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a b s t r a c t 

We experimentally study the Saffman–Taylor instability of air invasion into a non-Newtonian fluid (i.e., 

Carbopol solution) in a rectangular Hele-Shaw cell. In addition to viscous features, the non-Newtonian 

fluid used exhibits yield stress, shear-thinning as well as elastic behaviors. The key dimensionless pa- 

rameters that govern the various flow regimes are the Bingham number ( Bn ), the capillary number ( Ca ), 

the Weber number ( We ), the Weissenberg number ( Wi ), the channel aspect ratio ( δ � 1), and the shear- 

thinning power-law index ( n ). Three main flow regimes are observed, i.e., a yield stress regime, a viscous 

regime and an elasto-inertial regime. We present a detailed description for each regime and quantify 

their transition boundaries versus dimensionless groups. Some of the secondary flow aspects, e.g., the 

wall residual layer thickness and a network structure regime, have been also studied. 

© 2017 Elsevier B.V. All rights reserved. 
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. Introduction 

Displacement flows are often vulnerable to interfacial insta-

ilities in a variety of physical, chemical, biological, geophysi-

al, and engineering systems. Of particular interest has been the

iscous fingering instability or the Saffman–Taylor instability [72] ,

hich occurs when a less-viscous fluid displaces a more-viscous

ne, and refers to the appearance of finger-like interfacial patterns

30,49,85] . This interesting phenomenon is regarded as a repre-

entative of interfacial pattern formation and it has been studied

umerously, from various perspectives, since it also frequently oc-

urs in nature and industrial applications, such as sugar refining

28] , carbon sequestration [15] , enhanced oil recovery [60] , oil well

ementing [7] , printing devices [77] , chromatographic separations

70] , coating [29] , adhesives [57] , and growth of bacterial colonies

5] . 

Viscous fingering in a traditional Hele-Shaw cell [30,49] , made

f two parallel flat plates with a small gap, has received much

ttention as a suitable framework to analyze interfacial instabili-

ies in narrow confined passages, e.g., in porous media [30] . In the

ase of Newtonian fluids, the fluid motion in the Hele-Shaw cell is

escribed by Darcy’s law, which relates the two-dimensional aver-

ged velocity across the gap 

ˆ V 1 to the local pressure ˆ p . Darcy’s law

s valid for laminar flows through porous media in the limit of low

eynolds number, Re (see [27,30] ). The other governing equation of
∗ Corresponding author. 

E-mail address: seyed-mohammad.taghavi@gch.ulaval.ca (S.M. Taghavi). 
1 In this paper we adopt the convention of denoting dimensional quantities with 

he ̂  symbol and dimensionless quantities without. 
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he system is the mass conservation. These two equations are 

ˆ 
 = −

ˆ b 2 

12 ̂  μ
∇ ̂

 p , (1) 

. ̂ v = 0 , (2) 

here ˆ b and ˆ μ denote the gap thickness and shear viscosity,

espectively. Due to incompressibility, the pressure field satisfies

aplace’s equation, ∇ 

2 ˆ p = 0 . In order to determine the pressure

ump across the interface, the Young-Laplace equation is used, i.e.,

ˆ p = ˆ σ
(
1 / ̂  R 1 + 1 / ̂  R 2 

)
, where ˆ σ denotes the surface tension, and

ˆ 
 1 and 

ˆ R 2 are the interface curvature radius in the direction per-

endicular to the parallel plates and that in the plane of motion,

espectively. Since the gap thickness of the Hele-Shaw cell ( ̂ b ) is

mall, it can be assumed that 1 / ̂  R 1 ≈ 2 / ̂ b , and that the larger ra-

ius of curvature, ˆ R 2 , has a negligible effect [6,82] . Thus, the pres-

ure jump over the interface is simplified to � ˆ p ≈ 2 ̂  σ/ ̂ b . 

Although various flow features, e.g., the wall wetting film thick-

ess [61] , the interface shape [75] and inertial effects [27,71] , may

equire modifications to Darcy’s law, this relation has been gener-

lly found suitable for Newtonian fluids. In particular, the shape

nd the width of the advancing finger ( ̂  w ) can be obtained. For

xample, Saffman and Taylor [72] have shown in their classical

ork that ˆ w is inversely proportional to the finger tip velocity ( ̂  U ).

hey and other researchers have also shown that the relative finger

idth ( λ = ˆ w / ̂  W ) reaches a limiting value of ∼ 1/2 at high finger

ip velocities [30,34,72] . Despite many effort s, the applicability of

arcy’s law to realistic non-Newtonian fluids has been more lim-

ted compared to Newtonian fluids [41,65] . 
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The Saffman–Taylor instability problem for non-Newtonian flu-

ids is not very well defined [47] due to complex rheologi-

cal behaviors exhibited by these fluids. The effects of several

key non-Newtonian properties have been investigated, such as

yield stress [17,43,46,62] , shear-thinning [9,25,83] , shear-thickening

[9,25,55] and elastic behaviors [31,47] . A new, diverse class of prob-

lems have been discovered [17,24,58] , e.g., snowflake-like patterns

[11] and branched, fractal, or fracture-like structures [32,39,59] .

In particular, it has been found that shear-thinning effects in-

duce dendritic patterns (with side branching) or crack-like patterns

(with angular branches and sharp tips) [3,37] . Shear-thickening

features may widen or narrow the finger width [33] . Viscoplas-

tic properties have been found to strikingly modify Newtonian

morphological patterns. For theses fluids, Lindner et al. [43] have

discovered the existence of a yield stress regime (with ramified

structures) and a viscous regime (with a single finger) at small

and moderate velocities. Maleki et al. [46] have also observed a

side-branching regime at larger velocities. Numerical simulations

of Ebrahimi et al. [21] confirmed some of the observed behaviors

for these fluids. Finally, a fluid’s thixotropy drastically affects the

finger shape, leading to chaotic behaviors at longer times [22] . 

In general, in the displacement of a more viscous, wetting fluid

by a less viscous, non-wetting fluid, the advancing finger leaves

behind a wetting film of the displaced fluid on the wall of the

flow geometry, the thickness of which has been the subject of

many studies. For example, Bretherton [10] theoretically studied

the film residual behind a flat interface for a Newtonian fluid flow-

ing in a tube, at small capillary numbers, and found that the film

is uniform and thin. For Newtonian fluids in the Hele-Shaw cell,

the maximum film thickness is a function of Ca 2/3 [75,76] , also re-

ported by Bretherton [10] for the tube geometry. However, the film

thickness in the Hele-Shaw cell may not be uniform as a result of

the normal velocity variation along the interface [61,76] . Poslinski

et al. [66] experimentally studied the displacement of a viscoplas-

tic fluid by air in a horizontal tube and found that the film thick-

ness is much larger compared to Newtonian fluids and it can in-

crease up to 0.35 of the tube radius at high air flow rates. The

film thickness for viscoplastic fluid depends on the tube geome-

try, finger shape and fluid properties, as numerically observed by

Dimakopoulos and Tsamopoulos [20] . Through a combined theo-

retical and computational study, Allouche et al. [2] quantified the

residual wall layer film thickness for viscoplastic for a 2D channel

flow. Freitas et al. [26] have also shown that the yield stress value

has a significant effect on the flow patterns and layer thickness,

e.g., the film thickness decreases by an increase in the yield stress.

Although, as discussed, there are numerous studies in the lit-

erature addressing viscous finger of non-Newtonian fluids, there is

hardly a clear picture of all the leading order flow regimes, espe-

cially versus the dimensionless parameters that govern the flow.

This is due the fact that the complex rheology makes it hard to

study the flow in generality as there is a wide range of parame-

ters that control the flow (for example see Tables 1 and 2 show-

ing the definitions & ranges of several dimensional/dimensionless

parameters used in our study). Almost certainly, some of the non-

Newtonian features are known in separate contexts, but our un-

derstanding is limited when they are present at the same time

or compete with one another, which is the case in most non-

Newtonian fluids. In addition, it is now accepted that many lab-

oratory fluids, previously believed to be “ideal” in a sense that

they only present a single non-Newtonian characteristic, in fact

exhibit many competing non-Newtonian features simultaneously.

A good example may be a Carbopol solution, which is shear-

thinning, viscoplastic, weakly viscoelastic, although with no signif-

icant thixotropy [13,38,63,68] . In the light of the limitations of the

literature mentioned, some of the key contributions of our study

can be summarized as follows. (i) We characterize the regimes
f viscous fingering for a common laboratory fluid, i.e., Carbopol

olution, exhibiting an interesting range of complex rheology. (ii)

hrough conducting a large number of experiments ( ∼ 600), we

re able to describe the flow regimes versus the dimensionless

roups and delineate leading order boundaries between them. An

ffort has been devoted to find the best combination of the key

imensionless numbers to appropriately and clearly explain each

egime and their corresponding transitions. (iii) While shedding

urther light on the previously-discovered regimes for viscoplastic

uids (e.g., [43,46] ), i.e., the yield stress and viscous regimes, we

lso find for the first time an elasto-inertial flow regime, which

orresponds to simultaneous presence of inertial and elastic ef-

ects, at high shear-rates. (iv) We provide an in-depth look into

ome of the secondary, interesting features of the flow, e.g., the

all residual film thickness and a network structure regime inside

he finger domain. (v) Finally, there is a trend in recent studies

o control the viscous fingering phenomena, for Newtonian fluids,

hrough using various methods, e.g., non-uniformity of the geome-

ry [1] (see also [54] ), imposed flow rate variation [40] , and elastic

all boundaries [64] . The extensions of these fascinating methods

o control viscous finger for non-Newtonian fluids may only be-

ome possible when a clear, general picture of viscous fingering in

on-Newtonian fluids becomes available. The current work may be

 step in that direction. 

The outline of the paper is as follows. In Section 2 , the experi-

ental setup, procedures, and fluid characterizations are discussed.

ection 3 covers throughly the main flow regimes as well as some

econdary flow behaviors. The paper concludes with a brief sum-

ary. 

. Experimental descriptions 

Our experiments study was performed in a traditional, rectan-

ular Hele-Shaw cell formed by two closely-spaced, smooth plex-

glas plates. The channel dimensions and the flow parameters are

iven in Table 1 . The plates of the cell were 1/2 inch thick to pre-

ent bending. The plates were separated by a thin Nitrile Butadi-

ne Rubber (NBR) spacer. The gap thickness was set using level

crews distributed along both sides of the cell. This thickness was

lso controlled with digital caliper and a digital level meter. Rubber

nd level screws were used to prevent any fluid loss and control

he gap thickness. A schematic of the experimental cell is shown

n Fig. 1 . The cell was initially filled with the displaced fluid, which

as a Carbopol solution (Carbomer 940, Making Cosmetics Co.).

hen, from the inlet of the cell, the displacing fluid (air) was in-

ected. Light Emitting Diode (LED) stripes along with light diffuser

anels were used to adjust the light. Light absorption calibrations

ere performed in a usual fashion. The advancing fingers and the

ccompanied complex patterns were recorded using a high-speed

igital camera (Basler A2040-90um) coupled to computer for di-

ect image acquisition and treatment. In addition, an ultra-high-

peed camera (FASTCAM UX100) was occasionally used for ex-

remely large flow velocities. The images were post-processed us-

ng MATLAB, ImageJ and the camera software. The inlet mean im-

osed velocity was determined by an Alicat mass flow controller

ith a resolution of 0.0 0 01 lit/min. 

.1. Fluid preparation and characterization 

Carbopol is widely used as a thickener in cosmetic and phar-

aceutical products [35,38,68] and as a gelling agent in systems

here clarity is needed. The Carbopol rheology is mainly con-

rolled by the concentration and pH of the solution. Carbopol is

nitially mixed with water to create an acidic solution, which is

hen neutralized with a base agent at intermediate pH (e.g., NaOH).
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Table 1 

The ranges and values of the dimensional parameters in our work. The reported viscosity values correspond 

to the shear rates between 0.12 and 518 (1/s). 

Parameter Name SI unit Range or value 

ˆ W Channel width m 6 . 8 × 10 −2 

ˆ w Finger width m (5 . 6 − 23 . 2) × 10 −3 

ˆ b Gap thickness m 9 × 10 −4 & 1 . 5 × 10 −3 

ˆ L Channel length m 2 . 6 × 10 −1 

ˆ V Mean imposed flow velocity m/s (0 − 307) × 10 −3 

(flow rate divided by channel cross section) 
ˆ U Finger tip velocity m/s (0 − 1705) × 10 −3 

ˆ ρ Carbopol density kg/m 

3 ∼ 9.985 × 10 2 

ˆ C Carbopol concentration % (wt/wt) (1 − 1 . 5) × 10 −3 

ˆ μ Carbopol viscosity Pa.s (5 . 2 − 793) × 10 −1 

ˆ σ Surface tension N/m ∼ 6 . 6 × 10 −2 

ˆ σe f f Effective surface tension N/m ∼ (6 . 6 − 7 . 05) × 10 −2 

ˆ τY Yield stress Pa 5 . 5 − 13 . 7 
ˆ N 1 First normal stress difference Pa 0 − 168 . 1 
ˆ � Relaxation time s ∼ (0 . 4 − 134) × 10 −3 

ˆ t a v e Wall residual layers average thickness m (2 . 9 − 14 . 4) × 10 −5 

ˆ n d Number of cavities in the network structure regime – (4 . 8 − 25 . 9) × 10 1 

ˆ d a v e Mean characteristic diameter of cavities m (4 . 7 − 83) × 10 −4 

in the network structure regime 

a) 3D-view

b) Side- view

 Carbopol gelAir

Carbopol gel
Air

 Rubber

Upper late

Lower plate

   
   

 
 

Fig. 1. Schematic view of the experimental set-up (i.e., a rectangular Hele-Shaw cell). a) A 3D-view of the geometry and the flow. b) Side view. 

Table 2 

The ranges and values of the dimensionless parameters in our work. 

Parameter Name Definition Range or value 

Bn Bingham number 
ˆ τy 

κ( ̂ V / ̂ b ) 
n (3 − 19) × 10 −1 

Bn ∗ Modified Bingham number Bn 
1+ Bn 

(2 − 7 . 3) × 10 −1 

Ca Capillary number ˆ μ ˆ U 
ˆ σe f f 

(9 − 146 . 5) × 10 −1 

Ca ∗ Modified capillary number Ca δ1+ n 
1+ W e ∗/We ∗c 

(5 . 9 − 120 . 5) × 10 −1 

Re Reynolds number ˆ ρ ˆ U ̂ b 
ˆ μ

(2 . 7 − 810 0 0) × 10 −7 

t Relative film thickness 
ˆ t a v e 

ˆ b 
(34 − 96) × 10 −3 

We Weber number ˆ ρ ˆ U 2 ˆ b 
ˆ σe f f 

(6 . 5 − 789200) × 10 −5 

We ∗ Modified Weber number We δ1+ n (2 − 126200) × 10 −2 

Wi Weissenberg number 
ˆ � ˆ U 
ˆ b 

(1 . 24 − 574) × 10 −2 

δ Aspect ratio 
ˆ W 
ˆ b 

45 . 3 & 75 . 5 

λ Relative finger width ˆ w 
ˆ W 

(8 − 34) × 10 −2 
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w  
t small concentrations, the density of the neutralized transparent

olution is close to that of water. 

For visualization purposes, the Carbopol gel used in our experi-

ents was dyed with a small amount of black ink for visualization

urposes. Three different Carbopol solutions were used for the ex-

eriments, for which the composition is shown in Table 3 . The con-
entional abbreviations introduced in the table for different Car-

opol concentrations will be used throughout the rest of the paper.

he rheological measurements for Carbopol solutions (termed low,

edium and high concentrations) were performed using an AR-G2

A Instrument digital controlled shear stress-shear rate rheometer.

 cone-and-plate geometry was used, with 60 mm cone and plate

iameter, 2.04 ° cone angle and 56 μm gap at the cone tip. Identical

oading procedures were implemented in all tests. 

Neglecting elastic effects and concentrating on viscoplastic

roperties, the Herschel–Bulkley model is an appropriate rheologi-

al model that describes the shear behavior of Carbopol gel: 

ˆ = ˆ τY + ˆ κ ˆ ˙ γ n , (3) 

hich also includes the simpler Bingham, power-law and Newto-

ian models. The Herschel–Bulkley model is defined by three pa-

ameters: a fluid consistency index ( ̂  κ), a yield stress ( ̂  τY ), and a

ower-law index ( n ). The Herschel–Bulkley viscosity ( ̂  μ), which de-

ends on the Carbopol concentration and the shear rate ( ̂  U / ̂ b ), is

alculated as (see Fig. 2 a): 

ˆ = ˆ τY 

(
ˆ b 

ˆ U 

)
+ 

ˆ K 

(
ˆ U 

ˆ b 

)n −1 

. (4) 

Figure 2 a shows that ˆ U / ̂ b affects the viscosity significantly,

here the viscosity of Carbopol strongly decreases with the shear
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Table 3 

Carbopol composition and determined parameters from rheological measurements, assuming the 

Herschel–Bulkley model. 

Carbopol solution Carbopol NaOH ˆ τY ˆ κ n 

% (wt/wt) % (wt/wt) (Pa) (Pa.s n ) –

Low Carbopol concentration (LCC) 0.1 0.029 5.5 5.7 0.32 

Medium Carbopol concentration (MCC) 0.12 0.035 8.3 7.6 0.31 

High Carbopol concentration (HCC) 0.15 0.043 13.7 11.8 0.35 

Fig. 2. Various rheology results for experiments with LCC ( ), MCC ( ) and HCC ( ). a) Viscosity ( ̂ μ) as a function of the shear rate ( ̂ U / ̂ b ) based on Eq. (4) . The inset 

shows the same data as in the main graph but with a logarithmic scale. b) Flow curves of the shear stress ˆ τ versus the shear rate ˆ ˙ γ . The dashed lines correspond to the 

Herschel–Bulkley model parameters fitted to data. c) The storage modulus (filled symbols) and the loss modulus (hollow symbols) as a function of frequency ( ̂ ω ). The inset 

shows the loss factor versus frequency. d) The first normal stress coefficient ( ̂  �1 ) as a function of the shear rate. 
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rate. Examples of rheometer flow curves of different Carbopol solu-

tions (along with the fitted Herschel–Bulkley model data) are given

in Fig. 2 b. The yield stress value is enhanced by increasing the Car-

bopol concentration. 

In order to gain insight about the elastic properties of our Car-

bopol gels, oscillatory frequency sweep tests (with the angular fre-

quency ˆ ω ) were conducted to quantify the relation between the

elastic and viscous properties of the experimental samples. The

values of the storage modulus, ˆ G 

′ (Pa ) , and that of the loss modu-

lus, ˆ G 

′′ (Pa ) , depend on the Carbopol concentration of each sample.

The storage and loss moduli represent elastic and viscous charac-

teristics, respectively. Complex modulus can be calculated by ˆ G 

∗ =√ 

ˆ G 

′ 2 + 

ˆ G 

′′ 2 . The loss factor, tan ε, is the ratio of viscous to elas-

tic portion of the viscoelastic deformation, defined as tan ε = 

ˆ G ′′ 
ˆ G ′ .

Figure 2 c displays the variation of storage and loss moduli for dif-

ferent Carbopol gels. The values of both moduli increase with in-

crements in the frequency. It can be also seen that by increasing

the Carbopol concentration, the ratio of the storage modulus to the

loss modulus is generally enhanced. The inset of Fig. 2 c shows that

the loss factor varies in the range of 0.3 ≤ tan δ ≤ 0.9. Since the

loss factor is smaller than unity, the elastic effects are important.

Our Carbopol gels are generally comparable in their elastic behav-

ior as well as loss factor with the values reported in the literature

[18,35] . 

The Weissenberg number is the appropriate dimensionless

number to quantify viscoelastic behaviors under flow, defined as
 h  
he ratio of the relaxation time ( ̂  �) to the timescale of flow ( ̂ b / ̂  U ).

o find the Weissenberg number of our Carbopol gels, the follow-

ng steps were taken. First, the first normal stress difference ( N 1 ),

s the evidence of elastic effects, was calculated using the Lodge-

eissner relation (which is frequently employed) [52] : 

ˆ 
 1 = γ . ̂  τ , (5)

here γ and ˆ τ are the shear strain and the shear stress, respec-

ively. The former was calculated through amplitude sweep tests.

t is accepted that the comparison between the calculated N 1 from

he Lodge-Meissner relation and the values directly measured by a

heometer is satisfactory ( [52] and references therein). In the sec-

nd step, the normal stress coefficient was found through its defi-

ition, i.e., ˆ �1 = 

ˆ N 1 / ̂  ˙ γ
2 . Finally, ˆ � was determined by [19,87] 

ˆ = 

ˆ �1 ( 
ˆ U 
ˆ b 
) 

2 ̂  μ( 
ˆ U 
ˆ b 
) 
. (6)

Figure 2 d illustrates the first normal stress coefficient ( ̂  �1 ) as

 function of the shear rate ( ̂  ˙ γ ) for different Carbopol concentra-

ions, showing that ˆ �1 becomes trivial at larger shear rates and it

ncreases with an increase in the Carbopol concentration. 

We end this characterization section by reminding that the air-

arbopol surface tension value used for analyzing our experimen-

al results is slightly lower than that of air-water, i.e., ˆ σ = 0 . 0 6 6

N/m), taken from the literature [8] . Through developing a Wil-

elmy technique, Boujlel and Coussot [8] have shown that the
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Fig. 3. Experimental results of the displacement of an MCC gel by air in a Hele-Shaw cell geometry with ̂  b = 0 . 9 mm. a) Experimental images of the displacement flow. The 

air flows from left to right. Effects of increasing the mean imposed velocity ( ̂ V ) on the finger patterns can be seen. The mean imposed velocities are ˆ V = 0 . 58 , 6 . 3 , 31 . 4 mm/s 

and the finger tip velocities are ˆ U = 2 . 4 , 30 . 2 , 147 . 5 mm/s, from top to bottom. The field of view for each of these snapshots is 4.7 × 21.3 cm 

2 . b) Variation of the finger 

width, ˆ w , versus the finger tip velocity, ˆ U . Three different flow regimes are marked by (yield stress regime), (viscous regime), and (elasto-inertial regime). The arrow 

indicates the transition point where inertial effects start to become important. The inset shows the same data as in the main graph but with a linear scale. 
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v  
urface tension variation versus low concentrations of Carbopol is

early negligible, which is the case in our experiments. 

. Results and discussions 

In this section, we present and discuss our main findings for a

ide range of experimental parameters studied. In a typical exper-

ment, the cell is already full of Carbopol solution while a constant

ressure gradient is applied to the system. Due the large viscos-

ty difference between air and Carbopol, the air penetrates into the

el, forming various interesting patterns, which we will discuss be-

ow. Examining experimental results consists of two separate ana-

yzes: first, analyzing the morphological behaviors based on exper-

mental images and, second, quantifying the finger width and the

nger tip velocity. The last two parameters remain almost constant

hroughout each experiment, except for close to the channel ends. 

.1. Main flow behaviors 

Let us begin with explaining the main flow regimes in our ex-

eriments and their qualitative features. In a sequence of increas-

ng the mean imposed displacement velocity, ˆ V , while the rest of

he flow parameters are fixed, we observe that the flow morphol-

gy changes significantly. For example, Fig. 3 a presents three dif-

erent regimes with distinct patterns observed in a typical experi-

ental set. These flows regimes, also presented as videos in sup-

lementary materials, can be explained as follows: 

• At low 

ˆ V , a yield stress regime is observed, which consists of

many fingers (top image). In fact the process initially starts

with a finger, for which the tip quickly splits and asymmet-

ric fingers are formed. The destabilization and splitting contin-

ues and more fingers are progressively created. Therefore, the

displacement flow eventually exhibits a ramified structure with

many fingers. 
• At larger ˆ V , the flow behavior changes; here, a viscous regime

with a single, narrow finger is found (middle image). The shape

of this single finger is very similar to that of classical viscous

fingers in Newtonian displacement flows [44,81] . In this regime,

the tip splitting is suppressed. The formed finger is approxi-

mately symmetric and it is placed more or less in the middle

of the channel. 
• At much larger ˆ V , the flow presents an elasto-inertial regime. In

this pattern, there is usually an asymmetric finger in middle of

the channel while there are secondary instabilities at the fin-

ger sides, leading to a side-branching structure (bottom image).
While the main finger does not present tip splitting, highly

branched finger sides are eventually formed. These branches

may have different lengths and angles. It may be worth not-

ing the relevant literature of viscoelastic displacement flows

where a variety of side branching morphologies, depending on

the fluid type and the imposed velocity, are observed [49] . 

Although, these observations were described versus the mean

mposed velocity ˆ V , they can be equally presented versus the fin-

er tip velocity ( ̂  U ), since these two velocities are proportional. The

nger tip velocity is however preferred as velocity scale to define

he capillary number. 

Figure 3 d plots the variation of the finger width, ˆ w , versus the

nger tip velocity, ˆ U . It should be noted that in some cases the lo-

al finger width varies along the channel so that the average finger

idth has been used to calculate all the dimensional and dimen-

ionless parameters throughout this work. However, the variation

f the local finger width with time is negligible. The three differ-

nt flow regimes, which were explained in Fig. 3 a, are marked by

ifferent symbols on this graph. At low 

ˆ U , where the yield stress

egime is found, the finger width remains nearly constant as ˆ U in-

reases. At larger ˆ U , the finger width changes its behavior as it

tarts to continuously decrease with 

ˆ U . At very large ˆ U , the flow

ransitions to the elasto-inertial regime, where the variation of ˆ w is

ot monotonic. For example, at the transition point to this regime,

lthough the flow morphology changes, the finger width initially

ontinues to decrease. However, at larger velocities, ˆ w suddenly

tarts to increase and it finally reaches almost a plateau at ex-

remely large ˆ U (visible in the inset). The change in the morphol-

gy may be attributed to elastic effects, while the non-monotonic

ehaviors of ˆ w implies the appearance of inertial effects. It will be

rgued later, in more details, that inertial effects are responsible

or the increase in the finger width. 

Figure 4 shows variation of the finger width versus the fin-

er tip velocity, for different Carbopol concentrations and channel

hicknesses. Although the value of ˆ w is affected by both of these

arameters, a general common behavior can be recognized for all

xperiments: ˆ w is nearly independent of velocity at very small ˆ U ,

ecreases at medium 

ˆ U , suddenly starts to increase at large ˆ U and

nally reaches almost a plateau at very large ˆ U . 

.2. Yield stress regime 

In an interesting experimental study using gels and foams, Lind-

er et al. [43,44] were first to quantify the yield stress regime of

iscoplastic fluids. They backed up their experimental results with
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Fig. 4. Variation of the finger width versus the finger tip velocity: a) The results are shown for three Carbopol concentrations and a fixed channel thickness ( ̂ b = 1 . 5 mm). 

The data correspond to experiments with LCC ( ), MCC ( ) and HCC ( ). b) The results for two different channel thicknesses and a fixed MCC. The data correspond to 

experiments with ˆ b = 1 . 5 mm ( ) and ˆ b = 0 . 9 mm ( ). The insets are the same as the main graph but with a semi-log x-axis, where the three regimes are more visible. 

Fig. 5. Results for the yield stress regime with the following experimental parameters: ˆ b = 1 . 5 mm & LCC ( ), ˆ b = 1 . 5 mm & MCC ( ), ˆ b = 1 . 5 mm & HCC ( ), and 
ˆ b = 0 . 9 mm & MCC ( ). (a) Variation of the finger width versus the finger tip velocity. The horizontal dashed lines show the mean values of ˆ w for all ˆ U in this regime. These 

mean values are used for plotting the subfigure on the right. (b) The dimensionless mean value of finger width ( λ = ˆ w / ̂  W ) as a function of δ−2 / 3 ( CaBn ∗) −1 / 3 . 
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their theoretical predictions from an earlier paper [17] . Although

our experimental gel is different, our results in this regime show

very good agreement with the findings of Lindner et al. [43] ; see

also [46] . Although, Van dam et al. [81] have observed tip-splitting

and ramified structure for the shear-thinning fluid at very low ve-

locities, we believe that, similar to the work of Lindner et al. [43] ,

the patterns observed in our experiments at low velocities are due

to yield stress rather than shear-thinning effects. Figure 5 shows

the finger width versus the finger tip velocity. As can be seen,

there is not much noise in our experimental results, unlike those

of Lindner et al. [43] . This figure shows that the finger width is

independent of the finger tip velocity (or the mean imposed flow

velocity) in the yield stress regime, for a large number of experi-

mental data presented. The reason is that, for small ˆ U , the yield

stress is predominant so that the displaced fluid is not yielded

everywhere and therefore the each air finger does not sense the

presence of the channel walls or other fingers (see [43] ). The ap-

pearance of the ramified structure can be attributed to this feature

since the finger can frequently split without feeling the surround-

ings. 

Based on Darcy’s law, there is a linear relation between pres-

sure gradient and velocity for Newtonian fluids in the Hele-Shaw

cell. For these fluids, Chouki et al. [14] have demonstrated through

linear stability analyzes that the wavelength of maximum growth

( ̂ λm 

) is governed by the ratio of capillary to viscous stresses ex-

pressed as ˆ λm 

∝ 

√ 

ˆ σ ˆ b 2 

ˆ μ ˆ U 
, in which the viscous stress has been ap-

proximated by ˆ μ ˆ U 
ˆ b 

. However, the relation between pressure gradi-

ent and velocity for yield stress fluids is non-linear and instability

may occur even at vanishing velocities [17] . Thus, as the stress ap-

proaches to the yield stress at low shear rates, we may simply re-

place the viscous stress in the relation for λm 

by the yield stress to

C  
nd 

ˆ λm 

∝ 

√ 

ˆ σ ˆ b 
ˆ τy 

[46] . More rigorously, Coussot [17] has analytically

roved that this relation is appropriate. Assuming that the finger

idth after destabilization corresponds to the maximum growth

avelength, we can show that the dimensionless finger width in

he yield stress regime satisfies λ ∝ δ−2 / 3 ( CaBn ∗) −1 / 3 
, where Bn ∗ is

he modified Bingham number [78] defined as Bn ∗ = 

ˆ τy 

ˆ τy + κ
(

ˆ V / ̂ b 

)n =

Bn 
1+ Bn . Figure 5 b shows the dimensionless mean value of the fin-

er width λ as a function of δ−2 / 3 ( CaBn ∗) −1 / 3 
, showing a nearly-

inear relation, which is in good agreement with previous theoreti-

al [17] and experimental observations for other types viscoplastic

uids [43,46] . 

.3. Viscous regime 

We showed earlier that at higher velocities, the displacement of

arbopol by air transitions from the yield stress regime to the vis-

ous regime. Two features are associated to the viscous regime in

ur viscoplastic displacements. First, morphologically, a thin finger

dvances in the middle of the channel. Second, the finger width

ecreases as the mean imposed flow velocity or the finger tip ve-

ocity increases. Let us look further into the variation of the finger

idth in this regime. 

Figure 6 a presents the variation of the dimensional finger width

 ̂  w ) as a function of the finger tip velocity ( ̂  U ) for various experi-

ental parameters. All of the experimental data show a continu-

us decrease in ˆ w in the viscous regime. In this regime, viscous

orces balance surface tension forces. The latter increase as the ve-

ocities increase. Figure 6 a interestingly shows that for a given 

ˆ U ,

he width of finger decreases by increasing the concentration of

arbopol, which is perhaps due to the overall increase in the vis-
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Fig. 6. Finger width versus various parameters for ˆ b = 1 . 5 mm & LCC ( ), ˆ b = 1 . 5 mm & MCC ( ), ˆ b = 1 . 5 mm & HCC ( ), and ˆ b = 0 . 9 mm & MCC ( ). a) ˆ w versus ˆ U . The 

dashed lines are fitted curves as eye guides. b) λ versus Ca δ1+ n , showing the collapse of two data sets (different channel thicknesses) onto a single curve. In the top & 

bottom insets, the exponents of δ are 1 and 2, respectively. c) λ as a function Ca δ1+ n , showing the collapse of 4 data sets (different Carpool concentrations) onto a single 

curve. d) Values of the Bingham number Bn (indicated by size and by the color in the color bars), plotted against λ and Ca δ1+ n for all the data sets. (For interpretation of 

the references to color in this figure legend, the reader is referred to the web version of this article.) 
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osity of the Carbopol solution. In addition, this subfigure shows

hat for a constant Carbopol concentration, increasing the channel

hickness widens the displacement flow finger. 

It is known that for Newtonian fluids, Ca δ2 is the appropri-

te dimensionless group which enables the collapse of all fin-

er widths onto a master curve [30,50,75,80] . This dimension-

ess group has been also used for weakly shear-thinning flu-

ds with modified Darcy’s law in which viscosity ˆ μ is substi-

uted by shear dependent viscosity ˆ μ
(

ˆ ˙ γ
)

[3,36,41,65,80] . Lindner

t al. [41] showed that this substitution is only valid when the

uids are very weakly shear-thinning ( n > 0.65). This becomes

elevant to our work since the power-law index in the Herschel–

ulkley model ( n ) for our gel is less than 0.4 so that our fluids

re not weakly shear-thinning. Lindner et al. [43] suggested Ca δ as

 suitable dimensionless group for viscoplastic fluids with signifi-

ant shear-thinning effects. Figure 6 b plots λ versus Ca δ1+ n while

he insets are versus Ca δ2 and Ca δ. We observe from the insets

hat neither Ca δ2 nor Ca δ enables a perfect collapse of the data.

nstead, as the results of the main figure suggest, Ca δ1+ n works

early perfectly as the control parameter for our experiments. The

xponent of the aspect ratio that we propose ( 1 + n ) shows that

he dependency on the aspect ratio is weaker compared to New-

onian fluids, which may be attributed to 3D effects [43] . The ex-

onent seems valid for our moderately shear-thinning viscoplastic

uids while it is also consistent with previous finding for Newto-

ian fluids ( n = 1 ) as well as strongly shear-thinning fluids ( n 

). Although our results seem reasonable, the mechanism behind

he modification of the dimensionless group is not crystal clear. In

ddition to 3D effects, the literature also suggests that the devia-

ion from Darcy’s law for strongly shear-thinning fluids may be due

o slip layers formation for these fluids in the flow [36,37] . These

ayers in polymeric liquids originate from velocity gradient at the

olid-liquid interface at high shear rates [36,48,53] . 

Figure 6 c shows a reasonable collapse of λ versus Ca δ1+ n , for

arious Carbopol concentrations. Figure 6 d plots a neat collapse of

ata for all sets of experiments in the viscous regime. The values of
 t  
he Bingham number are superposed as color bars onto this figure,

howing the true nature of viscous domination: the data points

learly have different Bn but they nevertheless collapse onto the

ame master curve. Generally, it is clear from this subfigure that

he capillary and Bingham numbers have opposite effects on the

imensionless finger width, λ: by increasing Ca the finger width

ecreases but by increasing Bn generally (not always) the finger

idth increases. 

.4. Transition between viscous and yield stress regimes 

One would like to ideally distinguish different flow regimes ver-

us the dimensionless groups that govern the flow. It is a priori ex-

ected that Ca must be an important parameter to govern the tran-

ition between the viscous and yield stress regimes. In addition, a

uitable dimensionless number to consider yield stress effects is

he Bingham number. To find the appropriate dimensionless group

overning the transition, various combination of the dimensionless

orms were examined. Figure 7 a shows the variation of λ versus

a δ1+ n 
/Bn for the yield stress and the viscous regimes. For dif-

erent experimental parameters, it can be seen that λ is initially

ndependent of Ca δ1+ n 
/Bn whereas it decreases versus Ca δ1+ n 

/Bn

fter a transition point, which takes place at Ca δ1+ n 
/Bn ≈ 550 , on

verage. Figure 7 b shows the experimental data points that be-

ong to different flow regimes in the plane of Ca δ1+ n 
and Bn . The

ield stress, viscous and elasto-inertial regimes are marked by dif-

erent symbols. An oblique dashed line is superposed on this fig-

re and it has a slope of Ca δ1+ n 
/Bn = 550 (based on the find-

ngs of Fig. 7 a), which can interestingly separate the yield stress

nd viscous regimes. The special form of the transition dimension-

ess group, i.e., Ca δ1+ n /Bn, may be justified by reminding that the

ransition between the yield stress and viscous regimes occurs at a

ritical point where the ratio of viscous to surface tension stresses

 Ca ) significantly exceeds that of yield to viscous stresses ( Bn ). 

To test accuracy of Ca δ1+ n 
/Bn ≈ 550 to delineate the transi-

ion between the yield stress and viscous regimes, several data
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Fig. 7. a) λ as a function of Ca δ1+ n 
/Bn . The dashed lines are fitted curves as eye guides. The vertical solid lines indicate the transition points at which λ starts to decrease, 

for each experimental sequence of increasing velocity (on average Ca δ1+ n 
/Bn ≈ 550 ). The data correspond to the experiments with ˆ b = 1 . 5 mm & LCC ( ), ˆ b = 1 . 5 mm 

& MCC ( ), ˆ b = 1 . 5 mm & HCC ( ), and ˆ b = 0 . 9 mm & MCC ( ). b) Different flow regimes observed in the plane of Ca δ1+ n 
and Bn . The symbols correspond to the yield 

stress regime ( ), the viscous regime ( ), and the elasto-inertial regime ( ). The oblique dashed line indicates the transition between the yield stress and viscous regimes 

( Ca δ1+ n 
/Bn = 550 ). The vertical dashed line at Bn = 0 . 5 separates the data corresponding to the viscous and elasto-inertial regimes. The yield stress and viscous regime data 

points from the literature are also superposed. The symbols correspond to the yield stress regime (hollow symbols) and the viscous regime (filled symbols). The data are 

from [43] ( ), [21] ( ) and [46] ( ). 
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points from different experimental and numerical studies available

in the literature [21,43,46] are also superposed on Fig. 7 b. This fig-

ure shows that proposed relation is more or less in good agree-

ment with the previous findings from diverse studies. 

In Fig. 7 b, the data points corresponding to the viscous and

elasto-inertial regimes are also segregated, on the two sides of the

vertical dashed line at Bn ≈ 0.5. This implies that the transition

to elasto-inertial regime occurs when the yield stress effects, cap-

tured by the Bingham number, are negligible ( Bn < 0.5). However,

we have already shown that small Bn flows for our Carpobol so-

lutions correspond to large Wi flows. In fact, as will be shown in

the following section, although Fig. 7 b shows the smallness of the

relative yield stress effects in the elasto-inertial regime, the critical

transition between the viscous and elasto-inertial regimes is in fact

govern by Wi not Bn . 

3.5. Elasto-inertial regime 

By increasing the mean imposed flow velocity, we transition

from the viscous regime to the elasto-inertial regime. By “elasto-

inertial” regime, we mean a regime where both elastic and iner-

tial effects are present. Morphologically, in this regime, there usu-

ally exists a single finger in more or less the middle of channel

while the sides of the finger present branches or wavy-like inter-

facial patterns. This is attributed to elastic effects (creating non-

zero first normal stress difference). In terms of the finger width in

this regime, ˆ w initially continues to decrease with 

ˆ U but suddenly

starts to increase at a critical ˆ U . This feature seems to be due to

non-negligible inertial effects [12] . 

In terms of the finger width, another aspect is also observed,

i.e., ˆ w eventually reaches almost a plateau value, which we will

discuss first in this section. Figure 8 a shows the variation of ˆ w

with 

ˆ U for different Carbopol concentrations and channel thick-

nesses, for the data points belonging to the elasto-inertial regime.

Although the results differ from one anther, one trend seems com-

mon: after the initial increase, all the curves seem to reach more or

less plateau values. However, the plateau finger width for our fluid

is significantly narrower than the classical plateau value of Newto-

nian fluids. For example, for the high Carbopol concentration and

the fixed channel thickness ˆ b = 1 . 5 mm, the dimensionless finger

width reaches λ ≈ 0.24, compared to λ ≈ 0.5 reported for Newto-

nian fluids. One hypothesis to justify this discrepancy is that inter-

facial patterns may be modified due to anisotropy [4,16,67,88] near

the finger, resulting in reduced plateau values. This has been exam-

ined through using a thin wire inside the Hele-Shaw cell [67,88] ,

having a small bubble on the finger tip [16,67] , and grooving in the
op/bottom plates of the channel [67] . An anisotropy state may also

xist as a result of the shear dependent viscosity in non-Newtonian

uids, which has been confirmed numerically [24,37] . For example,

he plateau value of λ for shear-thinning fluids at higher finger tip

elocities is less than 0.5 because of the smaller viscosity value at

he interface, which has been reported experimentally [42] . 

Figure 8 b interestingly shows that the curves can be super-

osed provided that 1 / λδ1+ n is used as the dimensionless group,

n which viscous effects are apparently absent. This dimensionless

roup shows that the finger width selection mechanism is com-

letely different from that for Newtonian fluids, although we are

nable to fully justify why 1 / λδ1+ n enables the collapse of data. 

.5.1. Inertial effects 

Let us attempt to quantify inertial effects and their role in the

ransition point where the width of the finger starts to increase.

he relevant dimensionless number for this purpose is the Weber

umber defined as W e = 

ˆ ρ ˆ U 2 ˆ b 
ˆ σe f f 

, where ˆ ρ is the density of the Car-

opol gel and ˆ σe f f is the effective surface tension. At high shear

ates (elasto-inertial regime) the effective surface tension ( ̂  σe f f ) is

ore relevant that the surface tension ( ̂  σ ) since the normal stress

xerts extra stress on the finger, which should be taken into ac-

ount. The effective surface tension is calculated through [42] : 

ˆ e f f = ˆ σ + 1 / 2 

ˆ N 1 ( ̂  ˙ γ ) ˆ b . (7)

he Weber number quantifies the importance of inertial to surface

ension stresses. Our investigation shows that the transition to in-

rtial effects is governed by a modified Weber number ( We ∗) de-

ned as: 

 e ∗ = W e δ1+ n . (8)

Figure 9 a shows that by increasing the modified Weber num-

er, λ starts to increase at a critical modified Weber number of

e ∗c ≈ 76.5 for all the experiments performed at different exper-

mental conditions. Regarding the finger width for Newtonian flu-

ds, it has been shown that the dimensionless group Ca δ2 can be

odified to include inertial effects [12] . Based on this idea, for our

on-Newtonian fluid we propose a modified capillary number as a

ew dimensionless group to help collapse the λ data that belong

o viscous and elasto-inertial regimes on the same graph: 

 a ∗ = 

Ca δ1+ n 

1 + W e ∗/W e ∗c 
. (9)

It can be concluded from Eq. (9) that when We ∗ is small, C a ∗ →
a δ1+ n , and when We ∗ is very large, C a ∗ → 

We ∗c 
Re (where Re = 

ˆ ρ ˆ U ̂ b 
ˆ μ

),
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Fig. 8. Results for the elasto-inertial regime with the following experimental parameters: ˆ b = 1 . 5 mm & LCC ( ), ˆ b = 1 . 5 mm & MCC ( ), ˆ b = 1 . 5 mm & HCC ( ), and 
ˆ b = 0 . 9 mm & MCC ( ). a) The finger width as a function of the finger tip velocity. b) Superposition of the experimental data when 1 / λδ1+ n is used. The dashed line shows 

a plateau value of 1 / λδ1+ n = 0 . 026 . 

Fig. 9. The dimensionless finger width as a function different dimensionless groups for data at different aspect ratios and Carpool concentrations: a) λ as a function We ∗ . 

b) λ as a function Ca δ1+ n . c) λ as a function Ca ∗ . The data correspond to experiments with ˆ b = 1 . 5 mm & LCC ( ), ˆ b = 1 . 5 mm & MCC ( ), ˆ b = 1 . 5 mm & HCC ( ) and 
ˆ b = 0.9 mm & MCC ( ). 
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Fig. 10. The regimes classification based on elastic properties. Viscoelastic regime 

( ) and inelastic regime ( ). The vertical dashed line shows W i = 0 . 13 , which is 

roughly the transition to elasto-inertial regime. 
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i  
oth of which seem to be reasonable limits. Furthermore, the

eynolds number varies in the range of (2 . 7 − 810 0 0) × 10 −7 . Note

hat to calculate the capillary number ( Ca ), we have used the effec-

ive surface tension ( ̂  σe f f ), which is equal to ˆ σ for the yield stress

nd viscous regimes. 

While Fig. 9 b shows that λ corresponding to the experimen-

al data points including viscous and inertial flows do not collapse

ersus Ca δ1+ n , Fig. 9 c shows that a good improvement with re-

pect to the collapse of a wide range of experimental data can be

chieved when Ca ∗ is used as the dimensionless group. However,

he collapse onto a single curve is not perfect. One reason for the

iscrepancy might be that three-dimensional effects due to inertia

ave been ignored, while it is known such system can be consid-

red two-dimensional when the inertia effects are negligible [69] .

nother reason may be related to the (non-uniform) thickness of

he wetting film of the displaced non-Newtonian fluid, which was

ot taken into account in our analyzes. 

.5.2. Elastic effects 

We have already shown that the Carbopol gel that we are us-

ng has elastic properties manifested at very large shear rates, cap-
ured by the relevant dimensionless number, i.e., the Weissenberg

umber ( Wi ). Figure 10 classifies the experimental data points that

elong to the elasto-inertial regime and those that do not, in the

lane of Ca and Wi . It is seen that the data points of the elasto-

nertial regime are clearly segregated as they are located at the
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Fig. 11. An experimental snapshot showing the movement of the finger side due to an elastic response. The right image is zoomed-in on the indicated box of the left image. 

The red color indicates the displacing fluid (air) and the black color shows the displaced fluid (Carbopol). The dark red color shows the oscillation of the Carbopol layer 

within ˆ t = 0 . 358 − 0 . 4 (ms). The images show the field of view of 5.8 × 17.5 cm 

2 (left) and of 4.3 × 1.25 cm 

2 (right). (For interpretation of the references to color in this 

figure legend, the reader is referred to the web version of this article.) 

Fig. 12. The oscillation in the local finger width due to elastic response at different 

times with respect to the beginning of the experiment. The dashed line is smooth- 

ing spline fitted curve. 
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higher Wi end. The transition to the elasto-inertial regime (with

side-branching features) seems to be occurring at more or less Wi

≈ 0.13, although a small dependency on Ca may be also recognized

on the graph. At small Wi , the inelastic data points include both

the yield stress regime (with a ramified structure) and the viscous

regime (with a narrow single-finger). 

For shear-thinning fluids, Kondic et al. [37] reported that at

higher velocities the growth of shorter wavelengths is increased;

consequently, more side branches are created. We have observed

a similar feature for our visco-elasto-plastic fluid at larger shear

rates. Loosely speaking, elasticity in elasto-inertial regime creates

extra stresses in the finger sides (due to the first normal stress dif-

ference) that lets (shortwave) perturbations grow, leading to side

branching patterns. Therefore, in this regime, the evolution of fin-

ger patterns is controlled by a competition between viscous and

elastic forces. 

Although we have so far observed the “indirect” influence of

elasticity through changing the first normal stress difference (al-

lowing for perturbations to grow), we expect major detectable

elastic response to be only seen at extremely high shear rates,

with significantly larger Wi . Unlike the flows at Wi ∼ O (1) where

the deformations are observed to be totally irreversible, for larger

Wi , we may expect to detect a real elastic response (which is at

least partially reversible). Therefore, we set up an experiment at

an extremely large finger tip velocity (i.e., 20 0 0 mm/s), which cor-

responds to W i = 5 . 74 and 

ˆ � = 18 . 7 (ms) (i.e., the relaxation time).

The ultra-high-speed camera was set to take 20 0 0 images per sec-

ond. Figure 11 depicts an experimental image which shows the

elastic response of our gel. We observe that the side branches

move back and forth when undergoing large stresses due to the

extremely rapid air flow. 

Figure 12 shows that the variation of the local finger width ver-

sus time for the experiment of Fig. 11 . Two effects can be seen:

first, it is observed that the local finger width initially oscillates

but it relaxes shortly after a few oscillations. Second, the deforma-
ion is not totally reversible, due to viscous dissipation. This ex-

eriment is also interesting in providing valuable information. For

xample, lengthwise, it can be seen that the maximum deviation

s 6.4% compared to initial finger width. With regard to time, the

ime corresponding to the maximum deviation of the finger width

s �ˆ t m 

≈ 42 (ms) and the time needed for the finger to completely

elax is �ˆ t m 

≈ 139 (ms). The latter is interestingly in the order of

he longest relaxation time. 

. Secondary features of the displacement flow 

It must be accepted that the flow that we consider present var-

ous, complex features and we cannot cover all the flow aspects in

 single study. However, there are secondary features of the dis-

lacement flow that are worth discussing in the present work. In

his section, we attempt to introduce and explain two of these in-

eresting features in the following two subsections below. 

.1. Static residual wall layers 

The first secondary feature of the flow that we look into is re-

ated to the flow in the cross section of the channel. Through a

omparison between the flow volume measured by the flow me-

er and that calculated through image processing, we have found

ut that the Carbopol gel cannot be completely swept out by the

ir within the cross section of the channel. This implies the ex-

stence of wetting films of Carpool adjacent to the lower and the

pper plates of the Hele-Shaw cell. Assuming a zero film thick-

ess, image processing can deliver a mean imposed flow velocity,
ˆ 
 M 

, which can be compared to the real mean imposed flow veloc-

ty, ˆ V , measured by the flow meter. These two velocities can be

imply related through 

ˆ V M 

ˆ V 

= 

ˆ b − 2 ̂

 t a v e 

ˆ b 
, (10)

here ˆ t a v e is the mean wall film thickness defined as ˆ t a v e = 

ˆ t u + ̂ t l 
2 

ith 

ˆ t u and 

ˆ t l being the wetting layer thicknesses in the upper and

ower walls, respectively. 

Figure 13 a shows the dimensionless mean thickness of the wet-

ing films ( t = 

ˆ t a v e 
ˆ b 

) versus the capillary number. It can be seen that

y increasing the capillary number, t increases, which seems to be

 reasonable effect: as the relative surface tension stress decreases

he film layer thickness increases. At larger Ca ( ∼ 10), it can be

bserved that the mean film thickness in the vicinity of the wall

an reach up to %10 of the gap thickness while Tabeling & Libch-

ber [75] observed that the mean residual layer thickness for New-

onian fluids reached up to %1 of the gap thickness at small cap-

llary number ( Ca < 5 × 10 −3 ). In this work, due to dealing with

arge capillary numbers in the presence of a yield stress (propor-

ional to the Carbopol concentration), the wetting layer thickness

s relatively large. Thus, expectedly our results do not follow the

retherton’s law, which is only applicable to Newtonian fluids in
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Fig. 13. Results for experimental data corresponding to ˆ b = 1 . 5 mm &LCC ( ), ˆ b = 1 . 5 mm & MCC ( ), ˆ b = 1 . 5 mm and HCC ( ), and ˆ b = 0 . 9 mm & MCC ( ). a) Thickness 

of wetting film ( t ) as a function of Ca . b) Variation of Bn in the plane of t and Ca . The colors/symbol sizes illustrate the magnitude of Bn . c) Variation of t versus Bn . The 

dash-dot line shows h circ from Eq. (11) , i.e., when Ca → ∞ . d) Comparison between the experimental and theoretical prediction ( Eq. (14) ) of the wall layer thickness. The 

dashed line shows t experiment = t theory . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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mall capillary numbers and breaks down for large values of cap-

llary numbers ( Ca > 10 −2 ) [76] . 

Figure 13 b shows the same data points as in Fig. 13 a while the

alues of Bn are marked by colors and symbol sizes. This figure

hows that increasing Bn generally results in decreasing t , which

ay seem counter-intuitive at a first glance. In fact, increasing Bn

f the displaced fluid influences the plug ahead of the displacing

nger and results in a reduction of the residual wall layer thick-

ess [84] . It should be noted that, for the ranges of the dimension-

ess numbers studied, the maximum variation of the film thickness

ith respect to the mean value is ± 0.048 mm and the variation of

nger width is ≈ ±7.1 mm. Therefore, the variation of film thick-

ess does not have a significant effect on the finger. 

After displacing finger tip has passed, the residual wall layers

n our experiments do not seem to move; thus, it may be reason-

ble to assume that they are completely static. For miscible dis-

lacement flows at their immiscible limit (i.e., Ca → ∞ ), static

esidual wall layers of viscoplastic fluids have been first analyzed

y Allouche et al. [2] . Their combined theoretical and computa-

ional study for symmetric 2D channel flows showed that the wall

ayer thickness can be well approximated by the recirculation layer

hickness, h circ , defined as a thickness at which a steadily displac-

ng finger would advance with the same velocity as that of the

enter-line of the downstream flow. Provided that t < h circ a re-

irculatory region would occur in the channel center, in front of

he displacing finger within the cross section, which in return in-

reases viscous dissipation. The flow prefers to avoid this situation.

 circ depends only on the Bingham number and it is defined as

2,84] : 

 circ = 1 − 2 Y 

Bn ( 1 − Y ) 
2 
, (11) 

here Y is found through the solution of 

 

3 − 3 Y 

[ 
1 + 

2 

Bn 

] 
+ 2 = 0 , (12)
or a given Bn . The residual wall layer thickness in the theory

bove shows an inverse relation to Bn , which is consistent with

ur experimental observations. In a recent computational study for

hannel flows, Swain et al. [74] have also showed that at low Bing-

am number ( Bn < 30), increasing the Bingham number leads to

ecreasing the average residual layer thickness. 

Using Eq. (11) , h circ has been calculated and superposed as a

ash-dot line on Fig. 13 c. The data points on this figure show the

ean wetting layer thickness versus Bn . Although the trend is rea-

onable, h circ overestimates the static wall layer thickness in our

xperiments, which is due to the presence of the non-negligible

urface tension stress in our flows; in other words Ca ∼ O (1) in our

xperiments. In general t = f (Bn, 1 /Ca ) and one may assume that

f (Bn, 0) = h circ . When Ca  = ∞ , using Taylor series, we can there-

ore write 

 = f 

(
Bn, 

1 

Ca 

)
= f ( Bn, 0 ) + f ′ ( Bn, 0 ) 

1 

Ca 
+ 

f ′′ ( Bn, 0 ) 

2 

1 

C a 2 

+ 

f ′′′ ( Bn, 0 ) 

6 

1 

C a 3 
+ . . . , (13) 

or which the best fit from the experimental results furnishes 

 ≈ h circ −
0 . 024 

Ca 
+ 

0 . 098 

C a 2 
− 0 . 126 

C a 3 
. (14) 

To test the accuracy of modified theoretical equation above, the

redicted layer thicknesses using Eq. (14) versus the experimental

ayer thicknesses reported in Fig. 13 c are presented in a parity plot,

llustrated in Fig. 13 d. This figure shows the modified equation is

airly successfully to predict the wall layer thickness, for a wide

ange of experiments at different values of Ca and Bn . 

.2. Network structure regime 

One of the interesting features observed in some of ours ex-

eriments was a secondary flow aspect, which we term a net-

ork structure regime, associated to the formation of Carbopol net-

ork structures within the finger domain, after the displacing front
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Fig. 14. An experimental snapshot (top view) showing 4 sequential steps of the 

process of the network structure formation within the finger domain. The experi- 

mental times are 1326, 1353, 1393, 1473 (ms), from top to bottom. The mean im- 

posed velocity is ˆ V = 34 . 6 mm/s (the finger tip velocity is ˆ U = 315 . 3 mm/s). The 

images correspond to the experiment with ̂  b = 0 . 9 mm & LCC. The field of view for 

these snapshot is 22.8 × 5.6 cm 

2 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 15. a) Schematic of a probable 4-stage process of the formation of network 

structure regime (side channel view). b) Schematic of the intermediate stage of the 

network structure formation, as the residual layer breaks up into several pieces. 
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had already passed. This effect was seen in the experiments con-

ducted at lower concentrations of Carbopol and very high mean

imposed velocities. In order to simplify the explanation of the net-

work structure regime, we divide the process into 4 main stages,

i.e., the thin residual layers formation (stage 1), the residual lay-

ers break up and formation of cavities (stage 2), the extension of

cavity area (stage 3), and the final structure formation (stage 4). 

We now try to explain the 4-stage process step by step using

Fig. 14 , illustrating 4 sequential images (top view of the cell), for an

experiment conducted with LCC at a large imposed air flow rate.

These images were taken at 90 (fps). The first stage of the process,

i.e., the formation of the thin residual layers, is straightforward. As

the air displaces the Carbopol gel, a finger is formed. Within the

channel cross section, as the finger tip advances, two thin residual

layers of the Carbopol gel are left behind on the upper/lower walls

of channel. These residual layers within the finger domain can be

distinguished by the gray color area in Fig. 14 a (which means that

in this area, both air and Carbopol are present). In this first stage,

nothing in particular is observed inside the finger. After a few mi-

croseconds, as seen in Fig. 14 b, a partial break up of the residual

Carbopol layers is observed, which is perhaps one of the reason to

form some cavities (i.e., stage 2). In the stage of the extension of

cavity area (i.e., stage 3), in Fig. 14 c, the break up of the residual

layer continues and the area of cavities is increased. The exten-

sion stage continues until the thickness of the residual layer be-

comes constant and the final structure formation stage is reached

( Fig. 14 d). At this stage, a network of Carbopol structure is formed

inside the finger domain. 

A schematic view of what we think is happening may be help-

ful. Figure 15 a shows a schematic (cell side view) of the 4 sequen-

tial stages observed in the network structure regime. The top im-

age is the formation of the thin residual layers of Carbopol gel,

adjacent to the walls. In the second stage, the residual layers are

broken perhaps since the wall shear stress overcomes the bonding

strength in the Carbopol gel layers, causing the cavities to form.

In the third stage, the remaining Carbopol pieces on the walls re-

tract and the cavity area extends. Finally, in the final stage, i.e., the

structure formation, the residual pieces are almost stationary (and

the thickness of Carbopol pieces remains constant). 

It seems that the residual layers break up is a key stage in the

network structure regime. Two aspects may be important: non-
niformity of the residual layer and the bonding strength of Car-

opol. Regarding the latter aspect, at low Carbopol concentrations,

he large wall shear stresses induced by the air flow overcome the

arbopol bonding strength so that they are able to significantly

eaken the structure of the residual film. Afterwards, the former

spect becomes important: due to the layer non-uniformity, the

hin layer is vulnerable to instabilities caused by capillary pres-

ure. Figure 15 b illustrates a simple schematic of this step, where

he residual layer adjacent to the upper wall is at the verge of

reak up. We may postulate that the air-Carbopol interface is non-

niform and wavy, due to the growth of perturbations of various

avelengths on the surface of the residual layer; see [23,45,51] for

onceptually comparable phenomena in completely different con-

exts. In Fig. 15 b, ˆ R indicates the local principal radius of the curva-

ure of the sinusoidal perturbation waves. According to the Young-

aplace equation ( � ˆ p = ˆ σ/ ̂  R ), the smaller the radius of curvature,

he higher the pressure jump across the interface. We postulate

hat at this step, the radius is small so that capillary pressure at

ertain places is sufficiently large to rupture the weakened struc-

ure bonds, which, in return, leads to the break up of the residual

ayers. This results in the formation of several Carbopol pieces on

he upper/lower walls of the channel. 

The descriptions presented are compatible with our experimen-

al observations in that at low Carbopol concentrations, the Car-

opol layer naturally has a weaker bonding strength, causing the

esidual layers to break up more easily. For higher Carpool con-

entrations, the bonding strength is enhanced [79] ; therefore, the

esidual layer is able to resist the break up. Higher air imposed

ow rates also increase the wall shear stresses, which may weaken

he bonding strength of the Carbopol gel. 

The network structure regime may be similar to the film rup-

ure phenomena in which the thin polymer film rupture is caused

y capillary pressure, usually when the film thickness is very small

56,73,86] . Similar to the break up of residual layers, the film rup-

ure processes in thin polymer films may lead to form diverse mor-

hologies. Similar to the network structure regime, pattern forma-
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Fig. 16. a) Variation in the total number of cavities ( ) and the mean characteristic diameter of cavities ( ) versus time, in the network structure regime, for the same 

experiment as in Fig. 14 . b) Variation in relative mean light intensity versus length of cell for 4 sequential images of Fig. 14 . c) Variation in mean light intensity of cavities 

( ) and Carbopol pieces ( ) versus time. 
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ions through the film rupture depend on the polymer composition

or concentration) and the film thickness. 

In order to provide further understanding about the network

tructure regime, characterizing the cavities versus time is useful.

igure 16 a illustrates the variation in the number and the mean

haracteristic diameter of cavities versus time for a typical experi-

ent, for which images are processed. It is interesting to note that

he number of cavities is not monotonic versus time. Initially the

avities are quickly formed as the residual layer breaks into smaller

ieces but the cavities eventually meet and merge with one an-

ther. The number of cavities stabilizes at a small plateau value

s the network structure appears. On the other hand, the mean

haracteristic diameter of the cavities continuously increases and

t finally reaches a nearly constant value. 

The presence of cavities creates a highly non-uniform residual

ayer, to which we have also looked. Figure 16 b shows the relative

ransverse mean light intensities in the finger domain for the 4 se-

uential images presented in Fig. 14 , for which the images were

onverted to gray levels (between 0 to 255). The first image in

ig. 14 has been taken as a reference, to which the relative mean

ight intensities are compared. Comparing the top and bottom plots

n Fig. 16 , and considering that the film layer thickness is propor-

ional to the light intensity, it can be concluded that the residual

ayers are highly non-uniform. 

In order to gain insight about the thickness of Carbopol pieces,

ig. 16 c shows the variation of the mean light intensities of 10 ar-

as, each covering 10 × 10 pixels randomly distributed in either

he cavity area or the Carbopol pieces area, versus time. This fig-

re shows that while the mean light intensity of cavities is almost

onstant, the mean light intensity of Carbopol pieces decreases ini-

ially with time but finally reaches a plateau value. This implies

hat the overall thickness of Carbopol pieces increases but eventu-

lly becomes constant. 

Various areas in the finger domain can be observed in the

etwork structure regime. In order to observe these areas more

learly, a sequence of images was obtained at 10 0 0 (fps) and plot-

ed in Fig. 17 . The experiment was conducted with MCC at a very
igh imposed air flow rate (a video corresponding to this experi-

ent is included in supplementary materials). In these images, 4

reas, marked by Roman numbers, can be distinguished. The first

rea ( I ) consists of the finger domain where thin wall layers are

resent. The seconds area ( II ) corresponds to a cavity formed on

ne of the walls. In the third area ( III ), cavities on both walls are

bserved. The forth area ( IV ) corresponds to pieces of Carbopol

hat are formed. 

Based on the descriptions mentioned earlier, it may be expected

hat the values of surface tension and the bonding strength of Car-

opol (which is very loosely speaking proportional to the yield

tress) to be the important parameters that delineate the bound-

ry to the network structure regime. Therefore, at least Ca and Bn

ay be considered as the relevant dimensionless groups. Figure 18

lots the experimental data points in the plane of Ca versus Bn .

nterestingly, the data belonging to the network structure regime

re clearly segregated from the rest of the data in this figure. The

ransition seems to follow a line indicated by Ca = 0 . 86 B n −2 . 82 . 

. Summary 

We have considered the Saffman–Taylor for non-Newtonian flu-

ds in the Hele-Shaw cell. In this work, air displaced a Carbopol

el, which exhibits both viscoplastic and viscoelastic properties, in

ddition to shear-thinning effects. The problem is complex as a re-

ult of many important dimensionless numbers involved, i.e., the

ingham number ( Bn ), the capillary number ( Ca ), the Weber num-

er We , the Weissenberg number ( Wi ), the aspect ratio ( δ), and

ower-law index ( n ). We identify three distinct flow regimes: a

ield stress regime, a viscous regime and an elasto-inertial regime,

ased on the morphological differences and finger width varia-

ions. These flow regimes and their transition boundaries are stud-

ed in depth. We have succeeded to provide a clear picture of the

ow over a reasonable range of dimensionless groups. Some of the

econdary features of the flow have been also discussed, including

he thickness of the residual wall layers as well as an interesting

ovel pattern, termed the network structure regime. Table 4 pro-



92 A. Eslami, S.M. Taghavi / Journal of Non-Newtonian Fluid Mechanics 243 (2017) 79–94 

Fig. 17. Image sequence showing the finger evolution in the network structure regime. Different areas are explained in the text. 

Table 4 

Important dimensionless groups that the present study has delivered. 

Dimensionless group Significance Critical value 

We ∗c Transition to inertial effects 76.5 

Ca δ1+ n / (Bn − 0 . 5) : Bn > 0 . 5 Transition between the yield stress and viscous regimes 550 

Wi Transition to elastic effects 0.13 

1 / λδ1+ n Finger width plateau value 0.026 

Ca ∗ Enable collapse of λ from the viscous & elasto-inertial regimes –

δ−2 / 3 ( Ca Bn ∗) −1 / 3 Enable collapse of λ from the yield stress regime –

t ≈ h circ − 0 . 024 
Ca 

+ 

0 . 098 
C a 2 

− 0 . 126 
C a 3 

Predict mean static residual wall layer thickness –

Ca Bn 2.82 Transition from the network structure regime 0.86 

Fig. 18. A secondary flow regime classification based on the formation of a network 

structure inside the finger domain. The data correspond to the experiments for the 

network structure regime are marked by and the ones without by . The black 

dashed line indicates transition between the two regimes: Ca = 0 . 86 B n −2 . 82 . 
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vides a summary of the main dimensionless groups that our work

has delivered to predict various flow features. 
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Supplementary material associated with this article can be

found, in the online version, at 10.1016/j.jnnfm.2017.03.007 . 
This supplementary section includes two parts: 

• Three vidoes showing the three main flow regimes: These

videos show the finger evolution and the appearance of dif-

ferent flow patterns. The videos correspond to the experiment

with 

ˆ b = 1 . 5 mm & HCC. I) The yield stress regime: the mean

imposed velocity is ˆ V = 1 . 8 mm/s while the finger tip velocity

is ˆ U = 8 . 3 mm/s. The field of view is 20.8 × 4.3 cm 

2 . II) The vis-

cous regime: the mean imposed velocity is ˆ V = 8 . 6 mm/s while

the finger tip velocity is ˆ U = 95 . 5 mm/s. The field of view is

19.6 × 3.7 cm 

2 . III) The elasto-inertial regime: the mean im-

posed velocity is ˆ V = 41 . 7 mm/s while the finger tip velocity is
ˆ U = 215 . 2 mm/s. The field of view is 20.2 × 4.1 cm 

2 . 
• A video showing the network structure regime: The mean im-

posed velocity is ˆ V = 274 mm/s while the finger tip velocity is
ˆ U = 1068 mm/s. The images correspond to the experiment with
ˆ b = 0 . 9 mm & MCC. The field of view is 24.6 × 6.7 cm 

2 . 
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