∞/kB = 280K. From knowledge of the monomer and
monomer—dimer virial coefficients assumed in their reference equation of state (ob-
tained from a fit to Lennard—Jones molecular dynamics data [315, 234]), one finds
that the asymptotic critical temperature consistent with their TPT1 implementation
is T̃ ∞

crit = 4.65 [271]. This then provides an estimated critical temperature for poly-
ethylene of about 1302K (a recent revised fit by Pamies and Vega only changes this
estimate by 1K [265]).

In another study, McCabe and Jackson considered TPT1 as applied to square
well chains in order to model the n-alkane series [255]. These authors proposed a
linear correlation for the square well strength, ε and range parameters, λ. In the
limit of infinitely long chains, their correlation yields ε∞/kB = 266K and λ∞ =
1.64. Fortunately, for the square well chain Eq. (115) provides analytical results for
the asymptotic critical temperature [271]. For the above range parameter, one finds
T̃ ∞

crit = 5.03, so that the estimated critical temperature for polyethylene is found to
be about 1339K.

We thus find that several different TPT1 implementations provide similar esti-
mates for the critical temperature of polyethylene, which is roughly predicted to lay
between 1270K and 1340K. Note that the fitting procedure proposed allows for the
development of a group contribution method for the determination of molecular pa-
rameters to be used with TPT1. The method might be particularly useful if employed
for binary mixtures, because then the number of possible combinations becomes
enormous and a group contribution method is clearly desirable.

4.4
Application to Polymer Solutions

4.4.1
Application to a Polymer–Solvent System

In this section we will explore the ability of TPT1 to describe the thermodynamic
properties of polymer solutions. In what follows, we will restrict our attention to



Polymer + Solvent Systems 79

the binary mixture that was described in Sect. 3.1, where the first component plays
the role of a solvent with NS = 1 and the second component plays the role of a
polymer of length NP = 5 (with subscripts S for solvent and P for polymer taken
as components 1 and 2, respectively). The choice of Lennard–Jones parameters,
σSS/σP P = 0.816 and εSS/εP P = 0.726 is such that the model mimics the behavior
of pure CO2 and hexadecane, but in this section we will rather discuss the thermo-
dynamic properties in reduced Lennard–Jones units of the pentamer. All throughout,
we will discuss the TPT1-MSA theory as described in Sects. 4.2.3 and 4.2.4.

Before considering the description of the mixture, let us first address the critical
behavior of the pure components alone. Table 3 (see above) summarizes the criti-
cal properties for both the monomer and the pentamer as obtained from simulation
and theory. The agreement for the monomer is fairly good, as already noted previ-
ously [238]. For the pentamer the critical density and temperature are also in fair
agreement, but the critical pressure is twice as large as the one obtained in simula-
tions. This failure to predict the critical pressure of the pure pentamer will affect the
predictions for the mixtures.

Fig. 27. Pressure—temperature projection of the phase diagram of a binary mixture of pen-
tamer + monomer with ξ = 1 (a) and ξ = 0.9 (b). The filled symbols are simulation results
for the critical line, while the empty symbols are simulation results for the vapor—liquid co-
existence of the pure components. The short-dashed line is the critical line from TPT1, while
the long-dashed line is the critical line from TPT1 when parameters are rescaled to the critical
point of the pure components. Full lines are TPT1 predictions for the vapor pressure of the
pure components (results from [244])

First, we consider a mixture obeying the Lorenz–Berthelot rules, such that ξ = 1
(cf. Eq. (49)). In Fig. 27 we show a p–T projection of the phase diagram as ob-
tained from simulation and theory. The theory correctly predicts the vapor pressure
of the pure components. However, the predicted critical temperatures are higher, as
expected from a mean field theory. For this reason, the critical line of the mixture is
described only in a qualitative manner. Particularly, the predicted critical pressures
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Fig. 28. p − x slice for a pentamer—monomer mixture at kB T/ε = 1.16 and ξ = 1.0 (a)
and kB T/ε = 1.55 and ξ = 0.9 (b). The symbols are simulation results. The full line in the
neighborhood of the critical point is obtained from scaling analysis. The remaining part of
the full line is just a guide to the eye. Short (TPT1) and long-dashed (TPT1 scaled) lines are
predictions from the theory. (results from [244])

Fig. 29. p − ρ slice for a pentamer—monomer mixture at kB T/ε = 1.16 and ξ = 1.0 (a)
and kB T/ε = 1.55 and ξ = 0.9 (b). The total density of the system is related to the monomer
densities by ρ = φS + φP/NP . Rest of captions as in Fig. 28. (results from [244])

are much too large over a broad range of temperatures. Close to the critical point of
the solvent, however, the predicted critical pressures are in good agreement.

One may expect better agreement between the predicted critical line and that ob-
tained from simulation by modifying the LJ parameters so as to enforce agreement
for the critical points of the pure components. Such a procedure is frequently em-
ployed to predict the high pressure phase behavior of real substances in many TPT1
applications [255, 261, 266]. In Fig. 27 the critical line predicted in this way is shown
(dashed line). It is seen that the agreement does not improve noticeably, although the
critical line obviously connects the critical points as predicted from simulation. Ac-
tually, the effect of rescaling the parameters this way is to decrease the asymmetry
of the interactions. As a result, the theory predicts a much greater miscibility than
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observed in simulations. Such a problem may probably be remedied by modifying
the mixing parameter ξ (cf. Eq. (49)).

We have also considered the detailed phase diagram of this system at a tempera-
ture of kB T/ε = 1.16, which is high relative to the critical temperature of the pure
monomer but still in a region below the maximum pressure of the critical line. At
this temperature, the predictions of the theory for the critical pressures are still fair.
Figure 28 shows a p–x slice of the phase diagram. Overall, TPT1 gives a fairly good
description of the phase boundaries, though the composition of the liquid phase is
somewhat too high and the agreement deteriorates in the neighborhood of the crit-
ical point as expected. The corresponding p–ρ slice is shown in Fig. 29. It is seen
that the theory yields rather good predictions for the coexisting liquid densities, while
agreement with the vapor densities is slightly worse. Together with the predictions
from TPT1, we show the theoretical predictions as obtained from the rescaled set
of parameters, both in Fig. 28 and in Fig. 29. Again, the agreement is not seen to
improve, but rather, to deteriorate, especially if one considers the p–ρ plane.

The mutual solubility may be very much modified by changing the value of ξ that
tunes the crossed interactions between the molecules (cf. Eq. (49)). In order to study
this effect, we have calculated the phase boundaries of a model as the one described
before, but with ξ = 0.9. Figure 27 shows a p–T phase diagram for this model. De-
creasing ξ from 1 to 0.9 we decrease the solubility, and the critical pressures increase.
Our implementation of TPT1 also predicts a considerable increase of immiscibility
for this system. On the one hand, the liquid–vapor critical pressures increase with
respect to those of the previous system, in agreement with the simulation results. On
the other hand, the theory predicts the appearance of liquid–liquid immiscibility at
low temperatures. The effect of changing ξ is to shift the presence of liquid–liquid
immiscibility all the way from below kB T/ε = 0.4 to about kB T/ε = 0.65. In fact,
closer inspection reveals that our theory predicts this system to be of type IV, as a
small region of liquid–liquid immiscibility appears in the neighborhood of the criti-
cal point of the monomer, with a triple line extending between kB T/ε ≈ 0.800 and
kB T/ε ≈ 0.815 (not shown). This behavior is consistent with the simulation results,
which suggest that the phase diagram for this mixture has no longer a continuous
critical line joining the critical points of the pure substances. Despite this qualitative
agreement, similar trends as observed in Fig. 27 are also seen here, i.e., the predicted
critical pressures are usually too large, except in a small region close to the critical
point of the first component, where the agreement is rather good. Rescaling of the
parameters does not improve much the overall agreement and once more makes the
fluid much more miscible.

Next we consider the phase diagram at a fixed temperature of T = 1.55, well
above the critical point of the monomer. Figure 28 shows a p–x projection of the
phase diagram at this temperature. The theory predicts the solubility of the liquid
phase in excellent agreement with the simulations up to pressures of about pσ 3/ε ≈
1.15. On the contrary, the predictions for the composition of the vapor phase are
far less satisfactory. The failure of the theory to properly describe the macroscopic
fluctuations that occur in the neighborhood of the critical point has a large effect.
Particularly, the critical pressure predicted by the theory is more than twice as large
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than that obtained from the simulation results. Figure 28 shows the p–ρ projection
for this same temperature. In this case both the vapor and liquid coexistence densities
are well predicted by the theory away from the critical point. The predicted critical
density, however, is much too large.

The reasons for the disagreement found between TPT1 and simulation may be
divided into two main groups. On the one hand, there are approximations related to
the description of the equation of state of the reference system, i.e., the Lennard–
Jones mixture of monomers. On the other hand, there are those other approximations
related to deficiencies of TPT1 itself. However, the equation of state of the refer-
ence system was tested and found to be rather accurate [244]. For this reason, it is
believed that most of the disagreement is probably related to approximations inher-
ent to TPT1. Particularly, there seem to be at least two reasons which may result
in a poorer description of the pentamer—monomer properties relative to that of the
reference Lennard—Jones mixture. On the one hand, it is well known that TPT1 is
unable to correctly predict the virial coefficients of chain molecules, and is therefore
not accurate at low concentration [280]. Such a conclusion holds whether the chain is
found in vacuum or in solution and may therefore explain the poor agreement found
in Fig. 28 for the composition of the vapor phase. On the other hand, TPT1 not only
requires knowledge of the equation of state of the reference system, but also of the
radial distribution function. In our implementation we have used a simple one-fluid
approximation, which is known to be fairly accurate for the equation of state but
may be less so for g(r), especially for non–symmetric mixtures of monomers. We
further note that a true test of the approximations involved in TPT1 would require
knowledge of the exact thermodynamics and structure of the mixture. While this can
be obtained in principle from simulation, the large range of states that would be re-
quired to study (scanning both density and composition would be required for each
temperature) makes this approach rather difficult.

4.4.2
Application to Solutions of n-Alkanes in CO2

The theoretical description of mixtures of CO2 and hydrocarbons has recently at-
tracted some attention and different versions of TPT1 have been employed to de-
scribe this system [264, 266, 316]. In Sect. 1 we saw that the simple models con-
sidered above provide a reasonable description of hexadecane and carbon dioxide.
We can therefore expect that the chosen set of σ and ε parameters should also allow
to describe n-alkane + CO2 mixtures, provided that the chain length is chosen ap-
propriately. In this way, we could address interesting questions concerning the chain
length dependence of the polymer/solvent phase diagram. As found previously, for
short enough chains the phase diagram exhibits a type I behavior. As the chain length
increases, it then becomes of type II and there is some evidence that further increase
could switch the behavior to type III. The question then arises as to whether there
is any further evolution of the phase behavior with chain length, and particularly,
whether there is an asymptotic global phase behavior in the limit of infinite chain
length [294].
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The study of the whole phase diagram of the polymer solution for larger chains
becomes an extremely computationally expensive problem. Fortunately, the compari-
son of computer simulations and TPT1 for moderate chains gives us some confidence
in the reliability of TPT1. Therefore, we will now try to explore this issue with the
help of TPT1. Furthermore, we will extend our study to the case of the n-alkane +
CO2 mixture. We will consider σ and ε parameters as employed in the simulations,
with ξ = 0.886. For the effective chain length, we will assume an increase of 5/16
per monomer (as suggested by the fit of Sect. 4.3.2). By making this assumptions,
we can now calculate the critical lines from TPT1. Figure 30 shows the phase di-
agram obtained for different n-alkanes, ranging from C16 to C112. In this case it is
clearly observed that all of the phase diagrams are of type III, and that the minimum
and maximum of the critical line for moderate chain lengths gradually disappears. In
all cases, however, there is a region where the critical line becomes almost vertical,
running towards infinite critical pressure at almost constant critical temperature. This
kind of criticality corresponds to that of a solute in a dense, incompressible solvent,
similar to what is considered in a Flory—Huggins lattice model. Despite of this, the
figure does not appear to show any evidence of an asymptotic behavior of the critical
line. However, a closer inspection strongly suggests an asymptotic behavior for the
vertical portion of the critical lines. In Fig. 30 we show a Flory–Schulz plot of the
critical points as determined at a pressure of 1600 bar (as long as it is high enough,
the choice of pressure is unimportant, since the critical lines are almost vertical). It
is seen that the results for the critical temperature at constant pressure are compat-
ible with a scaling law of the Flory—Schulz type, with an intercept of 0.00111 in
the 1/T axis. Notwithstanding some caution related to the small chain lengths con-
sidered, this result is a strong evidence suggesting an asymptotic behavior for the
vertical portion of the critical line, since the data is compatible with the occurrence
of a line of Theta points at T ≈ 900K. A similar behavior has been observed by
Yelash and Kraska in a recent study [298]. Note however that this would be a rather
different Theta point than those which are typically measured in experiments. Such
measurements are usually performed at ambient pressure and occur at moderate tem-
peratures. More importantly, they occur well below the critical point of the solvent.
On the contrary, what is predicted here is a supercritical Θ point, occurring above
the critical pressure and temperature of the solvent.

This example illustrates the similarity and difference of using an accurate equa-
tion of state instead of the simpler Flory—Huggins theory. The latter almost com-
pletely ignores the solvent, apart from its effect on the solute. Therefore, one does
not know what the pressure of the system is, and there is no distinction between sub–
or super–critical solvents. Only the requirement that it should behave as an incom-
pressible fluid is built in. By using an equation of state of the kind that allows to
include the solvent explicitely, one is able to accurately locate the behavior observed
in the context of the phase diagram of the solvent. This has allowed us to suggest the
existence of a Θ point at unexpected conditions.
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Fig. 30. Panel (a) shows the pressure-temperature projection of mixtures of n-alkanes and
CO2 for several chain lengths. At high pressures, all such lines become almost vertical, a
feature characteristic of liquid-liquid immiscibility. In panel (b) the critical temperatures at
1600 bar are used to plot a Flory—Schulz plot in order to show the occurrence of a high
pressure Θ point

5
Monte Carlo Simulations in the Grandcanonical Ensemble

5.1
Technique

MC simulations are well-suited to determine the phase behavior and properties of
bubbles directly (i.e., without further approximations). Even in the framework of
a coarse–grained polymer model these simulations pose an enormous computational
and methodological challenge, but they are absolutely crucial for assessing the valid-
ity of the maze of approximations involved in the previous methods. They elucidate
the role of fluctuations [70, 71, 72, 73] (both of the composition and at interfaces)
and provide – at least in principle – direct information about the kinetics of phase
separation. The last two topics cannot be addresses within the SCF theory or TPT1-
equation of state, which are mean-field theories for thermal equilibrium.

Similar to our SCF calculations we perform our simulations in the grandcanoni-
cal ensemble, i.e., we fix the volume V , temperature T , and chemical potentials µS

and µP of both species, but the number of particles in the simulation cell fluctu-
ates. Particle insertions and deletions are implemented via the configuration bias MC
method [104, 105, 106, 107, 108, 109]. Additionally, the polymer conformations are
updated by local monomer displacements and slithering snake movements [99].

In order to extract the phase behavior and the properties of bubbles from the sim-
ulation data, one faces two problems: (i) The insertion of whole chains has a rather
small acceptance rate at high densities and is considerably more computationally de-
manding than the corresponding MC move in a simple liquid (e.g., a Lennard–Jones
monomer fluid or a lattice model). This gives rise to protracted long relaxation times
and restricts us to rather small system sizes. In the vicinity of critical points in the
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phase diagram, the correlation length of fluctuations exceeds the system size and a
careful analysis of simulation data is necessary to extract the behavior in the ther-
modynamic limit. Fortunately, many finite size scaling techniques [86, 87, 88, 89]
from simple fluids can be carried over to polymer + solvent mixtures as well. How-
ever, also the size of a bubble in the simulation cell is rather limited; a fact which
gives rise to unusual finite size effects [318, 319]. (ii) In order to measure the free en-
ergy difference between coexisting phases the system has to tunnel between the two
coexisting states. Unfortunately, those states are separated by a large barrier, and pre-
weighting techniques [131, 132, 134] have to be applied to facilitate transitions from
one phase to the other and to sample the different regions of densities efficiently.

Much of the analysis of the simulation data relies on the joint distribution func-
tion which is accumulated in the course of the simulation. In the grandcanonical
simulations one samples the partition function

ZMC =
∞∑

nS,nP =0

eµSnS/kB T

nS!

eµP NnP /kB T

n P !
ew(nS,nP )

∫
ΠnS ,nP d3r exp

(
− E

kBT

)
,

(154)

where E denotes the sum of the Lennard—Jones interactions between the effective
segments and the FENE-potential along the backbone of the coarse-grained chains
(cf. Sect. 3.1). w(nS, n P ) is a pre-weighting function [131, 132] that is chosen such
that the system explores the whole phase space that corresponds to the two (or three)
coexisting phases within a single simulation run.

The probability distribution PMC of observing nS solvent particles and n P poly-
mers in the simulation is related to the distribution function PGC in the grandcanon-
ical ensemble via:

PGC(nS, n P |µS, µP ) ∼ e−w(nS,nP ) PMC(nS, n P |µS, µP). (155)

Hence, the bias that the pre-weighting function imparts onto the distribution can be
easily removed to calculate thermodynamic averages in the grandcanonical ensem-
ble. Ideally, one chooses w(nS, n P ) = − ln PGC(nS, n P |µS, µP ), because all com-
binations of nS and n P would be sampled with equal probability. In principle, this
scheme would allow us to construct an entire isothermal slice of the phase diagram
from a single simulation run.

It is difficult, however, to choose a good pre-weighting function, because the
probability distribution PGC is not known a priori. While there has been recent
progress in efficiently and systematically extracting pre-weighting functions from
simulations [134, 320], it turns out that two-dimensional reweighting functions are
still difficult to obtain with good statistics for the polymer + solvent mixture un-
der consideration. Therefore, we used in the present study only one-dimensional
reweighting functions, i.e., w(nS, n P ) = w(nS) or w(nS , n P ) = w(n p), respec-
tively.

In the vicinity of phase coexistence, the probability distribution exhibits two
peaks at segment densities that correspond to the two coexisting phases. The sta-
tistical weight in each peak is related to the pressure:
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p(1)V

kB T
= ln

∑
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PGC(nS, n P |µS, µP), (156)

where the summation is extended over all particle numbers (nS, n P ) which corre-
spond to phase (1). If the system is large and the transition of first order, the peaks
are describable by a Gaussian distribution. The wings of the distribution yield only
an exponentially small contribution to the pressure such that the details of dividing
the nS − n P -plane into the two phases imparts only a negligible error. In practice,
we project the joint distribution onto one particle number such that the projection ex-
hibits a clear double peak structure, i.e., we use n P in the vicinity of the critical point
of the pure polymer and nS whenever the two phases basically consist of S-gas and
S-liquid with little or no polymers present. The mean of the projected distribution is
then used to distinguish between both phases.

In the grandcanonical ensemble two phases coexist at fixed temperature T , if
p(1)(µcoex

S , µcoex
P ) = p(2)(µcoex

S , µcoex
P ). Using Eq. (156) one obtains the equal-

weight-rule of phase coexistence:

∑
(nS,nP )∈(1)

PGC(nS, n P |µcoex
S , µcoex

P ) =
∑

(nS,nP )∈(2)

PGC(nS, n P |µcoex
S , µcoex

P ).

(157)

Locating phase coexistence as a function of the two chemical potentials is fa-
cilitated by using histogram reweighting of the distribution functions. The joint dis-
tributions at two different values of chemical potentials (µS, µP ) and (µ′

S, µ′
P ) are

related via:

PMC(nS, n P |µ′
S, µ′

P) ∼ e(µ′
S−µS )nS/kB T e(µ′

P−µP )NnP /kB T PMC(nS, n P |µ′
S, µ

′
P ).

(158)

Similarly, one can use the joint histogram of energy and particle numbers to extrapo-
late the results of the simulation to neighboring temperatures [90, 91]. This technique
allows us to estimate first order phase coexistence from the simulation data. In the
vicinity of critical points, the probability distribution adopts a universal form that
characterizes the class of transition [93]. As the critical point is also a point on the
spinodal, the construction in Sect.3.3 shows that one can define two linear combina-
tions of densities, such that one, c, distinguishes between the two coexisting phases
and exhibits critical behavior, while the other, c̄, is (almost) identical in both phases
and exhibits only Gaussian fluctuations. Therefore, a single scalar order parameter
characterizes the transition which belongs to the 3D Ising universality class. Thus,
one can use the same finite-size scaling techniques as in the pure polymer system [82]
(cf. Sect.2.4) and map the distribution function onto the bimodal 3D Ising distribu-
tion (cf. Fig. 6). In the limit of large system size, the two peaks converge towards
the critical density. For the small systems studied in our simulations, the two peaks
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are quite separated and yield some information about the concentration of the two
coexisting phases slightly below the critical point.

5.2
Phase Diagrams

Fig. 31. Joint probability distribution of solvent and polymer density along the critical line
in a finite-sized simulation cell for ξ = 1. The distributions correspond to temperatures T =
314K, 356K, 398K, 486K, 650K, and 713K from up/left to down/bottom. For temperatures
T = 314K and 356K the box size is L = 6.74σP while L = 9σP was employed for other
temperatures

The joint probability distribution at our finite-size estimate of the critical points
is shown in Fig. 31 for a mixture with ξ = 1. At high temperature, in the vicinity of
the critical point of the pure polymer, the distribution exhibits a two peak structure in
φP , but the number of solvent particles φS remains small in both phases, i.e., c ≈ φP .
As we follow the critical line towards lower temperatures, φS increases roughly to
the same degree in both phases for T > 400K. Upon decreasing temperature fur-
ther, we observe how the direction defined by c gradually rotates counterclockwise
and at T = 314K, just slightly above the critical point of the solvent, the two co-
existing phases differ in their solvent density and hardly contain any polymer, i.e.,
c ≈ φS . This indicates that the critical line connects the two critical points of the pure
components, and that the character of the phase transition gradually changes from a
liquid—vapor coexistence of the polymer at high temperatures to a liquid—vapor
coexistence of the solvent at low temperatures.

The gradual change of the molar fraction x along the critical line is presented
in Fig. 32(a). At high temperature, the critical molar fraction is small, it increases
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Fig. 32. (a) Critical lines of the polymer + solvent mixture as a function of temperature and
molar fraction for three values of the mixing parameter ξ = 1, 0.9 and 0.886 as indicated in
the key. Liquid–vapor coexistence of the pure components are indicated by dashed horizontal
lines. (b) Phase diagram of the mixture as a function of temperature and pressures for differ-
ent values of ξ . Squares correspond to ξ = 1, diamonds show the results for ξ = 0.9, and
triangles represent ξ = 0.866. The simulation results for the liquid—vapor coexistence of
the pure components are shown by circles. Thick lines mark two experimental observations of
the critical lines in hexadecane and CO2 from [321, 322], respectively. Thin lines indicate the
experimental liquid—vapor coexistence of the pure fluid

upon decrease of temperature, and it reaches x = 1 at the critical temperature of the
solvent. The behavior in Figs. 31 and 32 is characteristic of a type I phase diagram,
and this behavior agrees with the predictions of the virial expansion of the SCF
calculations (Sect. 3) and the more accurate TPT1 (Sect. 4) for ξ = 1, but it disagrees
with the phase behavior of hexadecane and carbon dioxide.

The equation of state predicts that the phase behavior is highly sensitive to the
mixing parameter ξ ; decreasing ξ we reduce the compatibility between polymer and
solvent and induce a liquid–liquid phase separation between the polymer and the
solvent. In Fig. 32 (a), we study the molar fraction of the critical line for two addi-
tional values of ξ . At high temperature, the critical lines hardly depend on the mixing
parameter ξ . In the vicinity of the critical temperature of the solvent, however, the
critical lines for ξ = 0.9 and 0.866 do not reach the critical point of the pure solvent;
at TScrit the critical mixtures still contain about 10% molar of polymer.

The phase behavior as a function of temperature and pressure is compared to
experimental data in panel (b) of Fig. 32. One clearly observes that the critical line
does not connect to the critical point of CO2, an indication for type III phase behav-
ior. One also finds that the critical line shifts to higher pressures as we reduce the
compatibility ξ of the two components. The simulation data of our coarse-grained
model agree with the experimental data reasonably well. The experiments, as well as
both equations of state, measure a sharp increase of the critical pressure at low tem-
peratures. Unfortunately, the minimum of the critical pressure could not be observed
in our simulations, because the liquid—liquid immiscibility occurs at rather large
densities making the insertion/deletion of the polymer prohibitively difficult. In view
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of these difficulties and the experimental uncertainties, illustrated by the results of
two groups, we choose not to fine-tune the mixing parameter to reproduce the critical
pressure of the mixture at a specific temperature. The values used in the simulations,
however, give a reasonable qualitative description.

Fig. 33. Joint probability distribution of solvent and polymer density along the critical line in
a finite-sized simulation cell for ξ = 0.886. The distributions correspond to temperatures T =
314K, 356K, 398K, 486K, 650K, and 713K from up/left to down/bottom. For temperatures
T = 314K and 356K the box size is L = 6.74σP while L = 9σP was employed for other
temperatures

The joint probability distribution for ξ = 0.866 is shown in Fig. 33 for various
temperatures. While the behavior at high temperatures is quite similar to the case
ξ = 1 in Fig. 31, the axis defined by the linear combination c does not turn vertical,
but connects a liquid solvent with a dense polymer-rich phase. This is the signature
of liquid—liquid immiscibility in the MC simulations which is characteristic of the
experimental phase diagram of type III. An important feature of the phase behavior is
the presence of a triple line, at which a solvent vapor, a solvent at liquid density, and
a dense polymer–rich phase coexist. The probability distribution at one point of the
triple line (namely at TScrit = 304K) is presented in Fig. 34 for ξ = 0.9. One clearly
observes the three peaks in the distribution which correspond to the three coexisting
phases: a dense polymer—liquid, a solvent—vapor and a solvent—liquid.

This comparison between experiments and the simulation model shows that our
coarse-grained model reproduces the qualitative features of hexadecane-carbon diox-
ide mixture. As seen in the introduction, the phase diagrams of the pure system
(cf. Fig. 2) as well as the interfacial tension (cf. Fig. 5) are also in semi-quantitative
agreement with the experiment. This makes the model a good starting point for in-
vestigating bubble nucleation.
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Fig. 34. Joint probability distribution of solvent and polymer density at the critical temperature
T = 304K of the solvent for ξ = 0.9 and L = 6.74σ

5.3
Bubble Nucleation

In order to observe the kinetics of bubble nucleation in the vicinity of the binodal we
control the under-saturation of the system by fixing the chemical potential of both
species. As a starting configuration we use a homogeneous state equilibrated at a
higher temperature. This situation corresponds to a simulation cell in contact with a
much larger reservoir which is held at constant under-saturation. The most natural
choice would be to investigate the time evolution via MD simulations (cf. Sect. 2.3).
This technique would provide extremely valuable information about the pathway of
phase separation without invoking further simplifications than those which define
the coarse-grained model. In particular, one could evaluate the basic assumption [16]
that the bubble is in equilibrium with the surrounding mother phase. For small bub-
bles and in the presence of dynamical asymmetries (i.e., volatile solvent and viscous
polymer) this approximation might be quite inaccurate [176]. Unfortunately, such
simulations face two difficulties: (i) To obtain reliable information many bubble nu-
cleation events would have to be simulated. (ii) Since the number of particles was
conserved we would need prohibitively large simulation cells for the under-saturation
not to decrease substantially even in the very early stages of nucleation. We recall
that the weight fraction of the solvent is only a few percent, but it is much larger
inside a small bubble.

In view of these difficulties, we choose to investigate bubble formation in the
grandcanonical ensemble. Thereby, we calculate the free energy of a bubble inside of
a finite-sized simulation cell. This method does not provide direct information about
the time evolution, because the particle numbers are not conserved and particles do
not move according to realistic dynamics. Moreover, we also rely on the assumption
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of equilibrium between the bubble and its surrounding. Fluctuations, both in the
shape and the composition of the bubble are included.

Fig. 35. Isothermal slice of the phase diagram at T = 486K as obtained from simulations
(solid line and symbols) and TPT1 (long-dashed line). The spinodals obtained from the TPT1
equation of state are indicated as short-dashed lines. The inset presents the interfacial tension
as a function of pressure. From [16]

The kinetics of phase separation in the vicinity of the binodal is chiefly deter-
mined by the free energy barrier the system encounters on its path towards the equi-
librium state. Hence, we expect the sequence of states that we observe in the sim-
ulations to resemble the relaxation path. In the following, we regard a quench to
x = 0.60 and a final pressure of about p ≈ 130 bar. In Fig. 35 we present the p-x
phase diagram at temperature T = 486K. The results for binodals and spinodals
obtained from TPT1 are included for comparison, and the quench is schematically
indicated by an arrow. For these parameters we are so close to the binodal and so
far away from the spinodal, that we expect phase separation to proceed via bubble
nucleation.

The sequence of snapshots of a thin slice in Fig. 36 visualizes how phase sepa-
ration in polymer + solvent mixtures proceeds via nucleation. In the beginning, the
system fluctuates around a metastable super-saturated liquid. One observes the “birth
and death” of small density fluctuations in the hexadecane matrix (displayed as
red/dark grey spheres) which become visible whenever the blue/dark background
shines through the slice. These irregular voids are too small, however, to lead to
phase separation. Usually the voids also contain a few CO2 molecules (displayed as
small yellow/light grey spheres). Only after a time lag a void grows to the critical size
and overcomes the free energy barrier which separates the metastable from the ho-
mogeneous equilibrium state. From then on, the bubble grows until it fills the whole
simulation box. As expected from the SCF calculations, the critical void contains also
CO2 molecules, thus decreasing the super-saturation of the remaining polymer-rich
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Fig. 36. Time sequence from top left (a), to top right (b), . . . , to bottom right (f) of a quenching
experiment in grandcanonical simulations into the metastable region (T = 486K, x=0.60 and
(final) pressure p ≈ 130 bar – compare with Fig. 35). Phase separation occurs via nucleation.
The linear dimension of the simulation box is 22.5σ . For clarity, not the whole simulation
box but only a slice of thickness 2σ is shown. Polymer segments are red/dark, while solvent
particles are drawn yellow/grey. From [16]
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Fig. 37. Simulation snapshot of the interface between polymer-rich liquid and vapor at T =
486K and the same parameters as in Fig.36. The right panel shows the density profile of the
two species

phase. Even at this high temperature, far away from the triple line, the CO2 mole-
cules are not homogeneously distributed: At the interface between the vapor and the
polymer liquid, i.e., at the surface of the bubble, the CO2 density is clearly higher
than in the center of the bubble. This surface enrichment effect is the precursor of
the interfacial wetting of the liquid CO2 predicted by the SCF calculations when one
approaches the triple line.

Under the conditions of the simulation, a small enrichment of solvent is even de-
tectable at a planar polymer liquid—vapor interface. This is illustrated qualitatively
by the snapshot in Fig. 37, which resembles the interface profiles in Fig. 10 (b). Of
course, a more quantitative comparison has to consider capillary waves that broaden
the interface profiles in the simulations [100] and the density correlations (packing)
which are neglected in the SCF calculations.

6
Concluding Remarks

Even more than half a century after the application of Flory-Huggins theory [13,
14, 15] to polymer solutions, the description of inhomogeneous polymer + solvent
systems still poses a challenge. The Flory-Huggins approach captures the qualita-
tive phase behavior of polymer solutions if the compressibility of the mixture is very
low, where many experimental systems exhibit immiscibility between a solvent–rich
and a polymer–rich liquid. A much richer phase behavior is found for compressible
mixtures, where one has to explicitly account for the solvent properties. In a com-
pressible mixture, not only liquid—liquid unmixing but also liquid—vapor and three
phase coexistences might occur at moderate pressures. By virtue of its simple struc-
ture, Flory-Huggins theory has routinely been used in comparison to experiments [5].
In the limit of long chain lengths the unmixing transition belongs to the tricritical
universality class with an upper critical dimension du = 3 [3, 29, 30, 31, 32, 33].
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Hence, one expects the predictions of the mean-field theory are not strongly affected
by fluctuations (i.e., except for logarithmic corrections) in the limit N → ∞.

For a quantitative prediction of properties in polymer + solvent mixtures one has
to improve the Flory-Huggins theory, at least, in the following three aspects: (i) An
accurate equation of state that describes the competition between liquid—liquid and
liquid—vapor phase coexistence has to be taken into account, (ii) an accurate de-
scription of the interface between the coexisting phases, which incorporates some
features of the molecular architecture on the length scale of the width of the liquid—
vapor interface, and (iii) an approach that takes account of thermal fluctuations has
to be considered. Of course, this is a formidable call. At present there has not yet
emerged a single, computationally tractable scheme that can address all three is-
sues simultaneously. In this review we have described self-consistent field calcula-
tions, thermodynamic perturbation theory (TPT1) and Monte Carlo (MC) simula-
tions. Each of these approaches is targeted to improve some of the deficiencies of
the Flory-Huggins theory and we have ordered them in the sequence of increasing
accuracy of the description and increasing computational effort.

The first approach – SCF theory – is quite close in sprit to the original Flory-
Huggins approach. We have included a third order virial expansion that is flexible
enough to describe the qualitative features of the phase behavior of compressible
mixtures at low pressure. Polymers are modeled as Gaussian chains. The compu-
tational scheme allows us to explore the phase behavior and predict properties of
planar and curved interfaces as well as nucleation barriers [164]. In the vicinity of
the spinodal, we can make a quantitative connection to Cahn—Hillard [146] theory.
Close to the binodal the theory agrees with classical nucleation theory [182] if we
use the interfacial tension independently measured. Unfortunately, both analytical
approaches are limited to very large or very small nucleation barriers, respectively,
while the SCF theory can predict the properties of critical bubbles in the practically
important range of nucleation barriers of a few tens of kB T . Hence, the SCF theory is
suitable for investigating the qualitative phenomena in polymer + solvent mixtures:
for instance, the interfacial wetting of the solvent upon approaching the triple line the
condensation of the solvent inside the bubble or the non-monotonous temperature de-
pendence of the nucleation barrier. Apart from being a mean-field theory, the main
disadvantage of the SCF theory is the lack of quantitative accuracy when applied
to a specific chemical substance: The third order virial expansion is not predictive
and even when the parameters are fitted to experiments it is not accurate enough to
provide a quantitative description over a wide range of density and temperature. Ad-
ditionally, the structure and conformations of a molecule on the length scale below
a few nanometers cannot be faithfully represented by a Gaussian chain model with
strictly local interactions.

The second approach – TPT1 – provides a versatile and accurate method to cal-
culate the equation of state of coarse-grained models [221, 222, 223, 224] of com-
pressible polymer + solvent mixtures. It does capture the local structure (e.g., packing
effects) in a homogeneous fluid and can reproduce much of the complex phase be-
havior. This is an excellent starting point for exploring the phase behavior. While it
cannot predict the behavior of spatially inhomogeneous systems, e.g., interfacial ten-
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sion, the knowledge of the location of the binodals and mean-field spinodals already
tells a great deal about the kinetics of phase separation. Therefore this approach
enjoys considerable attention in the engineering community [253, 254, 258, 261].
While the general theoretical approach is quite powerful [221, 226, 227, 228] most
applications are limited to first order perturbation theory. In this case, the theory does
not capture the consequences of chain connectivity on large length scales. Neverthe-
less, it does predict the correct asymptotic dependence of the critical point of polymer
liquid—vapor coexistence on chain length, and it even qualitatively captures some of
the large deviations at intermediate chain lengths [238, 271]. Unfortunately, it fails to
reproduce the scaling of higher order virial coefficients with chain length [280] and
the power-law dependence of the pressure in semi-dilute polymer solutions More-
over, when applied to a specific substance, the parameters of the TPT approach – the
effective segment size, the effective attraction between segments and ratio between
the number of segments and the molecular weight – are often obtained from fitting
experimental data.

In principle, all three issues mentioned above could be tackled with fully atom-
istic MD simulations. Apart from the astronomical resources in computer time that
an accurate determination of the phase diagram and a study of the kinetics of phase
separation in a fully atomistic model would require, the lack of accurate interaction
potentials between the constituents of the polymer + solvent mixture might seriously
upset the predictive power of such a brute-force approach. This is particularly rel-
evant for the specific system – hexadecane and carbon dioxide – because a small
change of the mixing rule for interactions between unlike segments can alter the
qualitative type of phase diagram.

Therefore we have used computer simulations of a coarse-grained model [16, 22]
in the grandcanonical ensemble to assess the accuracy of the previous approaches
and to compare the results of our model to experiments on hexadecane and carbon
dioxide for a few selected parameters. The qualitative predictions of the SCFT and
TPT1 are confirmed: In the simulations we corroborate a strong dependence of the
phase diagram on the mixing parameter ξ , and the simulations show a layer of liquid
solvent at the interface between polymer and vapor. The simulation snapshots also
indicate that this interfacial excess of solvent occurs in bubbles. Furthermore, the
simulations highlight the role of composition fluctuations at the critical line. As ex-
pected from a mean-field theory, TPT1 overestimates the critical temperature of the
liquid-vapor coexistence of the pure components or the critical pressure along the
critical line. The deviations between MC simulations and TPT1 in polymer + solvent
systems are qualitatively similar to the behavior in the pure components [244]. The
simulations also aid in deciding whether deviations between the predictions of the-
ory and experiment are a consequence of the coarse-grained model (i.e., representing
3.2 hydrocarbon units by an effective Lennard—Jones particle) or the subsequent ap-
proximations in the statistical mechanics of this model. For instance, the SCF calcu-
lations give a qualitatively reasonable description of the dependence of the interfacial
tension on pressure, but the magnitude of the interfacial tension is about a factor of
3.5 too small. Extrapolating the results for the interfacial tension of the pure pen-
tamer into the relevant temperature regime, we find that our coarse-grained model
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is able to predict the interfacial tension with a reasonable accuracy. This indicates
that the deviations between the SCF calculation and experiment are rooted in the
additional simplifications made in SCF theory.

Fig. 38. Temperature dependence of the interfacial tension of the pure polymer for chain
length N = 10. Circles correspond to MC results and the solid line to the SCF calculations.
The line with diamonds shows the the result of a density functional calculation, which uses
the TPT1-equation of state, decomposes the interaction free energy functional into a repulsive
short-ranged and an attractive long-ranged contribution, and employs a partial enumeration
scheme to take due account of the chain conformations on all length scales [154]. The dashed
line shows the result of density functional calculations which do not use the decomposition
of the free energy functional, but employ the same equation of state and chain model [99].
The inset compares the free energy densities f = F/V kB T of the SCF calculations and the
accurate TPT1 equation of state. Adapted from [99, 154]

The comparison between the three complementary approaches suggest several
avenues towards improving the modeling of polymer + solvent systems: (i) A better
description of the equation of state is of paramount importance in practical applica-
tions. Although deriving equation of states from microscopic interaction potentials is
a fundamental problem of statistical mechanics which has has attracted abiding inter-
est over decades, much practical use relies on fitting phenomenological models to a
limited set of parameters. (ii) Some of the quantitative inaccuracies of the SCF theory
can be alleviated by using a weighted density functional [99, 154, 155, 157, 158, 159]
that takes due account of the equation of state and incorporates a decomposition
of short-ranged repulsions and longer-ranged attractive interactions. In Fig. 38 we
compare the results for longer chains (N = 10) with the SCF calculations and
MC simulations. The density functional theory is quantitatively more accurate than
the SCF calculations. The computational scheme can also be extended to arbitrary-
chain architecture by calculating the single-chain properties in an external field
by partial enumeration over a large sample of representative molecular conforma-
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tions [99, 154, 155, 166, 167, 168, 169]. The latter might be constructed from
the Rotational-Isomeric State model [1, 170] or obtained from atomistic modeling.
(iii) Computer simulation of coarse-grained model systems might prove valuable to
investigate the role of dynamical asymmetries between the species. Typically, the
solvent is volatile, while the polymer is viscous. Also the fundamental assumption
of nucleation theory of the bubble to be in equilibrium with the mother phase might
be less accurate in polymer + solvent systems.
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Note added in proof

After this review was submitted, we also have completed a more detailed account of
the Monte Carlo simulations of the carbon dioxide–hexadecane mixture [323].

References

1. Flory PJ (1953) Principles of polymer chemistry. Cornell University Press, Ithaca 3, 6,
8, 31, 97

2. Tompa H (1956) Polymer Solutions. Butterworths, London 3, 6, 8
3. deGennes PG (1979) Scaling concepts in polymer physics. Cornell University Press,

Ithaca 3, 8, 10, 12, 21, 64, 93
4. Kramer EJ (ed.) (1992) Materials science and technology, Vol 12, Structure and proper-

ties of polymers. VCH Verlag, Weinheim 3
5. Binder K (1994) Adv Polym Sci 112:181 3, 7, 8, 9, 10, 11, 12, 93
6. Rowlinson JS, Swinton FL (1982) Liquids and liquid mixtures. Butterworths, London

3, 4, 5, 21, 36, 58, 66
7. Kiran E, Levelt-Sengers JMH (eds) (1994) Supercritical fluids. Kluwer, Dordrecht 3, 4,

21
8. Han JH, Han CD (1990) J Polym Sci, Part B: Polymer Phys 28:711 3, 22
9. Goel SK, Beckman EJ (1994) Polym Eng Sci 34:1137, 1148 3, 22

10. Stafford CM, Russell TP, Mc Carthy TJ (1999) Macromol 32:7610 3, 22
11. Krause B, Sijbesma H-JP, Münüklü P, van der Vegt NFA, Wessburg W (2001) Macro-

molecules 34:8792 3, 22, 57, 58
12. Hikmet RM, Callister S, Keller A (1988) Polymer 29:1378 3
13. Huggins ML (1941) J Chem Phys 9:440 3, 6, 7, 21, 93
14. Flory PJ (1941) J Chem Phys 9:660 3, 6, 7, 21, 93
15. Staverman AJ, Van Santen JH (1941) Recl Trac Chim 60:76 3, 21, 93



98 Kurt Binder et al.

16. Virnau P, Müller M, González MacDowell L, Binder K (2004) New J Phys 6, No 7
[http://stacks.iop.org/1367-2630/6/7] 3, 4, 90, 91, 92, 95

17. Swinney HL, Henry DL (1973) Phys Rev A8:2586 4, 5
18. Moldover MR (1985) Phys Rev A31:1022 4, 5
19. Anselme MJ, Gude M, Teja AS (1990) Fluid Phase Equilibria 57:317 4, 5, 14
20. Ambrose D, Tsnopoulos C,(1995) J Chem Eng Data 531:317 4, 5
21. Span R, Wagner W (1996) J Phys Chem Ref Data 25:1509 4, 5, 21
22. Virnau P, Müller M, González MacDowell L, Binder K (2002) Computer Phys Commun

147:378 4, 5, 17, 18, 95
23. Schneider GM (1970) Adv Chem Phys 27:1 4, 5, 36, 38
24. Van Konynenburg P, Scott RL (1980) Philos Trans Soc London Series A298:495 4, 5,

21, 22
25. Cahn JW, Hilliard JE (1958) J Chem Phys 28:258 8, 10
26. Joanny JF, Leibler L (1978) J Phys (Paris) 39:951 8, 10
27. deGennes PG (1980) J Chem Phys 72:4756 8, 10, 46
28. Binder K (1983) J Chem Phys 79:6387 8, 9, 10, 46
29. Widom B (1988) J Stat Phys 52:1343 10, 93
30. Szleifer I, Widom B (1989) J Chem Phys 90:7524 10, 12, 93
31. Sarbach S, Lawrie ID (1984) in: Phase Transitions and Critical Phenomena, Vol 9, Domb

C, Lebowitz JL (eds) Academic Press, London 10, 12, 93
32. deGennes PG (1975) J Phys Lett (Paris) 36:L55 10, 93
33. Daoud M, Jannink G (1976) J Phys (Paris) 37:973 10, 93
34. Fisher ME (1974) Rev Mod Phys 46:587 11
35. LeGuillou JC, Zinn-Justin J (1980) Phys Rev B21:3976 11
36. Binder K, Luijten E (2001) Phys Repts 344:179 11
37. Zinn-Justin J (2001) Phys Repts 344:159
38. Widom B (1972) in: Phase Transitions and Critical Phenomena, Vol 2, eds Domb C,

Green MS (Academic Press, London) 11
39. Ginzburg VL (1960) Soviet Phys Solid State 2:1824 11
40. Binder K (1995) in: Cohesion and Structure of Surfaces, Pettifor DG (ed) Elsevier Sci-

ence, Amsterdam 11
41. Anisimov MA, Kiselev SB, Sengers JV, Tang S (1992), Physica A188:487 11
42. deGennes PG (1977) J Phys Lett (Paris) 38:L44 12
43. Joanny JF (1978) J Phys A 11:L117 12
44. Cavallo A, Müller M, Binder K (2003) Europhys Lett 61:214 12
45. Schwahn D, Meier G, Mortensen K, Janssen S (1994) J Phys II (Paris) 4:837 12
46. Deutsch H-P, Binder K (1993) J Phys II (Paris) 3:1049 12, 15
47. Müller M (1999) Macromol Theory Simul 8:343 12
48. Povodyrev AA, Anisimov MA, Sengers JV (1999) Physica A264:345 12
49. Widom B (1993) Physica A194:532 12
50. Enders S, Wolf BA, Binder K (1995) J Chem Phys 103:3809 12
51. Dobashi T, Nakata M, Kaneko M (1980) J Chem Phys 72:6685 13, 64
52. Shinozaki K, Tan T, Saito Y, Nose T (1982) Polymer 23:727 13
53. Prezynski R, Delsanti M, Adam M (1987) J Phys (Paris) 48:115 13, 64
54. Chu B, Wang Z (1988) Macromolecules 21:2283 13
55. Sanchez IZ (1989) J Phys Chem 93:6983 13, 64
56. Heinrich M, Wolf BA (1992) Polymer 33:1926 13
57. Enders S, Huber A, Wolf, BA (1994) Polymer 35:5743 13, 64
58. Sanchez IC (1985) J Appl Phys 58:2871 13



Polymer + Solvent Systems 99

59. Muthukumar M (1986) J Chem Phys 85:2871 13
60. Stepanow S (1987) J Phys (Paris) Lett 48:2087 13
61. Kholodenko AL, Qian C (1989) Phys Rev B40:2477 13
62. Cherayil BJ (1991) J Chem Phys 95:2135 13
63. Lhuillier D (1992) J Phys II (Paris) Lett 2:1411 13
64. Duplantier B (1982) J Phys (France) 43:991 13, 64
65. Privman V, Aharony A, Hohenberg PC (1991) in: Phase Transition and Critical Phenom-

ena Vol 14, Domb C, Lebowitz JL (eds) Academic Press, London p. 1 14
66. Tsonopoulos C, Tan Z (1993) Fluid phase equilibria 83:127 14
67. Smith BD, Srivastava R (1986) Thermodynamics data for pure compounds: Part A: hy-

drocarbones and ketones. Elsevier Science Publ., Amsterdam 14
68. Younglove BA, Ely JF (1987) J Phys Chem Ref Data 16:577 14
69. Timmerman J (1965) Physico-Chemical Constants of Pure Organic Compounds. Else-

vier Science Publ., Amsterdam 14
70. Binder K (1995) (ed) Monte Carlo and Molecular Dynamics Simulations in Polymer

Science. Oxford University Press, New York 14, 15, 19, 84
71. Binder K, Ciccotti G (1996) (ed.) Monte Carlo and Molecular Dynamics of Condensed

Matter Systems. Società Italiana di Fisica, Bologna 14, 19, 84
72. Landau DP, Binder K (2000) A Guide to Monte Carlo Simulation in Statistical Physics.

Cambridge Univ Press, Cambridge 14, 16, 19, 84
73. Binder K, Heermann DW (2002) Monte Carlo Simulation in Statistical Physics: An

Introduction. Springer, Berlin 14, 16, 19, 84
74. Rosenbluth MN, Rosenbluth AW (1955) J Chem Phys 23:356 14
75. Metropolis N, Rosenbluth AW, Rosenbluth MN, Teller AH, Teller E (1953) J Chem Phys

21:1087 14
76. Sariban A, Binder K (1987) J Chem Phys 86:5859 14, 15
77. Müller M, Binder K (1995) Macromolcules 28:1825 14, 19
78. Müller M (1995) Macromolecules 28:6556 14, 19
79. Siepmann I (1990) Mol Phys 70:1145 15
80. Frenkel D, Mooij GCAM, Smit B (1992) J Phys Condens Matter 3:3053 15
81. Frenkel D (1993) in: Computer Simulation in Chemical Physics, Allen MP, Tildesley DJ

(eds) Kluwer Acad Publ., Dordrecht 15, 19
82. Wilding NB, Müller M, Binder K (1996) J Chem Phys 105:802 15, 16, 19, 20, 21, 64,

86
83. Carmesin I, Kremer K (1988) Macromolecules 21:2819 15
84. Deutsch H-P, Binder K (1991) J Chem Phys 94:2294 15
85. Frauenkron H, Grassberger P (1997) J Chem Phys 107:9599 15, 16, 19, 20, 21, 64
86. Fisher ME (1971) in: Critical Phenomena, Green MS (ed) Academic Press, London p. 1

15, 16, 85
87. Privman VP (1990) (ed) Finite Size Scaling and the Numerical Simulation of Statistical

Systems. World Scientific, Singapore 15, 16, 85
88. Binder K (1992) in: Computational Methods in Field Theory, Gausterer H, Lang CB

(eds) Springer, Berlin p. 59 15, 16, 85
89. Wilding NB (1993) Z Phys B93:119 15, 16, 19, 85
90. Ferrenberg AM, Swendsen RH (1988) Phys Rev Lett 61:2635 15, 86
91. Ferrenberg AM, Swendsen RH (1989) Phys Rev Lett 63:1195 15, 19, 86
92. Deutsch H-P (1992) J Stat Phys 67:1039 15
93. Wilding NB, Bruce AD (1992) J Phys Condens Matter 4:3087 15, 16, 19, 86
94. Wilding NB, Müller M (1995) J Chem Phys 102:2562 15, 16, 19



100 Kurt Binder et al.

95. Madden WG (1990) J Chem Phys 88:3934 15
96. Madden WG, Pesci AI, Freed KF (1990) Macromolecules 23:1181 15
97. Binder K (2001) in: Multiscale Simulations in Chemistry and Physics, Brandt A, Bern-

holc J, Binder K (eds) IOS Press, Amsterdam p. 207 15
98. Milchev A, Binder K (2001) J Chem Phys 114:8610 15
99. Müller M, MacDowell LG (2000) Macromolecules 33:3902 15, 17, 19, 23, 26, 31, 34,

70, 84, 96, 97
100. Werner A, Müller M, Schmid F, Binder K (1999) J Chem Phys 110:1221; Werner A,

Schmid F, Müller M, Binder K (1999) Phys Rev E59:728 15, 21, 40, 93
101. Panagiotopoulos AZ (1987) Mol Phys 61:813 15
102. Panagiotopoulos AZ (1992) Fluid Phase Equilibria 76:97 15
103. Panagiotopoulos AZ (1992) Mol Simul 9:1 15
104. de Pablo JJ, Laso M, Suter UW (1992) J Chem Phys 97:2817 16, 84
105. de Pablo JJ, Laso M, Suter UW (1993) J Chem Phys 98:6157 16, 84
106. Siepmann JI, Karaborni S, Smit B (1993) Nature (London) 365:330 16, 84
107. Siepmann JI, Karaborni S, Smit B (1993) J Am Chem Soc 115:6454 16, 84
108. de Pablo JJ (1995) Fluid Phase Equilibria 104:196 16, 84
109. Smit B, Siepmann JI, Karaborni S (1995) J Chem Phys 102:2126 16, 76, 84
110. Escobedo FA, de Pablo JJ (1996) J Chem Phys 103:1946 16
111. Escobedo FA, de Pablo JJ (1996) J Chem Phys 105:4391 16
112. Gromov DG, de Pablo JJ, Luna Barcenas G, Sanchez IC, Johnston KP (1998) J Chem

Phys 108:4647 16, 23, 32
113. Brennan JK, Madden WG (2002) Macromolecules 35:2827 16, 17
114. Sheng Y-J, Panagiotopoulos AZ, Kumar SK, Szleifer I (1994) Macromolecules 27:400

16
115. Kumar SK, Szleifer I, Panagiotopoulos AZ (1991) Phys Rev Lett 66:2935 16
116. Mackie AD, Panagiotopoulos AZ, Kumar SK (1995) J Chem Phys 102:1014 16, 64
117. Mackie AD, Panagiotopoulos AZ, Frenkel D, Kumar SK (1994) Europhys Lett 27:549

16
118. Vega C, Garzon B, MacDowell LG, Lago S (1995) Mol Phys 85:679 16
119. Wilding NB (1997) J Phys Condens Matter 9:585 16, 19
120. Potoff JJ, Panagiotopolous AZ (2000) J Chem Phys 112:6411 16, 17
121. Singh JK, Kofke DA, Errington JR (2003) J Chem Phys 119:3405 16, 17, 19
122. Kim YC, Fisher ME, Luijten E (2003) Phys Rev Lett 91:065701 16
123. Wilding NB (2003) Phys Rev E67:052503 16
124. Goetz WT (2003) J Chem Phys 119:3309 16
125. Binder K (1982) Phys Rev A25:1699 17
126. Berg BA, Hansmann U, Neuhaus T (1993) Phys Rev B47:497 17
127. Müller M, Binder K, Oed W (1995) J Chem Soc Faraday Trans 28:8639 17
128. Hunter JE, Reinhardt WP (1995) J Chem Phys 103:8627 17
129. Errington JR (2003) Phys Rev E67:012102 17
130. Müller M, Schick M (1996) J Chem Phys 105:8885 17
131. Berg BA, Neuhaus T (1992) Phys Rev Lett 68:9 17, 85
132. Hansmann U, Berg, BA, Neuhaus T (1992) Int J Mod Phys C3:1155 17, 85
133. Fitzgerald M, Picard RR, Silver NN (1999) Europhys Lett 46:282 17
134. Virnau P, Müller M (2004) J Chem Phys 120:10925 6, 17, 85
135. Dee GT, Sauer BB (1992) J Colloid Interface Sci 152:85 18
136. Dee GT, Sauer BB (1998) Adv Phys 47:161 18
137. CRC Handbook of Chemistry and Physics (1985) CRC Press, Boca Raton 18



Polymer + Solvent Systems 101

138. Rao M, Berne BJ (1978) Mol Phys 37:455 18
139. Smit B (1988) Phys Rev A37:3481 18
140. Alejandre J, Tildesley DJ, Chapela GA (1995) J Chem Phys 102:4374 19
141. Alejandre J, Tildesley DJ, Chapela GA (1995) Mol Phys 85:651 19
142. Heermann DW, Wang T, Lee WD (2003) Int J Mod Phys C 14:81 19
143. Hager JS, Anisimov MA, Sengers JV, Gorodelskii EE (2002) J Chem Phys 117:5940 21
144. Anisimov MA, Kostko A, Sengers JV (2002) Phys Rev E65:051805 21
145. Virnau P (2003) Monte-Carlo-Simulationen zum Phasen- und Keimbildungsverhalten

von Polymerlösungen, Dissertation, Mainz 6
146. Cahn JW, Hilliard JE (1959) J Chem Phys 31:688 21, 45, 46, 94
147. Rowlinson JS, Widom B (1982) Molecular Theory of Capillarity, Clarendon, Oxford

21, 40, 43
148. Rathke B (2003) Blasenbildung in gasgesättigten Flüssigkeiten: Der Nachweis homo-

gener Keimbildung, Fortschritt-Berichte VDI, Reihe 3:770 22, 37, 42, 43
149. Kremer K, Grest GS (1990)J Chem Phys 92:5057 23
150. Luna-Barcenas G, Meredith JC, Sanchez IC, Johnston KP, Gromov DG, dePablo JJ

(1997) J Chem Phys 107:10782 23, 32
151. Wignal GD (1999) J Phys :Condens Matter 11:R157 23
152. Müller M (2002) Phys Rev E65:030802(R) 24
153. Hong KM, Noolandi J (1981) Macromolecules 14:727; Noolandi J, Hong KM (1982)

Macromolecules 15:483 25, 27, 29
154. Müller M, MacDowell LG, Yethiraj A (2003) J Chem Phys 118:2929 26, 31, 96, 97
155. Müller M, MacDowell LG (2003) J Phys Condens Matter 15:R609 26, 31, 96, 97
156. vanSwol F, Henderson JR (1991) Phys Rev A43:2932 26
157. Woodward CE, Yethiraj A (1994) J Chem Phys 100:3181 26, 96
158. Patra CN, Yethiraj A (2000) J Chem Phys 112:1570 26, 96
159. Patra CN, Yethiraj A (2003) J Chem Phys 118:4702 26, 96
160. Matsen MW, Schick M (1995) Phys Rev Lett 74:4225 27, 29
161. Matsen MW (1999) J Chem Phys 110:4658 27, 29, 30
162. Helfand E (1975) J Chem Phys 62:999 27, 29
163. Oxtoby DW, Evans R (1988) J Chem Phys 89:7521 27, 45, 48
164. Müller M, MacDowell LG, Virnau P, Binder K (2002) J Chem Phys 117:5480 28, 35,

37, 39, 42, 45, 47, 48, 49, 50, 51, 53, 54, 56, 94
165. Press WH, Flannery PB, Teukolsky SA, Vetterling WT (1987) Numerical Recipes: The

Art of Scientific Computing, Cambridge University Press, New York 30
166. Szleifer I, Carignano MA (1996) Adv Chem Phys 94:742 31, 97
167. Szleifer I (1997) Curr Opin Colloid Interface Sci 2:416 31, 97
168. Müller M, Schick M (1998) Phys Rev E57:6973 31, 97
169. Müller M, Schick M (1996) Macromolecules 29:8900 31, 97
170. Mattice WL, Suter UW (1994) Conformational theory of large molecules: The Rota-

tional Isometric State model in macromolecular systems, Wiley Interscience, New York
31, 97

171. Grayce CJ, Yethiraj A, Schweizer KS (1994) J Chem Phys 100:6857 Grayce CJ,
Schweizer KS (1994) J Chem Phys 100:6846 32

172. Müller M (1998) Macromolecules 31:9044 32
173. Weinhold JD, Curro JG, Habenschuss A, Londono JD (1999) Macromolecules 32:7276

32
174. Schick M (1990) Les Houches lectures on “Liquids at interfaces”, Elsevier Science

Publishers B.V. Dietrich S (1988), in Phase Transitions and Critical Phenomena, Vol.
12, Domb C and Lebowitz JL (eds), NY Academic Press 40



102 Kurt Binder et al.

175. Binder K, Stauffer D (1976) Adv Phys 25:343 41, 43
176. Tanaka HM (2000) J Phys Condens Mat 12:R207 (2000); (1999) Prog Theo Phys

101:863 41, 90
177. Debregeas G, deGennes PG, Brochard–Wyart F (1998) Science (London) 279:1704 41
178. Klein W, Lookman T, Saxena A, Hatch DM (2002) Phys Rev Lett 88:085701 41
179. Zettlemoyer AC (1977) Nucleation, Elsevier, Amsterdam 42
180. Binder K (1984) Phys Rev A29:341 43
181. Heermann DW (1984) Z Phys B55:309 43
182. Volmer M, Weber A (1926) Z Phys Chem 119:227; Becker R, Döring W (1935) Ann

Phys (Leipzig) 24:719 43, 94
183. Wood SM, Wang ZG (2002) J Chem Phys 116:2289 45, 48
184. Laaksonen A, Talanquer V, Oxtoby DW (1995) Ann Rev Phys Chem 46:489; Oxtoby

DW (1992) J Phys Condens Matt 4:7627 48
185. Talanquer V (1997) J Chem Phys 106:9957 52
186. Shen VK, Debenedetti PG (2001) J Chem Phys 114:4149 48, 52
187. Shen VK, Debenedetti PG (2003) J Chem Phys 118:768 52
188. Kusaka I (2003) J Chem Phys 118:1837 52
189. Kusaka I (2003) J Chem Phys 119:1808 52
190. McGraw R, Laaksonen A (1996) Phys Rev Lett 76:2754 52
191. MacDowell LG (2003) J Chem Phys 119:453 52
192. Granasy L, Oxtoby DW (2000) J Chem Phys 112:2410 51
193. ten Wolde RP, Ruiz–Montero MJ, Frenkel D (1995) Phys Rev Lett 75:2714; (1996) J

Chem Phys 104:9932 51
194. Ostwald W (1897) Z Phys Chem 22:289 51
195. Talanquer V, Oxtoby DW (1995) J Chem Phys 102:2156 52
196. Talanquer V, Cunningham C, Oxtoby DW (2001) J Chem Phys 114:6759 52, 53, 102
197. The gas has a large entropy and, hence, is favored at high temperatures[196]. Moreover,

the interfacial tension is expected to decrease upon increasing temperature. 52
198. Auer S, Frenkel D (2001) Nature (London) 413:711 54
199. Prigogine I (1957) The Molecular Theory of Solutions (North-Holland, Amsterdam) 58
200. Flory PJ, Orwoll RA, Vrij A (1964) J Am Chem Soc 86:3507 58
201. Flory PJ, Orwoll RA, Vrij A (1964) J Am Chem Soc 86:3515 58
202. Flory PJ (1964) J Am Chem Soc 87:1833 58
203. Orwoll RA, Flory PJ (1967) J Am Chem Soc 89:6814 58
204. Orwoll RA, Flory PJ (1967) J Am Chem Soc 89:6822 58
205. Patterson D (1969) Macromolecules 2:672 58
206. Curro JG, Schweizer KS (1987) J Chem Phys 87:1842 58
207. Curro JG, Schweizer KS, Grest GS, Kremer K (1989) J Chem Phys 91:1357 58
208. Attard P (1995) J Chem Phys 102:5411 58
209. Taylor MP, Lipson JEG (1998) J Chem Phys 102:2118 58
210. Gan HH, Eu BC (1995) J Chem Phys 103:2140 58
211. Gan HH, Eu BC (1996) AIChE J 42:2960 58
212. Yethiraj A, Curro JG, Schweizer KS, McCoy JD (1993) J Chem Phys 98:1635 59
213. Yethiraj A (1995) J Chem Phys 102:6874 59
214. Dickman R, Hall CK (1986) J Chem Phys 85:4108 59
215. Honnell KG, Hall CK (1989) J Chem Phys 90:1841 59
216. Wichert JM, Hall CK (1994) Chem Eng Sci 49:2793 59
217. Gulati H, Wichert J, Hall C (1996) J Chem Phys 104:5220 59
218. Yethiraj A, Hall CK (1991) J Chem Phys 95:8494 59



Polymer + Solvent Systems 103

219. Costa LA, Zhou Y, Hall CK, Carra S (1995) J Chem Phys 102:6212 59
220. Mehta SD, Honnell KG (1996) Mol Phys 96:1285 59
221. Wertheim MS (1984) J Stat Phys 35:19 59, 94, 95
222. Wertheim MS (1984) J Stat Phys 35:35 59, 94
223. Wertheim MS (1986) J Stat Phys 42:459 59, 94
224. Wertheim MS (1986) J Stat Phys 42:477 59, 94
225. Wertheim MS (1986) J Chem Phys 85:2929 59
226. Wertheim MS (1987) J Chem Phys 87:7323 59, 61, 95
227. Phan S, Kierlik E, Rosinberg ML, Yu H, Stell G (1993) J Chem Phys 99:5326 59, 61,

95
228. Blas FJ, Vega LF (2001) J Chem Phys 115:3906 59, 95
229. Jackson G, Chapman WG, Gubbins KE (1988) Mol Phys 65:1 59
230. Chapman WG, Jackson G, Gubbins KE (1988) Mol Phys 65:1057 59, 61, 65
231. Chapman WG (1990) J Chem Phys 93:4299 59
232. Johnson JK, Gubbins KE (1992) Mol Phys 77:1033 59
233. Ghonasgi D, Chapman WG (1993) Mol Phys 79:291 59
234. Johnson JK, Muller EA, Gubbins KE (1994) J Phys Chem 98:6413 59, 67, 78
235. Johnson JK (1996) J Chem Phys 104:1729 59
236. Banaszak M, Chiew YC, O’Lenick R, Radosz M (1994) J Chem Phys 100:3803 59
237. Gil-Villegas A, Galindo A, Whitehead PJ, Mills SJ, Jackson G, Burgess AN (1997) J

Chem Phys 106:4168 59, 64, 67
238. MacDowell LG, Müller M, Vega C, Binder K (2000) J Chem Phys 113:419 59, 70, 71,

72, 73, 79, 95
239. Tang Y, Lu BCY (2000) Fluid Phase Equilibria 171:27 59, 75
240. Blas FJ, Vega LF (1997) Mol Phys 92:135 59, 78
241. Amos MD, Jackson G (1991) Mol Phys 74:191 59
242. Amos MD, Jackson G (1992) J Chem Phys 96:4604 59
243. Ghonasgi D, Chapman WG (1994) AIChE J 40:878 59
244. MacDowell LG, Virnau P, Müller M, Binder K (2002) J Chem Phys 117:6360 59, 79,

80, 82, 95
245. P Paricaud SV, Jackson G (2003) J Chem Phys 118:8525 59
246. Vega C, MacDowell LG (2001) J Chem Phys 114:10411 59
247. McBride C, Vega C (2002) J Chem Phys 116:1757 59
248. Vega C, Blas FJ, Galindo A (2002) J Chem Phys 116:7645 59
249. Ghonasgi D, Llano-Restrepo M, Chapman WG (1993) J Chem Phys 98:5662 59
250. Escobedo FA, de Pablo JJ (1996) Mol Phys 87:347 59
251. Banaszak M, Chiew YC, Radosz M (1993) Phys Rev E 48:3760 59
252. Davies LA, Gil-Villegas A, Jackson G (1999) J Chem Phys 111:8659 59
253. Chapman WG, Gubbins K, Jackson G, Radosz M (1989) Fluid Phase Equilibria 52:31

59, 64, 67, 95
254. Chapman WG, Gubbins K, Jackson G, Radosz M (1990) Ind Eng Chem Res 29:1709

59, 60, 67, 95
255. McCabe C, Jackson G (1999) Phys Chem Chem Phys 1:2057 60, 74, 75, 78, 80
256. Tang Y, Wang Z, Lu BCY (2001) Mol Phys 99:65 60, 74
257. Galindo A, Whitehead PJ, Jackson G, Burgess AN (1997) J Phys Chem B 101:2082 60
258. Galindo A, Gil-Villegas A, Whitehead PJ, Jackson G, Burgess AN (1998) J Phys Chem

B 102:7632 60, 95
259. McCabe C, Galindo A, Gil-Villegas A, Jackson G (1998) J Phys Chem B 102:4138 60
260. McCabe C, Galindo A, Gil-Villegas A, Jackson G (1998) J Phys Chem B 102:8060 60



104 Kurt Binder et al.

261. Blas FJ, Vega LF (1998) Ind Eng Chem Res 37:660 60, 80, 95
262. Blas FJ, Vega LF (1998) J Chem Phys 109:7405 60, 74, 75
263. Chen CK, Banaszak M, Radosz M (1998) J Phys Chem B 102:2427 60, 74, 75
264. Passarello JP, Benzaghou S, Tobaly P (2000) Ind Eng Chem Res 39:2578 60, 82
265. Pamies JC, Vega LF (2001) Ind Eng Chem Res 40:2532 60, 74, 75, 76, 78
266. Galindo A, Blas FJ (2002) J Phys Chem B 106:4503 60, 80, 82
267. Imre AR, Kraska T, Yelash LV (2002) Phys Chem Chem Phys 4:992 60
268. Müller E, Gubbins K (2001) Ind Eng Chem Res 40:2193 60
269. Zhou Y, Stell G (1992) J Chem Phys 96:1507 60
270. Jackson G, Sears R (1994) in M Baus, LF Rull, JP Ryckaert, eds., Observation, Pre-

diction and Simulation of Phase Transitions in Complex Fluids (Kluwer, Dordrecht)
625–640 60

271. Vega C, MacDowell LG (2000) Mol Phys 98:1295 60, 63, 73, 78, 95
272. McQuarrie DA (1976) Statistical Mechanics (Harper & Row, New York) 60
273. Dickman R (1989) J Chem Phys 91:454 61
274. Yethiraj A, Honnell KG, Hall CK (1992) Macromolecules 25:3979 61
275. Dautenhahn J, Hall CK (1994) Macromolecules 27:5399 61
276. Rubio AM, Freire JJ (1996) Macromolecules 29:6946 61
277. Bruns W (1996) Macromolecules 29:2641 61
278. MacDowell LG, Vega C (1998) J Chem Phys 109:5670 61, 74
279. Bruns W (1997) Macromolecules 30:4429 61
280. Vega C, Labaig JM, MacDowell LG, Sanz E (2000) J Chem Phys 113:10398 61, 82, 95
281. Zhou Y, Smith SW, Hall CK (1995) Mol Phys 86:1157 61
282. Lue L, Kiselev B (1999) J Chem Phys 110:2684 61
283. Lue L (2000) J Chem Phys 112:3442 61
284. Boublik T (1989) Mol Phys 66:191 61
285. Boublik T, Vega C, Diaz-Peña M (1990) J Chem Phys 93:730 61
286. Vega C, Lago S, Garzon B (1994) J Chem Phys 100:2182 61, 74
287. Phan S, Kierlik E, Rosinberg ML (1994) J Chem Phys 101:7997 61
288. Vega C, MacDowell LG, Padilla P (1996) J Chem Phys 104:701 61
289. Zhou Y, Hall CK, Stell G (1995) J Chem Phys 103:2688 61
290. MacDowell LG, Vega C, Sanz E (2001) J Chem Phys 115:6220 61, 74
291. Kierlik E, Rosinberg ML (1993) J Chem Phys 99:3950 61
292. Chatterjee AP, Schweizer KS (1998) J Chem Phys 108:3813 64
293. Yan Q, de Pablo JJ (2000) J Chem Phys 113:5954 64
294. Yelash LV, Kraska T, Imre AR, Rzoska SJ (2003) J Chem Phys 118:6110 64, 67, 82
295. Nikitin ED, Pavlov PA, Skripov PV (1996) Int J Thermophys 17:455 67
296. Nikitin ED (2000) High Temp (USSR) 38:337 67
297. Yelash LV, Kraska T (1999) Phys Chem Chem Phys 1:2449 67
298. Yelash LV, Kraska T (1999) Phys Chem Chem Phys 1:4315 67, 83
299. Tang Y, Lu BCY (1997) AIChE J 43:2215 see also reference [317] 67, 70
300. Barker JA, Henderson D (1967) J Chem Phys 47:4714 67, 68
301. Tang Y, Lu BCY (1998) Fluid Phase Equilibria 146:73 68, 69
302. Boublik T (1970) J Chem Phys 53:471 68
303. Tang Y, Lu BCY (1999) Fluid Phase Equilibria 165:183 69
304. Hansen JP, McDonald IR (1986) Theory of Simple Liquids (Academic Press, London)

69
305. Tang Y, Lu BCY (1997) Mol Phys 90:215 see also reference [317] 70
306. MacDowell LG, Vega C (1998) J Chem Phys 109:5681 74, 77



Polymer + Solvent Systems 105

307. Ambrose D, Tsnopoulos C (1995) J Chem Eng Data 40:531 76, 77
308. Nikitin ED, Pavlov PA, Popov AP (1997) Fluid Phase Equilibria 141:155 76, 77
309. Vega C, López Rodríguez A (1996) J Chem Phys 105:4223 76
310. Nath SK, Escobedo FA, de Pablo JJ (1998) J Chem Phys 108:9905 76
311. López Rodríguez A, Vega C, Freire JJ (1999) J Chem Phys 111:438 76
312. Ryckaert JP, Bellemans A (1978) Chem Soc Faraday Discussions 66:95 76
313. Vega C, MacDowell LG (1996) Mol Phys 88:1575 77
314. Pamies JC, Vega LF (2002) Mol Phys 100:2519 77
315. Johnson JK, Zollweg JA, Gubbins KE (1993) Mol Phys 78:591 78
316. Blas FJ, Galindo A (2002) Fluid Phase Equilibria 194–197:501 82
317. Tang Y, Lu BCY (2001) Fluid Phase Equilibria 190:149 67, 104
318. Binder K (2003) Physica A319:99 85
319. MacDowell LG, Virnau P, Müller M, Binder K (2004) J Chem Phys, 120:5292 85
320. Wang F, Landau DP (2001) Phys Rev Lett 86:2050 85
321. Schneider G, Alwani Z, Heim W, Horvath E, Franck EU (1967) Chem Ing Techn 39:649

88
322. Amon CT, Martin RJ, Kobayashi R (1986) Fluid Phase Equilibria 31:89 88
323. Virau P, Müller M, MacDowell LG, Binder K (2004) J Chem Phys 121:2169 97



Index

Θ point, 62
Θ-temperature, 21

alkanes, 14, 19, 31
associating fluids, 45
association, 46
asymmetric mixtures, 12

Barker—Henderson perturbation theory, 51
Berthelot mixing rule, 30, 31
binary fluid mixtures, 14
binary mixture, 38, 59, 60
binary mixtures, 41, 52, 53, 59
blowing agent, 44
bond fluctuation model, 12, 17
bubble condensation, 40
bubble nucleation, 33, 35

C16H34, 15
Cahn—Hillard theory, 69
Cahn–Hilliard theory, 36, 37
capillary condensation, 39, 40
capillary waves, 18, 27
carbon dioxide, 3, 5, 18, 20, 29, 31, 35, 44,

66, 70
Carnahan—Starling fluid, 51
CH2 group, 58
CH3 group, 58
CH2, 56
CH2 groups, 56
CH3, 56
chain contraction, 17
chain increment method, 13
classical nucleation theory, 36, 37, 41, 69
cloud point curve, 35
CO2, 4, 15, 61, 62, 65
coarse-grained model, 70
coarse-grained models, 70

coarse-graining procedure, 18
collective scattering function, 11
compressibility factor, 47, 50, 51
compressibility factors, 58
compressible binary mixture, 36
compressible mixtures, 67
computer simulations, 12, 27, 33, 61, 70
configuration bias, 62
configurational bias, 14
configurational bias method, 13
contact angle, 35
correlation length, 63
critical amplitude, 7
critical amplitudes, 10
critical bubble, 23, 24, 33, 35–37, 39, 40
critical bubbles, 26, 41, 42, 69
critical exponent, 7, 17
critical nucleus, 24, 40, 42
crossing criterion, 23
crossover scaling, 10, 11

density functional calculations, 71
density functional methods, 37
dimers, 45

end segment distribution, 24
end-to-end distance, 21
equation of state, 20, 21, 26, 27, 29–31, 36,

45, 55, 58, 60, 61, 64, 69–71
ethane, 58
excluded volume, 29

FENE (finitely extensible non-linear elastic)
springs, 19

FENE-potential, 63
field mixing, 13, 16
finite size effects, 14, 63
finite size scaling, 13, 14, 16, 63
Flory—Huggins theory, 61



Index 107

Flory—Schulz plot, 62
Flory–Huggins theory, 47
Flory-Huggins lattice model, 6
Flory-Huggins mean-field theory, 17
Flory-Huggins parameter, 6, 20, 22
Flory-Huggins theory, 3, 10, 12, 18, 21, 26,

45, 67, 69
fluid binary mixtures, 3
fluid-fluid unmixing, 16
foam diagrams, 41
foaming, 18
foams, 44
free energy functional, 7, 18, 22, 24, 71

Gaussian chain model, 26, 70
generalized Flory Dimer theories, 45
GFD theory, 45
Gibbs ensemble, 13, 14
Ginzburg criterion, 10
Ginzburg number, 10
glass transition, 33, 44
grandcanonical ensemble, 12–14, 23, 24, 34,

62–64, 66
grandcanonical simulations, 54
group contribution method, 59

hard sphere chains, 45
hard sphere fluid, 21
heterogeneous nucleation, 34
heteropolymers, 45
hexadecane, 4, 5, 17–19, 29–31, 35, 65, 66,

70
histogram extrapolation, 13
histogram reweighting, 64
homogeneous bubble nucleation, 18
homogeneous nucleation, 35
hydrocarbons, 61
hyperscaling relation, 10

importance sampling MC, 12
integral equation theories, 45
interface, 24–26, 33, 36, 40, 67, 69, 71
interface free energy, 23
interface profiles, 38
interface width, 22
interfaces, 13, 18, 26, 32, 33, 41, 62, 69
interfacial excess, 33, 41, 71
interfacial free energy, 15

interfacial tension, 10, 14, 29, 33, 36, 41, 42,
67, 69–71

interfacial wetting, 69
Ising model, 16, 17

kinetic theory, 33

Lennard—Jones beads, 55, 58
Lennard—Jones interactions, 63
Lennard—Jones particle, 71
Lennard—Jones potential, 19, 51
Lennard–Jones chains, 53
Lennard–Jones fluid, 52
Lennard–Jones mixture, 60
Lennard–Jones parameters, 56
Lennard–Jones potential, 52
Lennard-Jones energy, 15
Lennard-Jones potential, 19, 20, 29
liquid—liquid critical point, 44
liquid—liquid critical points, 30
liquid—liquid unmixing, 67
liquid—vapor coexistence, 29, 70
liquid—vapor critical points, 14
liquid—vapor phase coexistence, 69
liquid–liquid critical point, 42
liquid–liquid critical points, 43
liquid–liquid phase separation, 64
liquid–vapor coexistence, 41, 53, 65
liquid-vapor coexistence, 15, 71
liquid-vapor critical point, 3
liquid-vapor interface, 22, 35
liquid-vapor phase coexistence, 17, 42
liquid-vapor phase equilibria, 14
liquid-vapor transition, 12
liquid-vapor unmixing, 16
logarithmic corrections, 69
Lorentz-Berthelot mixing rule, 20
Lorenz–Berthelot rules, 59

MC simulations, 16, 29, 62
MD simulations, 66, 70
mean spherical approximation (MSA), 51
mean-field approximation, 23, 26, 27
mean-field theories, 62
mean-field theory, 29, 69–71
mixing parameter, 20, 64, 65, 70
mixing rule, 20, 30, 70
model, 26
molecular dynamics, 51



108 Index

Monte Carlo (MC) simulations, 6, 69
MSA, 53
multicomponent mixtures, 48

n-alkane, 56–58
n-alkanes, 61, 62
Newton–Broydon scheme, 26
non-reversal random walks, 6
nucleation, 32, 44, 69
nucleation barrier, 23, 35–37, 40–42
nucleation barriers, 29, 37, 42
nucleation rate, 34, 41
nucleation rates, 18
nucleation theory, 34

off-lattice models, 13
order parameter, 16, 36
order parameter distribution, 16, 17
order parameter”, 7
order parameters, 17

P-RISM theory, 45, 48
packing effects, 70
pair correlation function, 46
partition function, 21, 23, 24, 49, 63
periodic boundary conditions, 13
perturbation expansion, 52
perturbation theory, 45, 51, 70
phase coexistence, 63
phase diagram, 20, 31, 32, 35, 42, 51, 59, 60,

63, 65, 67, 70
phase diagrams, 4, 5, 64, 66
phase separation, 3, 7, 12, 18, 33, 34, 62, 67,

70
plasticizer, 44
polydisperse polymers, 45
polymer mixture, 12, 17
polymer mixtures, 3, 10, 26
polymer plus colloids, 45
polymer solutions, 6
polystyrene, 44
polystyrene foam, 3
polystyrene foams, 44
potential of mean force, 46
pruned-enriched Rosenbluth method

(PERM), 12

quadrupole moment, 19

radial distribution function, 49, 52

radius of gyration, 17, 19
random hopping, 12
random phase approximation, 8
reaction coordinate, 34
reference hypernetted chain theory (RHNC),

53
renormalization group, 10
reweighting functions, 63
RHNC, 55
Rotational-Isomeric-State, 26

SAFT, 51
SAFT-VR, 51
SAW, 16
SCF, 20
SCF approach, 22
SCF calculations, 21, 22, 29, 37, 40, 41, 71
SCF equations, 23
SCF theory, 26, 35, 36, 62, 69
SCFT, 70
segment densities, 24
segment density, 24
self consistent field theory, 45
self-associating-fluid-theory (SAFT), 46
self-avoiding walk, 12
self-avoiding walks, 6
self-consistent field (SCF), 18
self-consistent field calculations, 69
Self-consistent Field Theory, 20
semi-dilute polymer solutions, 70
semi-dilute solutions, 21
semi-grandcanonical ensemble, 12
site—site correlation functions, 45
slithering snake, 12, 62
soft-SAFT, 51
spinodal, 18, 23, 35, 38, 39, 41, 42, 64
spinodal curve, 7
spinodal nucleation, 35
spinodals, 27, 28, 31–33, 42, 43, 67, 70
square gradient approximation, 18
square well chain, 59
statistical segment length, 19, 22
statistical segment lengths, 29
structure factor, 45
super–critical solvents, 61
super-critical solvent, 33
super-critical solvents, 27
symmetric polymer blend, 22



Index 109

thermodynamic limit, 63
thermodynamic perturbation theory, 46
thermodynamic perturbation theory (TPT),

27
thermodynamic perturbation theory (TPT1),

69
Theta point, 7
TPT, 29, 70
TPT1, 19, 45–47, 49–51, 53, 55, 57–62, 67,

70, 71
TPT1-MSA, 53, 57
TPT1-RHNC, 53, 54
TPT2, 45
tricritical behavior, 17
tricritical universality class, 67
triple line, 30, 32, 35, 38–40, 69
triple lines, 43

triple point, 33, 42
triple points, 31
triple pressure, 33, 40
triple temperature, 41, 44

united atom models, 58
upper critical dimension, 67
upper critical end point (UCEP), 30

van der Waals fluid, 51
vapor—liquid coexistence, 60
virial coefficients, 7, 20, 21, 32, 47, 61, 70
virial expansion, 30, 47, 69

weighted density functional, 26, 72

Yukawa chains, 46




	Introduction
	The Flory-Huggins Model of Incompressible Polymer Solutions and Its Test
	The Flory-Huggins Lattice Model and the Mean-field Approximation
	Phase Separation Between Polymerand Solvent Beyond Mean-field Theory: Scaling Predictions
	Monte Carlo and Molecular Dynamics Methods
	Comparison Between Computer Simulation Results* and Analytical Predictions

	Self-consistent Field Theory for Compressible Polymer Solutions
	Hexadecane and Carbon Dioxide:A Model for a Compressible Polymer Mixture
	Self-consistent Field Theory
	Modeling a Type III-phase Diagram of a Polymer + Solvent System
	Profiles Across Interfaces
	Bubble Nucleation
	Comparison to Classical Nucleation Theory and Cahn--Hilliard Theory
	Nucleation in the Vicinity of the Triple Line
	Temperature Dependence and ``Foam Diagrams''


	Equation of State of Compressible Polymer Solutions
	Introduction
	Thermodynamic Perturbation Theory
	Intuitive Approach
	Scaling Laws for the Critical Properties
	General Expression for Pure Polymers and Mixtures
	Calculation of the Monomer and Chain Contributions

	Application to Pure Polymers
	Application to a Pure Model Polymer
	Application to Alkanes

	Application to Polymer Solutions
	Application to a Polymer--Solvent System
	Application to Solutions of n-Alkanes in CO2


	Monte Carlo Simulations in the Grandcanonical Ensemble
	Technique
	Phase Diagrams
	Bubble Nucleation

	Concluding Remarks
	Index

