
Chapter 5

A Kinetics Approach to Surface Wrinkling

of Elastic Thin Films

Rui Huang

Abstract Complex wrinkle patterns have been observed in various thin film

systems, typically with integrated hard and soft materials for various applications

as well as in nature. The underlying mechanism of wrinkling has been generally

understood as a stress-driven instability. On an elastic substrate, equilibrium and

energetics set the critical condition and select the wrinkle wavelength and ampli-

tude. On a viscous substrate, wrinkles grow over time and kinetics select the fastest

growing mode. Moreover, on a viscoelastic substrate, both energetics and kinetics

play important roles in determining the critical condition, the growth rate, and

wrinkle patterns. The dynamics of wrinkling, while analogous to other phase

ordering phenomena, is rich and distinct under the effects of stress and

film–substrate interactions. In this chapter, a kinetics approach is presented for

wrinkling of isotropic and anisotropic elastic films on viscoelastic substrates.

Analytic solutions are obtained by a linear perturbation analysis and a nonlinear

energy minimization method, which predict the kinetics of wrinkle growth at the

early stage and the equilibrium states at the long-time limit, respectively. In

between, a power-law coarsening of the wrinkle wavelength is predicted by a

scaling analysis. Furthermore, the kinetics approach enables numerical simulations

that demonstrate emergence and transition of diverse wrinkle patterns (ordered and

disordered) under various conditions.
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5.1 Introduction

Theoretical studies of surface wrinkling may be traced back to 1940s when wrin-

kling of face struts was analyzed as a form of local elastic instability in structural

sandwich panels [1–3]; an account of the historical development was well

documented by Allen [4]. A series of works by Biot extended the wrinkling theory

to viscoelastic layers [5] and rubberlike nonlinear elastic media under finite strain

[6]. The early studies of wrinkling focused on the critical conditions for the onset of

instability as a failure mechanism for layered structures. Recent advances in

micro/nanoscale fabrication and measurements have renewed the interest in

mechanics of wrinkling. In particular, wrinkling has also been exploited as an

enabling mechanism for a variety of applications, such as stretchable electronics

[7–9], micro/nanofabrication [10–12], optical phase grating [13], smart adhesion

[14], and metrology aid for measuring mechanical properties of thin films [15–17].

Wrinkling often occurs when a stiff surface layer on a drastically more compli-

ant substrate is subject to compression in a direction parallel to the surface. Many

approaches may induce compression and wrinkling. Mechanically, the surface layer

can be put under compression by directly compressing the substrate or by bending

the substrate. Interestingly, stretching the substrate could also induce compression

in the surface layer [18] due to Poisson’s effect. Typically the substrate (e.g.,

elastomer) has a larger Poisson’s ratio than the surface layer (e.g., metal), and the

mismatch induces compression of the surface layer in the direction perpendicular to

the direction of stretch. More effectively, by attaching the surface layer to a pre-

stretched substrate, the surface layer is compressed upon releasing the pre-stretch

and the resulting wrinkles are stable without the need to apply external forces.

Moreover, many nonmechanical approaches have also been reported to cause

wrinkling, which often relies on a particular physical mechanism to induce an

eigenstrain in the surface layer. A common approach of this kind is thermally

induced wrinkling [10, 17, 19, 20], with the eigenstrain resulting from differential

thermal expansion among the layers. A similar mechanism in biological systems is

differential tissue growth in skin layers [21, 22] and human brain [23]. Other

mechanisms include absorption-induced swelling [24] and phase transition [25].

In general, one may assume a residual stress in the surface layer as the driving force

for wrinkling, regardless of the physical origin.

Notably, surface wrinkling may occur without any surface layer [26–28].

As predicted by Biot [6], the surface of a homogeneous block of rubberlike

material becomes unstable under compression beyond a moderately large strain.

Similar surface instability has been predicted for swollen hydrogels [29]. This type

of surface instability, however, requires a nonlinear constitutive behavior of the

material and is not addressed here.

In this chapter, we focus on a model system as shown in Fig. 5.1: an elastic film

of thickness h lying on a viscoelastic layer of thickness H, which in turn lies on a

rigid foundation. At the reference state (Fig. 5.1a), both layers are flat and the

elastic film is subjected to a uniformly distributed residual stress, while the
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viscoelastic layer is stress free. A Cartesian coordinate system is set up such that the

x� y plane coincides with the interface between the two layers. Figure 5.1b

sketches a wrinkled state, where the elastic film undergoes a buckling deformation

while the viscoelastic layer deforms concomitantly. The interface is assumed to be

perfectly bonded at the wrinkled state.

Consideration of a viscoelastic layer underneath an elastic film leads to a kinetics

approach to wrinkling [30–34]. Alternatively, an energy-based statics approach has

been widely adopted for post-instability analysis to determine the equilibrium states

of wrinkling for an elastic film on an elastic substrate [35–40]. Compared to the

static equilibrium approach, which typically presumes specific wrinkle patterns, the

kinetics approach offers a physical pathway to a variety of ordered and disordered

wrinkle patterns without a priori assumptions. A similar kinetics approach has also

been developed for wrinkling of an elastic film on a viscous substrate [41–44].

5.2 Deformation and Equilibrium of an Elastic Film

Consider a cubic crystal film with the surface normal in the [001]-direction. For

convenience, the x- and y-axes are set to align with the [100]- and [010]-directions

of the crystal at the reference state. The residual stress in the film generally has three

in-plane components, sRxx,s
R
yy, and s

R
xy, as illustrated in Fig. 5.2a. The stress state can

also be represented by two principal stresses (s1 and s2 ) and the corresponding

principal angle ðypÞ, as illustrated in Fig. 5.2b. As a necessary condition for the film
to wrinkle, at least one of the two principal stresses must be negative (compressive).

The resulting wrinkle pattern depends on the ratio between the two principal

stresses for an isotropic film. For an anisotropic crystal film, the wrinkle pattern

also depends on the principal direction of the residual stress [33].

Let ux and uy be the in-plane displacements and w the out-of-plane deflection of

the film. Upon wrinkling, the membrane strain components in the film are

Elastic film 

H

h

Viscoelastic layer

Rigid substrate 

z

x

Viscoelastic layer 

Rigid substrate 

a

b

Fig. 5.1 Schematic of an

elastic film on a viscoelastic

substrate: (a) the reference

state, and (b) a wrinkled state

5 A Kinetics Approach to Surface Wrinkling of Elastic Thin Films 71



exx ¼ @ux
@x

þ 1
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@w
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A nonlinear term is included above in each strain component to account for

geometrical nonlinearity due to moderately large deflection of the elastic film [45,

46]. It shall be noted that the displacements are measured relative to the reference

state with the residual stress sRab , and thus the strains in (5.1)–(5.3) describe an

incremental deformation from the stressed reference state.

The membrane forces in the film, including the initial residual stresses, are

Nab ¼ sRab þ sab
� �

h; (5.4)

where the Greek subscripts ða; bÞ represent the in-plane coordinates x and y, and by
linear elasticity

sxx
syy
sxy

2
4

3
5 ¼

~C11
~C12 0

~C12
~C22 0

0 0 2C66

2
4

3
5 exx

eyy
exy

2
4

3
5: (5.5)

For a cubic crystal film, the elastic moduli are ~C11 ¼ ~C22 ¼ C11 � C2
12=C11 and

~C12 ¼ C12 � C2
12=C11 . For an isotropic elastic plate, the reduced elastic constants

Fig. 5.2 Residual stress in a film represented by stress elements: (a) in the x–y coordinates; (b) in
the principal directions
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can be expressed in terms of Young’s modulus ðEÞ and Poisson’s ratio ðnÞ, namely,
~C11 ¼ ~C22 ¼ E= 1� n2ð Þ, ~C12 ¼ nE= 1� n2ð Þ, and C66 ¼ E= 2 1þ nð Þ½ �.
The moment intensities are

Mxx

Myy

Mxy

2
4

3
5 ¼ h3

12

~C11
~C12 0

~C12
~C22 0

0 0 2C66

2
4

3
5 kxx

kyy
kxy

2
4

3
5; (5.6)

where kab ¼ @2w
@xa@xb

is the curvature tensor.

For the film to be in equilibrium at the wrinkled state, interfacial tractions are

generally required in both the tangential and normal directions. First, in-plane force

equilibrium requires that

@Nxx

@x
þ @Nxy

@y
¼ Tx; (5.7)

@Nxy

@x
þ @Nyy

@y
¼ Ty; (5.8)

where Tx and Ty are the shear tractions acting at the interface between the film and

the substrate. In the normal direction, the force equilibrium requires that

@Qx

@x
þ @Qy

@y
þ @

@x
Nxx

@w

@x
þ Nxy

@w

@y

� �
þ @

@y
Nyy

@w

@y
þ Nxy

@w

@x

� �� �
þ p ¼ 0;

(5.9)

where p is the pressure (negative normal traction) at the interface, Qx and Qy are the

transverse shearing forces in the film. In addition, by the moment equilibrium, we

have

@Mxx

@x
þ @Mxy

@y
þ Qx ¼ 0; (5.10)

@Mxy

@x
þ @Myy

@y
þ Qy ¼ 0: (5.11)

With (5.10) and (5.11), the shear forces in (5.9) can be eliminated, namely,

@2Mxx

@x2
þ 2

@2Mxy

@x@y
þ @2Myy

@y2
� @

@x
Nxx

@w

@x
þ Nxy

@w

@y

� �
þ @

@y
Nyy

@w

@y
þ Nxy

@w

@x

� �� �
¼ p:

(5.12)

5 A Kinetics Approach to Surface Wrinkling of Elastic Thin Films 73



Further by substituting (5.6) into (5.12), we obtain that

h3

12
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@4w

@x4
þ 2 ~C12 þ 2C66

� 	 @4w
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@w
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(5.13)

For an isotopic elastic film, (5.13) reduces to

Eh3

12ð1� n2Þ
@4w

@x4
þ 2

@4w

@x2@y2
þ @4w

@y4

� �
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� �� �
¼ p;

(5.14)

which is well known as the von-Karman plate equation [45, 46].

Therefore, the deformation of the elastic film is described by the displacements

(ux, uy, w), the membrane strain ðeabÞ , and the curvature ðkabÞ . The constitutive

relations in (5.4–5.6) give the membrane forces ðNabÞand moments ðMabÞ, assuming

linear elasticity. The tractions (Tx, Ty, p) at the interface are then obtained from the

equilibrium equations in (5.7), (5.8), and (5.12).

5.3 Kinetics: Deformation of a Viscoelastic Layer

Subject to the interfacial tractions, the viscoelastic layer undergoes a time-

dependent deformation. By the linear theory of viscoelasticity [47], the stress–strain

relationship for the viscoelastic material takes an integral form:

sijðtÞ ¼ 2

ðt
�1

m t� tð Þ @eijðtÞ
@t

dtþ dij

ðt
�1

l t� tð Þ @ekkðtÞ
@t

dt; (5.15)

where mðtÞ and lðtÞ are the viscoelastic relaxation moduli and dij is the Kronecker
delta.

The Laplace transform of (5.15) is

~sijðsÞ ¼ 2s~mðsÞ~eijðsÞ þ s~lijðsÞ~ekkðsÞdij; (5.16)

where a tilt over a variable designates its Laplace transform with respect to time and

s is the transform variable. The Laplace transformed stress–strain relation is

identical to that of linear elasticity with the elastic moduli s~mðsÞ and s~lðsÞ. As a
result, a viscoelasticity problem often can be solved by the method of Laplace
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transform based on the solution of a corresponding elasticity problem, referred to as

the correspondence principle [47].

Consider a viscoelastic layer ð0� z� � HÞ, which is stress free initially ðt ¼ 0Þ
and subjected to normal and shear tractions at the upper surface for t>0, namely,

szz ¼ Szðx; y; tÞ and sza ¼ Saðx; y; tÞ at z ¼ 0: (5.17)

The lower surface of the layer is bonded to a rigid substrate, where the displace-

ment is zero:

ua ¼ uz ¼ 0 at z ¼ �H: (5.18)

Assume a plane-strain condition ðSy ¼ uy ¼ 0Þwith periodic surface tractions in
the form

Sx ¼ AðtÞ sin kx; (5.19)

Sz ¼ BðtÞ cos kx; (5.20)

where k is the wave number and AðtÞ and BðtÞ are time-dependent amplitudes.

By solving the corresponding elasticity problem [30], the Laplace transform of

the displacements at the surface of the viscoelastic layer is obtained as

~usxðx; sÞ ¼
1

2ks~mðsÞ g11ðs~n; kHÞ ~AðsÞ þ g12ðs~n; kHÞ ~BðsÞ
 �
sinðkxÞ; (5.21)

~uszðx; sÞ ¼
1

2ks~mðsÞ g21ðs~n; kHÞ ~AðsÞ þ g22ðs~n; kHÞ ~BðsÞ

 �

cosðkxÞ; (5.22)

where

g11 ¼
1þ k
4

k sinhð2kHÞ þ 2kH

kcosh2ðkHÞ þ ðkHÞ2 þ ð1� kÞ=2ð Þ2 ; (5.23)

g22 ¼
1þ k
4

k sinhð2kHÞ � 2kH

kcosh2ðkHÞ þ ðkHÞ2 þ ð1� kÞ=2ð Þ2 ; (5.24)

g12 ¼ g21 ¼ � ðkð1� kÞÞ=2sinh2ðkHÞ þ ðkHÞ2
kcosh2ðkHÞ þ ðkHÞ2 þ ð1� kÞ=2ð Þ2 ; (5.25)

and k ¼ 3� 4s~nðsÞ with ~nðsÞ ¼ ~lðsÞ=ð2sð~mðsÞ þ ~lðsÞÞÞ as Laplace transform of

Poisson’s ratio.
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The solution in (5.21) and (5.22) indicates that, in general, the surface of

the viscoelastic layer undergoes both out-of-plane and in-plane displacements.

For a special case, when the layer is infinitely thick ðkH ! 1Þ and incompressible

ðn ¼ 0:5Þ, we have g12 ¼ g21 ¼ 0, and thus the two equations are decoupled:

~usxðx; sÞ ¼
1

4ks~mðsÞ
~Sxðx; sÞ; (5.26)

~uszðx; sÞ ¼
1

4ks~mðsÞ
~Szðx; sÞ: (5.27)

Alternatively, if the viscoelastic layer is relatively thin (kH ! 0), by keeping

only the leading terms of kH in an asymptotic analysis [31, 34], (5.21) and (5.22)

become

~usxðx; sÞ ¼
1

2ks~mðsÞ 2kH ~AðsÞ þ 1� 4n
2ð1� nÞ ðkHÞ2 ~BðsÞ

� �
sinðkxÞ; (5.28)

~uszðx; sÞ ¼
1

2ks~mðsÞ
1� 2n
1� n

ðkHÞ ~BðsÞ þ 1� 4n
2ð1� nÞ ðkHÞ2 ~AðsÞ

� �
cosðkxÞ: (5.29)

Here, the Poisson’s ratio has been assumed to be a constant independent of time and

v<0:5� ð1=6ÞðkHÞ2 [34]. On the other hand, when the Poisson’s ratio approaches

0.5, the viscoelastic layer is nearly incompressible and (5.29) is replaced by

~uszðx; sÞ ¼
1

2ks~mðsÞ
2

3
ðkHÞ3 ~BðsÞ � ðkHÞ2 ~AðsÞ

� �
cosðkxÞ; (5.30)

where the first term in the bracket scales with kHð Þ3 instead of kHð Þ in (5.29). This

leads to different kinetics of wrinkling for compressible and incompressible visco-

elastic layers [32].

Figure 5.3 depicts the relaxation shear modulus, mðtÞ, as a function of time for a

typical cross-linked polymer, with the glassy modulus mð0Þ ¼ mG at the short-time

limit and the rubbery modulus mð1Þ ¼ mR at the long-time limit. The modulus

typically varies by several orders of magnitude: mG � 109 Pa and mR � 105 Pa. In

general, the Poisson’s ratio is also a function of time, but the time dependence is

much weaker. Experimentally measured relaxation modulusmðtÞ is often interpreted
in terms of a mechanical model consisting of an array of spring-dashpot analogs in

parallel (Fig. 5.4). To ensure a rubbery elastic limit at the long-time limit, one of

the parallel branches must be a spring of modulus mR, with no dashpot. Each of the

other parallel branches comprises a spring of modulus mi and a dashpot of viscosity
�i. With such a model, the relaxation modulus is
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mðtÞ ¼ mR þ
X
i

mi expð�pitÞ; (5.31)

where pi ¼ mi=�i is the relaxation parameter of one branch. The Laplace transform

of the relaxation modulus is

~mðsÞ ¼ mR
s
þ
X
i

mi
sþ pi

: (5.32)

For simplicity, consider the Kelvin model of linear viscoelasticity, modeled by a

simple mechanical analog consisting of an elastic spring and a viscous dashpot in

parallel, for which the Laplace transform of the relaxation modulus is

~mðsÞ ¼ mR
s
þ �: (5.33)

After substituting (5.33) into (5.28) and (5.29), inverse Laplace transform leads to

@usx
@t

¼ H

�
Sx þ 1� 4n

4ð1� nÞ
H2

�

@Sz
@x

� mR
�
usx; (5.34)

m1 mi

h1 hi

mR

Fig. 5.4 A mechanical

analog model of a viscoelastic

material

Log m

Log t

mR ~ 105 Pa 

mG ~ 109 Pa 

glassy viscoelastic rubbery

Fig. 5.3 A schematic of the

relaxation modulus as a

function of time for a

viscoelastic material
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@usz
@t

¼ 1� 2n
2ð1� nÞ

H

�
Sz � 1� 4n

4ð1� nÞ
H2

�

@Sx
@x

� mR
�
usz: (5.35)

By dropping the H2 terms under the thin-layer approximation (kH � 1), (5.34)

and (5.35) become

@usx
@t

¼ H

�
Sx � mR

�
usx; (5.36)

@usz
@t

¼ 1� 2n
2ð1� nÞ

H

�
Sz � mR

�
usz: (5.37)

Equation (5.36) is equivalent to a shear-lag model [48–50], which assumes a

uniform shear stress across the thin layer. Equation (5.37) is similar to the Winkler

model for an elastic foundation [4], but includes a time-dependent term accounting

for the viscous effect. The two equations are uncoupled under the thin-layer

approximation.

In the above development, plane-strain deformation and periodic surface

tractions have been assumed. The restriction of periodic tractions has been relaxed

by absorbing the wave number through a differentiation with respect to x in the

course of the inverse Laplace transform. The resulting equations are independent of

wave number and can thus be used for arbitrary tractions. At the end, the in-plane

and out-of-plane responses are decoupled by the thin-layer approximation. There-

fore, the restriction of plane-strain deformation can also be relaxed by generalizing

the in-plane response, (5.36), for both x- and y-directions, namely,

@usa
@t

¼ H

�
Sa � mR

�
usa; (5.38)

for a ¼ x and y. Equations (5.37) and (5.38) then represent an approximate solution

for the three-dimensional response of a thin viscoelastic layer subjected to the

boundary conditions in (5.17) and (5.18). Following similar steps, other forms of

viscoelastic solutions may be developed for incompressible and thick layers.

5.4 Evolution Equations of Wrinkling

By assuming the interface between the elastic film and the viscoelastic layer to

remain bonded during wrinkling, the displacements and tractions are continuous

across the interface, namely,

Sz ¼ �p; Sa ¼ Ta; (5.39)
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usz ¼ w; usa ¼ ua: (5.40)

The time-dependent response of the viscoelastic layer can then be written in

terms of the film displacements as

@w

@t
¼ 1� 2n

2ð1� nÞ
H

�
�pð Þ � mR

�
w; (5.41)

@ua
@t

¼ H

�
Ta � mR

�
ua; (5.42)

where p and Ta are related to the displacements (w and ua) by (5.7), (5.8), and

(5.12). Together with the constitutive relations of the film in (5.4)–(5.6), we have a

complete set of evolution equations for wrinkling.

Here, it is assumed that the evolution process is sufficiently slow such that inertia

effects are negligible and the elastic film remains in equilibrium during evolution.

Despite the limitations in the simple viscoelastic property and the thin-layer

approximation, the present model has been shown to be able to capture essential

features of viscoelastic wrinkle evolution, such as the kinetics of wrinkle growth at

the early stage and the equilibrium states at the long-time limit. Extension to more

general cases is possible. Notably, Biot [5] developed a general instability theory

for a viscoelastic layer on a semi-infinite viscoelastic substrate or embedded in an

infinite viscoelastic medium, which may be extended to three-dimensional post-

instability analysis. Alternatively, a Fourier transform method similar to that by

Huang et al. [37] may be employed for an elastic film on an infinitely thick

viscoelastic substrate. By combining Reynolds’ lubrication theory with the nonlin-

ear plate equations, Huang and Suo [42] developed a set of evolution equations for

wrinkling of an elastic film on an incompressible viscous layer.

5.5 Initial Growth

Start from a nearly flat film. At the early stage of wrinkling, the residual stress in the

film is hardly relaxed, and the growth of wrinkles is predominantly due to out-of-

plane displacement, uncoupled from the in-plane displacements. Substituting (5.14)

into (5.41) for an isotropic film, we obtain that

@w

@t
¼ �Kw;aabb þ F Nabw;b

� 	
;a � Rw; (5.43)

where

K ¼ ð1� 2nsÞEfh
3H

24ð1� nsÞð1� n2f Þ�s
; F ¼ 1� 2ns

2ð1� nsÞ
H

�s
; R ¼ mR

�s
: (5.44)

5 A Kinetics Approach to Surface Wrinkling of Elastic Thin Films 79



Consider an equi-biaxial residual stress such that Nab � �s0hdab ðs0>0Þ at the
early stage. The first two terms at the right-hand side of (5.43) compete to set a

length scale

L1 ¼
ffiffiffiffiffiffiffiffiffiffi
K

Fs0h

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Efh2

12ð1� n2f Þs0

s
; (5.45)

and a corresponding time scale

t1 ¼ K

Fs0hð Þ2 ¼
ð1� nsÞEf�sh

6ð1� 2nsÞð1� n2f Þs20H
: (5.46)

Neglecting the third term at the right-hand side of (5.43) for the moment, a linear

perturbation analysis [31] leads to a critical wavelength,

lc ¼ 2pL1; (5.47)

and the fastest growing wavelength,

lm ¼ 2
ffiffiffi
2

p
pL1; (5.48)

both proportional to the length scale, which in turn is proportional to the film

thickness. The film is unstable for wrinkles with wavelengths l>lc, and the wrinkle
amplitude grows exponentially with time. The growth rate, inversely proportional

to the time scale t1 , peaks at the wavelength l ¼ lm , for which the wrinkle

amplitude is given by

A ¼ A0 exp
t

4t1

� �
; (5.49)

andA0 is a constant for the initial amplitude. Therefore, at the early stage, the fastest

growing mode dominates, with both the wrinkle wavelength and the growth rate

depending on the residual stress via the length and time scales.

The third term at the right-hand side of (5.43) accounts for the effect of substrate

elasticity, which does not change the fastest growing wrinkle wavelength but

reduces the growth rate [31]. The substrate elasticity completely suppresses the

wrinkling instability when the compressive residual stress is lower than a critical

value. By setting the peak growth rate to be zero, one obtains the critical stress:

sc ¼
ffiffiffiffiffiffiffiffiffiffi
4KR

F2h2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� nsÞEfmR

3ð1� 2nsÞð1� n2f Þ
h

H

s
: (5.50)
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Note that the critical stress in (5.50) decreases as the thickness ratio H/h
increases, but this is only true for a relatively thin viscoelastic layer. For a thick

substrate layer, the critical stress approaches a constant independent of the thick-

ness ratio [30, 37].

For an anisotropic elastic film, a linear perturbation analysis predicts anisotropic

wrinkle patterns at the early stage [33]. Consider a periodic wrinkle pattern, with a

wave number k and an angle of the wave vector y, namely,

w x; y; tð Þ ¼ AðtÞ cos k x cos yþ y sin yð Þ½ �: (5.51)

Here, the angle y is measured from the x-axis or the [100] axis for the cubic crystal
film. The wrinkle amplitude grows exponentially with time as

AðtÞ ¼ A0 exp
ayt
t

� �
; (5.52)

where t ¼ �s=C11 is a time scale, and

ay ¼ ð1� 2nsÞH
24ð1� nsÞC11h

�EyðkhÞ4 � 12syðkhÞ2
h i

� mR
C11

: (5.53)

The dimensionless growth rate in (5.53) depends on the angle y through two

quantities:

sy ¼ s1 1� 1� s2
s1

� �
sin2 y� yp

� 	� �
; (5.54)

Ey ¼ C11 1� C12

C11

� �2
" #

1þ x� 1ð ÞC11

2 C11 þ C12ð Þ sin
22y

� �
: (5.55)

First, the ratio between the two principal stresses represents the stress

anisotropy that determines the angular dependence of sy . Hence an equi-biaxial

stress ðs2=s1 ¼ 1Þ is isotropic. Second, x ¼ 2C66=ðC11 � C12Þ defines a degree of
elastic anisotropy of the crystal. For an isotropic material, x ¼ 1 and Ey reduces to

Ef ¼ Ef= 1� n2f
� 	

, independent of the angle.

Figure 5.5 compares the spectra of the initial wrinkle growth rate for both

isotropic and anisotropic elastic films under various residual stresses [33].

Contours of the normalized growth rate ay are plotted in the plane spanning the

x and y components of the wave vector, kx ¼ k cos y and ky ¼ k sin y , both
normalized by the film thickness h; only positive growth rates are plotted. In all

the calculations, we set mR=C11 ¼ 10�5 , H=h ¼ 10, and ns ¼ 0:45. The major

principal stress s1=C11 ¼ �0:003 is fixed, while the ratio s2=s1 is varied from 1

for equi-biaxial to 0 for uniaxial stress state. For the isotropic film, the growth
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spectrum is solely controlled by the stress ratio. Under an equi-biaxial residual

stress ðs2=s1 ¼ 1Þ , the growth spectrum is isotropic with concentric circular

contours and thus no favored directions. When the two principal stresses differ,

the rotational symmetry is broken and the growth rate peaks at a particular wave

vector in the direction of the major principal stress. Therefore, the kinetically

dominant wrinkle pattern at the initial stage changes from nondirectional (e.g.,

labyrinth pattern) to unidirectional (e.g., parallel striped pattern).

For a cubic crystal film (e.g., SiGe), the growth spectrum not only depends on the

ratio between the two principal stresses but also depends on the direction of the

principal stress yp
� 	

. Even under an isotropic equi-biaxial stress, an anisotropic

growth spectrum emerges, with four peaks aligned in the two orthogonal crystal

directions, [100] and [010]. Thus, while the stress state is isotropic, the anisotropic

elastic property of the crystal film breaks the rotational symmetry. As a result,

an orthogonally oriented bidirectional pattern is predicted to dominate the initial

growth of the wrinkles. By varying the ratio s2=s1 from 1 to 0, the growth spectrum

changes from orthogonal to uniaxial in the direction of the major principal stress.

The transition however depends on the principal angle yp. When yp ¼ 0, the growth

spectrum remains orthogonal when the ratio s2=s1 slightly deviates from 1, but the

peak growth rate becomes lower in one direction compared to the other. The

growth spectrum becomes uniaxial as the lower peak diminishes for s2=s1<0:8.
When yp ¼ 45� , the wave vectors corresponding to the peak growth rates rotate

toward the direction of the major principal stress and eventually merge into a uniaxial

pattern. At an intermediate stress ratio (e.g., s2=s1 ¼ 0:9), four peaks lie on two

directions of an oblique angle. Hence, the kinetically dominant wrinkle pattern at

the early stage becomes obliquely oriented bidirectional (e.g., zigzag pattern).

Fig. 5.5 Spectra of the wrinkle growth rate at the early stage for isotropic and anisotropic elastic

films under various residual stress states. The major principal stress is s1=C11 ¼ �0:003
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This transition in the initial wrinkle patterns may be understood as a result of the

competition between the material anisotropy and the stress anisotropy through Ey and

sy, respectively.

5.6 Equilibrium Wrinkles

For a viscoelastic substrate layer with a rubbery modulus mR>0 at the long-time

limit, wrinkling of an elastic film atop evolves toward an equilibrium state, dictated

by minimization of the elastic strain energy stored in the film and the substrate.

There may exist many mechanically equilibrium states, including the one at the

reference state with no wrinkles at all. However, by the principle of thermodynam-

ics these equilibrium states may be unstable, stable, or metastable. Searching for the

thermodynamically equilibrium state with the minimum energy requires consider-

ation of all possible wrinkle patterns. In practice, several simple wrinkle patterns

(e.g., parallel stripes, checkerboard, and herringbone) have been considered for

isotropic elastic films [36, 39]. However, experiments have commonly observed

disordered wrinkle patterns (e.g., labyrinth). With the kinetics approach facilitated

by the viscoelastic deformation in the substrate layer, evolution of wrinkle patterns

can be simulated from a randomly generated initial perturbation, without a priori

assumption of the wrinkle patterns. Since the viscoelastic deformation dissipates

energy, the evolution process may be regarded as a searching algorithm for the

minimum energy state, but it is not guaranteed that the global energy minimum can

be reached. Nevertheless, the viscoelastic evolution represents a common physical

process to form wrinkle patterns in experiments [17, 19, 51, 52], where the observed

wrinkle patterns may also be trapped in a state of local energy minimum.

Consider a parallel-striped wrinkle pattern described by (5.51). The average

strain energy per unit area of the film consists of three parts [33], namely,

U A; k; yð Þ ¼ UC þ UB þ US; (5.56)

where

UC ¼ 1

4
syhk2A2 þ 3

64
Eyhk

4A4; (5.57)

UB ¼ 1

48
Eyh

3k4A2; (5.58)

US ¼ 1� ns
2ð1� 2nsÞ

mR
H

A2: (5.59)

The first two parts,UC andUB, are associated with the in-plane deformation and

bending of the elastic film, respectively, whereas US is the reversible elastic strain

energy stored in the viscoelastic layer.
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For an arbitrary wave vector, minimizing the total energy gives the equilibrium

amplitude as a function of k and y:

Ae k; yð Þ ¼ 2
ffiffiffi
6

p

3k
� sy
Ey

� khð Þ2
12

� 2ð1� nsÞ
1� 2ns

mR
Ey

1

k2Hh

" #1=2
: (5.60)

Correspondingly, the total strain energy at the equilibrium state is also a function

of k and y , i.e., Ueðk; yÞ ¼ U Ae; k; yð Þ . The spectra of the energy, Ueðk; yÞ , are
plotted in Fig. 5.6 for both isotropic and anisotropic elastic films under various

residual stress states. Similar to Fig. 5.5, contours of the normalized strain energy,

Ue=ðC11hÞ , are plotted in the plane spanning the x and y components of the

normalized wave vector; only negative energy values are plotted.

For an isotropic elastic film, the energy contours are concentric circles under an

equi-biaxial stress ðs2=s1 ¼ 1Þ . The strain energy minimizes on a circle of a

particular radius, with no favored direction due to rotational symmetry of the

isotropic system. Once the ratio between the two principal stresses deviates from 1,

the rotational symmetry is broken and the energy spectrum has two minima symmet-

rically located on the axis parallel to the direction of themajor principal stress. Hence,

an energetically favored wrinkle pattern emerges with parallel stripes perpendicular

to the direction of the major principal stress. However, it should be noted that, since

only parallel-striped wrinkle patterns are considered in the present analysis, the

energy minima in the spectra are not necessarily global minima. For example, it

has been shown that herringbone and checkerboard wrinkle patterns may have lower

energy than the parallel stripe pattern under an equi-biaxial stress state [36, 39].

Fig. 5.6 Energy spectra of parallel wrinkles at the equilibrium state for isotropic and anisotropic

elastic films. The major principal stress is s1=C11 ¼ �0:003
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For a cubic crystal film (e.g., SiGe), the energy spectrum depends on both the

material anisotropy and the stress anisotropy. Under an equi-biaxial stress, there

exist four energy minima aligned in the two orthogonal crystal directions, [100] and

[010]. Thus, an energetically favored equilibrium wrinkle pattern would consist of

parallel stripes in two orthogonal directions. When the two principal stresses are

different, the energy spectrum depends on the principal direction yp. When yp ¼ 0,

two energy minima are symmetrically located on the axis parallel to the direction of

the major principal stress, while the other two minima in the orthogonal direction

first become shallower and then disappear. When yp 6¼ 0 , as the stress ratio

decreases from 1 to 0, the wave vectors of the energy minima first rotate toward

the direction of the major principal stress and then merge to form two minima in the

same direction. Therefore, different equilibrium wrinkle patterns may emerge as a

transition between the orthogonal and the uniaxial patterns.

Furthermore, by minimizing the strain energy, Ue k; yð Þ, with respect to k for a

fixed angle y, the equilibrium wavelength is obtained as a function of y:

le yð Þ ¼ 2p
keðyÞ ¼ ph

2ð1� 2nsÞ
3ð1� nsÞ

H

h

Ey

mR

� �1=4
: (5.61)

Substitution of the equilibrium wavelength into (5.60) gives the equilibrium

amplitude for the parallel wrinkles with the angle y. Further minimization of the

strain energy, Ue ke; yð Þ, with respect to y, gives the angle for the parallel wrinkles
with the minimum energy. Both the equilibrium wavelength and the angle can be

readily determined from the locations of the minima in the energy spectrum shown

in Fig. 5.6. In particular, for an isotropic film under an equi-biaxial residual stress,

the equilibrium wrinkle wavelength in (5.61) is independent of the angle, and the

corresponding equilibrium wrinkle amplitude is

Ae ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3

s0
sc

� 1

� �s
; (5.62)

where sc is the critical stress given in (5.50). Recall that we have assumed a thin

viscoelastic layer and ns<0:5 . For a thick elastic substrate or ns ¼ 0:5 , the

equilibrium wrinkle wavelength and amplitude take different forms [37].

It is noted that, although the energy spectra in Fig. 5.6 appear similar to the initial

growth spectra in Fig. 5.5, the locations for the energy minima are different from

those of the maximum growth rates. While the fastest growing wavelength depends

on the residual stress in the film, the equilibrium wrinkle wavelength is independent

of the stress. In fact, the equilibrium wavelength is always greater than the fastest

growing wavelength at the initial stage. Consequently, the wrinkle wavelength

increases as the wrinkles evolve, a coarsening phenomenon that has been observed

in experiments [19, 52]. A scaling analysis of coarsening is presented next in

Sect. 5.7, which is confirmed by numerical simulations in Sect. 5.9.

5 A Kinetics Approach to Surface Wrinkling of Elastic Thin Films 85



5.7 Coarsening of Wrinkles: A Scaling Analysis

As the wrinkle amplitude grows to be comparable to the film thickness, the residual

stress in the film is partly relaxed, and the nonlinear effect of large deflection must

be accounted for. It was found that there exists a kinetically constrained wrinkle

state for each unstable wavelength [42]. In the neighborhood of such a state, the

wrinkling process is very slow (i.e., @w=@t � 0 ), despite the fact that the film

remains energetically unstable. For a particular wavelength (l>lc), setting @w=@t
¼ 0 and R ¼ 0 in (5.43) leads to a spatially uniform stress in the film

sk ¼ � 4p2K

l2Fh
¼ � p2h2Ef

3ð1� n2f Þl2
: (5.63)

Correspondingly, the wrinkle amplitude is given by [42]

Ak ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3

l2

l2c
� 1

 !vuut : (5.64)

Therefore, the film stress can be continuously relaxed by increasing the wrinkle

wavelength l, i.e., coarsening. Meanwhile, the wrinkle amplitude grows.

Assume that the film stays in the neighborhood of the kinetically constrained

state during coarsening, with both the wrinkle wavelength and the amplitude

evolving nonlinearly. At this stage, the spatial distribution of the stress in the film

is nearly uniform, approximately given by (5.63) as a function of the wrinkle

wavelength. By comparing the first two terms on the right-hand side of (5.43),

the time scale for this stage becomes

t2 ¼ K

Fhskð Þ2 ¼
l4

16p4K
: (5.65)

Thus, the wrinkle wavelength scales with the time as

l � Ktð Þ1=4: (5.66)

The corresponding wrinkle amplitude can be obtained from (5.64). For l>>lc,
the same scaling law applies for the growth of wrinkle amplitude, i.e., A � Ktð Þ1=4.

Remarkably, a molecular dynamics (MD) simulation of buckling molecular

chains showed a very similar scaling with the wavelength and the amplitude

growing as a power of time: l � tn and A � tb , where both the exponents nearly

equal to 0.26 [53]. MD simulations of compressed solid membrane showed a similar

coarsening dynamics with slightly larger exponents: n ¼ 0:28 and b ¼ 0:29 [54].
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It has been noted that the nature of such dynamics is analogous to phase ordering

phenomena such as spinodal decomposition [19].

Figure 5.7 schematically illustrates the three stages of wrinkling predicted for

the wrinkle wavelength and amplitude: initial growth, coarsening, and equilib-

rium. The transition points can be determined approximately using the scaling

laws [32]. First, the coarsening starts when the wrinkle reaches the kinetically

constrained state of the fastest growing mode, which gives the first transition

point:

t1 ¼ 4t1 ln
hffiffiffi
3

p
A0

� �
; (5.67)

where A0 is the initial amplitude. Following the power law scaling for the

wavelength coarsening, the second transition point is approximately

t2 ¼ t1
le
lm

� �4

¼ 1

R
ln

hffiffiffi
3

p
A0

� �
: (5.68)

Therefore, the first transition time is proportional to the time scale of initial

growth, which inversely scales with the square of the residual stress in the film, and

the second transition time scales with the relaxation time ð1 R= Þ of the viscoelastic
layer, independent of the stress.

It should be noted that the above scaling analysis is based on the model assuming

that the thickness of the viscoelastic layer is small compared to the wrinkle

wavelength and that the viscoelastic layer is compressible (i.e., ns<0:5). Following
the same approach, different scaling can be derived for the cases with incompress-

ible thin layers or thick substrates [32]. For an incompressible, thin layer ðns ¼ 0:5Þ,
the evolution equation takes a different form (5.30), and the coarsening of the

wrinkle wavelength scales asl � t1=6. For a thick viscoelastic substrateðH=h ! 1Þ,
the scaling for coarsening is obtained as l � t1=3 . It is thus speculated that, for a

Time 

wavelength 

amplitude 

I: initial growth II: coarsening III: equilibrium 

t1 t2 

Fig. 5.7 Schematic of the

three-stage evolution of

wrinkle wavelength and

amplitude (both in log-log

scale)
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viscoelastic layer of finite thickness, the exponent of the power-law scaling for

coarsening of wrinkles should be between 1/4 and 1/3 for a compressible layer and

between 1/6 and 1/3 for an incompressible layer. Remarkably, a similar transition

was noted for the phase separation kinetics of polymer blend films, where the

coarsening exponent changes from 1 for thick films (100 nm) to a value near 0.5

for thin films (20 nm) [55].

5.8 A Spectral Method for Numerical Simulations

The nonlinear evolution equations of wrinkling in (5.41) and (5.42) can be solved

numerically by a spectral method to simulate evolution of wrinkle patterns [32]. For

convenience, the evolution equations are normalized by scaling the lengths, time,

and stress components with the film thickness (h), the characteristic time for

viscous flow ð�s mf= Þ , and the shear modulus ðmfÞ , respectively. In addition, the

linear and nonlinear terms are separated so that Fourier transform of the evolution

equations takes the form

@ŵ

@t
¼ Bŵþ f; (5.69)

@û1
@t

¼ C1û1 þ D1û2 þ f1; (5.70)

@û2
@t

¼ C2û1 þ D2û2 þ f2; (5.71)

where a hat over a variable designates its Fourier transform with respect to the in-

plane coordinates, and f, f1, and f2 represent the nonlinear terms.

A semi-implicit algorithm is employed to integrate (5.69)–(5.71) over time.

First, using a backward finite difference scheme for the linear part and a forward

scheme for the nonlinear part, (5.69) is integrated point by point in the Fourier

space as

ŵðnþ1Þ ¼ ŵðnÞ þ fðnÞDt
1� BDt

; (5.72)

where Dt is the time step. The nonlinear terms are calculated in the real space and

transformed to the Fourier space numerically by Fast Fourier transform (FFT).

Similarly, (5.70) and (5.71) are integrated as

û
ðnþ1Þ
1 ¼

1� D2Dtð Þ û
ðnÞ
1 þ fðnÞ

1 Dt
� �

þ D1Dt û
ðnÞ
2 þ fðnÞ

2 Dt
� �

1� C1Dtð Þ 1� D2Dtð Þ � C2D1 Dtð Þ2 ; (5.73)
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û
ðnþ1Þ
2 ¼

1� C1Dtð Þ û
ðnÞ
2 þ fðnÞ

2 Dt
� �

þ C2Dt û
ðnÞ
1 þ fðnÞ

1 Dt
� �

1� C1Dtð Þ 1� D2Dtð Þ � C2D1 Dtð Þ2 : (5.74)

The advantage of the spectral method is that it resolves the challenges in the

numerical simulations by converting the high-order spatial differentiations in

the real space into algebraic multiplications in the reciprocal Fourier space, utilizing

the efficiency of FFT and its inverse to communicate between the two spaces.

Similar methods have been used for simulations of other evolution systems [56–58].

Numerically, a square computational cell in the x� y plane with a periodic

boundary condition is used. The size of the computational cell is selected such that

it is sufficiently large compared to the longest wrinkle wavelengths (i.e., the

equilibrium wavelength le), thus minimizing the effect of cell size on the numerical

results. The cell is discretized into grids in both the x - and y -directions with a

sufficient resolution in space to resolve the shortest wavelength of interest (i.e., the

critical wavelength lc). Moreover, the semi-implicit algorithm for time integration

is conditionally stable. To insure numerical stability and convergence, the time step

Dt (normalized by �s mf= ) must be sufficiently small.

5.9 Numerical Simulations of Wrinkle Patterns

In this section, results from numerical simulations are presented to show evolution of

diverse wrinkle patterns. For quantitative characterization of the wrinkle patterns,

which may be ordered or disordered, two quantities are calculated. First, the wrinkle

amplitude is evaluated by a root-mean-square (RMS) of the deflection, namely,

RMSðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

w m; n; tð Þ2
N2

s
; (5.75)

where wðm; n; tÞ is the deflection of the grid point ðm; nÞ at time t and N is the

number of grid points along each side of the computational cell. Second, the

average wrinkle wavelength is evaluated by

lðtÞ ¼ 2p
kðtÞ ; (5.76)

where

kðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

ŵðm; n; tÞj j2k m; nð Þ2P
ŵðm; n; tÞj j2

s
: (5.77)
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Equation (5.77) may be regarded as a weighted RMS of the wavenumbers in the

Fourier space, where the weight ŵj j2 represents the power intensity of the

corresponding wavenumber, similar to the power spectra in experiments [19].

5.9.1 Uniaxial Wrinkles (Parallel Stripes)

Figure 5.8 shows an evolution sequence of simulated wrinkle patterns under a

uniaxial stress with magnitude s0 ¼ 0:01 (normalized by the shear modulus mf ).
Here the film is isotropic and the modulus ratio mR=mf is set to zero. The other

parameters are H=h ¼ 10, ns ¼ 0:45, and nf ¼ 0:3. The computational cell size is

L=h ¼ 1; 000, with a 128-by-128 grid. The normalized time step is Dt ¼ 100. To

start the simulation, a random perturbation of amplitude 0.001 h is introduced over
the entire computational cell.

Under the uniaxial stress, a parallel stripe pattern emerges quickly in the

direction perpendicular to the stress. Both the wrinkle amplitude and the wave-

length increase with time. The presence of dislocation-type defects in the parallel

stripe pattern is evident in Fig. 5.8b, c. The defect density decreases as the wrinkle
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Fig. 5.8 A simulated evolution sequence of wrinkles in a uniaxially stressed film. (a) t ¼ 104:
�l ¼ 46:2 and RMS ¼ 0.00033; (b) t ¼ 105: �l ¼ 44:4 and RMS ¼ 0.313; (c) t ¼ 106: �l ¼ 77:8

and RMS ¼ 0.947; (d) t ¼ 107: �l ¼ 128:2 and RMS ¼ 1.66
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evolves. Similar results are obtained for various stress magnitudes. Figure 5.9 plots

the evolution of the average wrinkle wavelength and the RMS amplitude. The

average wavelength quickly reaches a plateau at a level depending on the residual

stress, corresponding to the fastest growing mode predicted by (5.48) for the initial

growth. Meanwhile, the RMS amplitude increases exponentially, as predicted by

(5.49). The wavelength starts to increase (i.e., coarsening) when the RMS reaches a

critical level (~0.4), nearly independent of the residual stress. As indicated by the

horizontal dashed line in Fig. 5.9b, the RMS at the kinetically constrained state of

wavelength l ¼ lm is 0:408, which is close to the transition points for all stresses.

Therefore, the first transition time in (5.67) is a reasonable estimate for the onset of

coarsening.

During coarsening, the wavelength follows a straight line with a slope 1=4 in the
log-log plot as shown in Fig. 5.9a, in good agreement with the scaling analysis in

(5.66). Interestingly, in spite of the different residual stresses and different transi-

tion points, the wrinkle wavelength follows essentially the same path of coarsening.

On the other hand, the wrinkle amplitude grows with the same scaling (after a short

transition period) but with different magnitudes for different residual stresses. Since

no elastic equilibrium state exists for the present case (mR=mf ¼ 0), the coarsening

process continues until the simulation is stopped at t ¼ 108.

The substrate elasticity has two effects on the wrinkling process. First, it can

stabilize the film under small stresses so that the film remains flat with no wrinkles

at all. The critical stress is given by (5.50). The second effect is that, when the

residual stress is high enough to cause wrinkling, the elastic limit of the substrate

will eventually stabilize the wrinkle pattern. For parallel-stripe wrinkles, the equi-

librium wrinkle wavelength and amplitude are analytically predicted in (5.61) and

(5.62), respectively. Figure 5.10 plots evolution of the average wrinkle wavelength
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and the RMS amplitude from numerical simulations under uniaxial stresses and with

a modulus ratio,mR=mf ¼ 10�5. The critical stress in this case issc ¼ 0:00324.When

s0<sc, no wrinkle grows. For s0>sc, the initial growth is similar to that in Fig. 5.9,

but with a slower growth rate as predicted by the linear perturbation analysis [31].

The coarsening, however, is influenced by the presence of an equilibrium state. The

wrinkle wavelength increases and eventually reaches a plateau, in agreement with

the predicted equilibrium wavelength, le ¼ 76:2 in this case. At the same time, the

RMS amplitude approaches a plateau in agreement with the predicted equilibrium

amplitude. While the equilibrium wavelength is independent of the residual stress,

the equilibrium amplitude increases as the stress magnitude increases. Apparently,

the power-law scaling for coarsening becomes less predictive as the wrinkles

approach the equilibrium state. As a result, the second transition time predicted

by (5.68) typically underestimates the time to reach the equilibrium state.

5.9.2 Isotropic Wrinkles (Labyrinths)

Figure 5.11 shows an evolution sequence of simulated wrinkle patterns under an

equi-biaxial stress of magnitude s0=mf ¼ 0:01 with mR=mf ¼ 0. Differing from the

parallel stripe patterns under uniaxial stresses, an isotropically disordered labyrinth

pattern emerges under the equi-biaxial stress, due to the rotational symmetry in the

isotropic system. Figure 5.12 plots the evolution of the average wrinkle wavelength

and the RMS amplitude. Similar to the cases under uniaxial stresses, the average

wavelength quickly reaches a plateau, corresponding to the fastest growing mode

predicted by the linear analysis, and the RMS increases exponentially during the

initial growth stage. The RMS at the transition point from initial growth to
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coarsening is about the same too, but the transition process is different for the

wrinkle wavelength. The coarsening of the wavelength is faster immediately after it

reaches the transition point, giving a slope larger than ¼ in the log-log plot

(Fig. 5.12a). The slope then decreases as coarsening continues, eventually

approaching ¼, as predicted by the scaling analysis. Such a behavior may be

attributed to the disorder in the labyrinth wrinkle pattern. At the early stage, the

pattern is highly disordered with relatively short stripes in random directions, for

which the coarsening is not well described by the scaling law for parallel stripe

patterns. Later on, while the wrinkle pattern remains disordered, it consists of long

stripes coarsening in a similar manner as parallel stripes. Consequently, the coars-

ening paths under equi-biaxial stresses are different for different residual stresses,

and they are different from those under uniaxial stresses.

Using the length scale L1 and the time scale t1 as defined in (5.45) and (5.46),

respectively, Fig. 5.13 replots the evolution of wrinkle wavelength from the numer-

ical simulations (Figs. 5.9a and 5.12a, with mR=mf ¼ 0). Remarkably, the evolution

paths for different stress magnitudes collapse onto one for uniaxial stresses and

another for equi-biaxial stresses. At the early stage, the film selects the fastest

growing wrinkle wavelength, which is the same for both uniaxial and equi-biaxial

stresses. Interestingly, the process of wavelength selection at the early stage seems
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Fig. 5.11 A simulated evolution sequence of wrinkles in an equi-biaxially stressed film. (a)

t ¼ 104: �l ¼ 42:8 and RMS ¼ 0.00054; (b) t ¼ 105: �l ¼ 45:1 and RMS ¼ 0.423; (c) t ¼ 106:
�l ¼ 98:4 and RMS ¼ 1.50; (d) t ¼ 107: �l ¼ 196:9 and RMS ¼ 3.18

5 A Kinetics Approach to Surface Wrinkling of Elastic Thin Films 93



to follow the same scaling law as coarsening, i.e., l � t1=4. This process, however,
may depend on the initial perturbation, and is typically too short to be observed in

experiments. The two paths are slightly different in the transition to coarsening.

Under uniaxial stresses, the coarsening process is well described by the power-law

scaling. Under equi-biaxial stresses, however, it undergoes a transition stage with a

faster coarsening rate before it approaches the same power law. This is consistent
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with the MD simulations of buckling molecular chains [53] and membranes [54],

with the chains under uniaxial stresses and the membranes under equi-biaxial

stresses.

By adding substrate elasticity ðmR=mf>0Þ, the average wrinkle wavelength and

the RMS amplitude eventually saturate at the equilibrium state [32], similar to the

uniaxial wrinkles as shown in Fig. 5.10. Figure 5.14 shows the wrinkle patterns for

different stresses at the end of each simulation ðt ¼ 108Þ when the system has

reached a nearly equilibrium state. Under uniaxial stresses (Fig. 5.14a), similar

patterns with parallel stripes are obtained for different stress magnitudes, with the

same wrinkle wavelength but different amplitudes. Under equi-biaxial stresses

(Fig. 5.14b–d), although the average wavelength at equilibrium is independent of

the residual stress, the coarsening dynamics leads to different evolution paths and

thus different wrinkle patterns. Interestingly, the isotropic wrinkle patterns seem to

organize into a domain structure, with parallel stripes in each domain, while the

domain size decreases as the stress magnitude increases. The details of the equilib-

rium wrinkle pattern under equi-biaxial stresses may depend on the initial random

perturbation, but the average wrinkle wavelength and the RMS amplitude are

insensitive to the initial perturbation. Thus, the apparently chaotic pattern may be

characterized by the two deterministic quantities.
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Fig. 5.14 Nearly equilibrium wrinkle patterns: (a) under a uniaxial stress, s0 ¼ 0:005; (b)–(d)
under equi-biaxial stresses, s0 ¼ 0:005, 0.01, and 0.02
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In addition to the labyrinth pattern, checkerboard and herringbone patterns

have also been considered as the possible equilibrium wrinkle patterns under equi-

biaxial stresses [36, 39, 40]. As shown in Fig. 5.15a, by the kinetics approach, a

checkerboard pattern is obtained when the equi-biaxial residual stress is slightly

above the critical stress for the onset of wrinkling. A transition from the checkerboard

pattern to the labyrinth pattern occurs as the stress magnitude increases. Such a

transition may be attributed to a geometric origin [37]: a flat film can bend to

a cylindrical surface with no stretching, but bend to a spherical cap with severe

stretching at the crest. Starting from a flat film with a small random perturbation,

wrinkles emerge randomly at the early stage, forming shallow spherical dimples. As

the wrinkle amplitude grows, the spherical dimples elongate to form cylindrical

ridges. The competition between bending and stretching leads to the transition from

spherical dimples to cylindrical ridges, while the overall rotational symmetry is

maintained as the cylindrical ridges form an isotropic labyrinth pattern. When the

residual stress is low, the equilibrium wrinkle amplitude is small, and the shallow

spherical dimples remain at the equilibrium state to form the checkerboard pattern.

Such an ordering however may be an artifact of the square-shaped computational cell

used in the numerical simulation. In a recent experiment, hexagonally packed dimples

have been observed [59, 60], which manifests the rotational symmetry in the isotropic

system. Figure 5.15b shows a herringbone pattern, which ismacroscopically isotropic.

Such a pattern appears to be a special case of the labyrinth pattern,with locally ordered

parallel stripes and a parallel domain structure. Alternatively, it may also be consid-

ered as a combination of the checkerboard pattern (spherical dimples) and the parallel

stripe pattern [61]. It was found that, among the three ordered wrinkle patterns

(parallel stripes, checkerboard, and herringbone), the herringbone pattern yields the

lowest elastic energy in an equi-biaxially compressed film at relatively large

overstresses [36, 39]. Recently, Cai et al. [60] presented an energetic analysis that

predicts the transition stress from the checkerboard pattern to the herringbone pattern

under equi-biaxial compression. They also suggested that, with a small initial curva-

ture of the film, the hexagonal pattern has a lower elastic energy than the checkerboard

pattern at small overstresses.

Fig. 5.15 Ordered wrinkle patterns under equi-biaxial compression: (a) Checkerboard pattern; (b)

Herringbone pattern
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5.9.3 Transition of Wrinkle Patterns: Secondary Buckling
Instability

Apparently, the equilibrium wrinkle patterns in an isotropic elastic film depend

sensitively on the residual stress at the reference state. A uniaxial stress results in a

parallel-stripe wrinkle pattern, and an isotropically disordered labyrinth pattern often

emerges under an equi-biaxial residual stress. In between, when the film is subject to a

generally biaxial stress, a transition is expected as the ratio between the two principal

stresses (s2=s1) varies from 0 to 1. In particular, while wrinkles in the parallel stripe

pattern effectively relax the compressive stress in one direction, the presence of a

compressive stress in the perpendicular direction may induce a secondary buckling

instability that leads to the transition of wrinkling patterns [34, 40].

Consider a perturbation to the parallel wrinkles, with the out-of-plane displace-

ment taking the form

wðx; y; tÞ ¼ A cos k1 xþ B cos k2yð Þ½ �f g: (5.78)

The elastic strain energy of the system consists of the bending and in-plane strain

energy in the film and the elastic energy in the substrate [34]:

UB ¼ Efh
3

48ð1� n2f Þ
k21A

2 k21 þ k21k
2
2B

2 þ 1

2
k42B

2 þ 3

8
k21k

4
2B

4

� �
; (5.79)

UC ¼ h

2Ef

s21 þ s22 � 2nfs1s2
� 	

þ 1

8
hA2k21 2s1 þ s2B2k22

� 	þ 3Ef

64ð1� n2f Þ
hA4k41 1þ nfB2k22 þ

3

8
B4k42

� �
;

(5.80)

US ¼ 1

2

1� ns
1� 2nsð Þ

mR
H

A2: (5.81)

The total strain energy is

Utotal ¼ UB þ UC þ US ¼ U A; k1ð Þ þ DU A;B; k1; k2ð Þ: (5.82)

The first term on the right-hand side of (5.82) is the strain energy for parallel

wrinkles, for which the equilibrium amplitude and wavelength are obtained in

Sect. 5.6. The secondary buckling amplitude (B) and the wavenumber (k2) are

then obtained by minimizing the second term, which is
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DU ¼ s1j j � scð Þ2h
36Ef

Efk
2
2h

2

s1j j � sc
� 12

s2j j � sc
s1j j � sc

� nf

� �� �
k22B

2 þ O B4
� 	

: (5.83)

The leading term on the right-hand side of (5.83) is quadratic of the amplitude B.
When the coefficient is negative, the total energy in (5.82) decreases with the

amplitude B, and thus the parallel wrinkles become unstable. The critical condition

for the secondary buckling is then predicted as

s2j j � sc
s1j j � sc

¼ nf : (5.84)

The same result was obtained by Audoly and Boudaud [40] using a different

perturbation function. Apparently, Poisson’s ratio of the film plays an important

role for the secondary buckling.

By the kinetics approach, evolution of wrinkle patterns under biaxial stresses is

simulated. Figure 5.16 shows the near-equilibrium wrinkle patterns obtained from

numerical simulations. The major principal stress is identical in all simulations

ðs1 ¼ �0:005EfÞ while s2 varies between zero and s1. The following parameters

were used:mR=Ef ¼ 10�5, nf ¼ 0:3, ns ¼ 0:45, andH=h ¼ 10. The critical stress for

the onset of wrinkling (5.50) in this case issc ¼ 0:0019Ef, and the transition stress

predicted by (5.84) is s2 ¼ �0:00284Ef . Therefore, when 0>s2>� 0:00284Ef ,

parallel wrinkles form and they are stable. When � 0:00284Ef>s2>s1, parallel
wrinkles become unstable and zigzag wrinkle patterns emerge. The wavelength of

the zigzag and its amplitude may be predicted by energy minimization including

the high-order terms in (5.83). Due to the relatively long zigzag wavelength, a

much larger computational cell is needed to eliminate the effect of cell size on the

simulated zigzag patterns. Nevertheless, the numerical simulations clearly dem-

onstrate the transition from the parallel stripe pattern to the zigzag pattern. As s2
approaches s1, the zigzag wrinkle pattern becomes increasingly disordered with

defects. When s2 ¼ s1, the wrinkles become isotropically disordered in a laby-

rinth pattern.

Fig. 5.16 Transition of wrinkle patterns for an isotropic elastic film, from parallel stripes to zigzag

and to labyrinth, subject to biaxial residual stresses with s1= �Ef ¼ �0:005 and s2= �Ef ¼ �0.0028,

�0.0032, �0.0035, �0.005 (from left to right)
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Transition of wrinkle patterns has been observed experimentally [11, 62, 63].

By sequential stretch and release, Lin and Yang [63] reported reversible transition

of wrinkle patterns from parallel stripes to zigzag and to highly ordered herringbone

patterns. In their experiments, a square-shaped polydimethylsiloxane (PDMS) strip

was first stretched equi-biaxially and then treated with oxygen plasma to form a thin

oxide layer at the surface. Next, the pre-stretch was released either sequentially in

the x- and y-directions or simultaneously in both directions. By the sequential

release, they observed a transition in the wrinkle pattern from parallel stripes to

zigzag, which qualitatively agrees with the secondary buckling analysis and the

numerical simulations shown in Fig. 5.16. Interestingly, a highly ordered herring-

bone pattern was obtained at the end of the sequential release when the oxide layer

was under equi-biaxial compression. On the other hand, by simultaneous release, a

disordered labyrinth pattern was obtained at the same final state of equi-biaxial

compression. Apparently, the wrinkle pattern depends on the loading path in these

experiments. The well-ordered parallel wrinkles formed during the first stage of

sequential release seem to have placed seeding for the ordering of subsequent

wrinkle patterns. Without any seeding, wrinkles grow in all directions during the

simultaneous release, resulting in a disordered labyrinth pattern. Indeed, to obtain

the herringbone pattern by numerical simulations as shown in Fig. 5.15b, the

residual stress in the film was assumed to be time dependent to simulate a sequential

loading so that parallel wrinkles formed first to be followed by zigzag and eventu-

ally herringbone patterns. Otherwise, disordered labyrinth patterns emerge from a

random initial perturbation under equi-biaxial compression, as shown in Figs. 5.11

and 5.14. The path-dependent wrinkle patterns suggest that there may exist more

than one equilibrium states (ordered and disordered) although some of them may be

thermodynamically metastable. As such, by controlling the loading path, ordered

wrinkle patterns can be achieved.

5.9.4 Wrinkle Patterns of Anisotropic Crystal Films

Most of the theoretical studies on wrinkling have assumed isotropic, linear elastic

properties for the film. Several experimental studies have reported wrinkling of

anisotropic crystal films. Hobart et al. [51] observed wrinkling of single-crystal

silicon-germanium (SiGe) alloy films on a glass layer when annealed at an elevated

temperature, where SiGe is a cubic crystal with anisotropic elastic properties. More

detailed experiments [52] showed that the SiGe film preferentially wrinkles in two

orthogonal directions, closely aligned with the <100> axes of the crystal film.

Similar orthogonal patterns were observed for a SiGe/oxide film stack [64]. On the

other hand, Choi et al. [9] observed zigzag wrinkle patterns of single-crystal

Si films bonded to a PDMS substrate, where the jog angle of the zigzag was close

to 90�, although no alignment with the crystal axes was reported. By the kinetics

approach, coupled with the equilibrium equations for an anisotropic thin film

(Sect. 5.2), wrinkle patterns of anisotropic crystal films can be simulated under
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various stress states [33]. In particular, the effects of anisotropic elastic property of

a cubic crystal film on wrinkle patterns at both the initial growth stage and

the equilibrium state have been elucidated by the analytical solutions in Sects. 5.5

and 5.6, respectively. By the spectral method (Sect. 5.8), Fig. 5.17 shows an

evolution sequence of the simulated wrinkle pattern for a cubic crystal film

(SiGe) under an equi-biaxial compression ðs1 ¼ s2 ¼ �0:003C11Þ. Here, a square
computational cell of size L ¼ 2; 000h is discretized into a 128-by-128 grid, with

periodic boundary conditions. A random perturbation of amplitude 0.01h was

introduced as the initial perturbation from the reference state. The deflection, wðx;
y; tÞ, is normalized by the film thickness h and plotted as contours in the x–y plane;
the time is normalized by the time scale t ¼ �=C11. The insets in Fig. 5.17 show

contours in the Fourier space as the Fourier transform of the corresponding wrinkle

patterns.

As shown in Fig. 5.17, the initial perturbation at t ¼ 0 is featureless, with a small

roughness (RMS ¼ 0.0057). At t ¼ 105, the RMS amplitude has grown significantly,

and the Fourier transform takes a shape similar to the growth-rate spectrum shown in

Fig. 5.5 for the anisotropic film under an equi-biaxial stress. At the early stage, many

Fourier components are growing simultaneously, resulting in a disordered wrinkle

pattern. The average wrinkle wavelength ðl ¼ 44:77Þ is close to the fastest growing

Fig. 5.17 A simulated evolution sequence of the wrinkle pattern for a SiGe crystal film under an

equi-biaxial residual stress ðs1 ¼ s2 ¼ �0:003C11Þ: (a) t ¼ 0, RMS ¼ 0.0057, �l ¼ 38:83; (b)

t ¼ 105, RMS ¼ 0.0165, �l ¼ 44:77; (c) t ¼ 5 	 105, RMS ¼ 0.4185, �l ¼ 47:06; (d) t ¼ 106,

RMS ¼ 0.4676, �l ¼ 50:75; (e) t ¼ 107, RMS ¼ 0.5876, �l ¼ 56:43; (f) t ¼ 108, RMS ¼ 0.5918,
�l ¼ 56:63
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wavelength ( lym ¼ 43:23 for y ¼ 0 ) as predicted by the linear analysis.

At t ¼ 5 	 105, the Fourier components with the fastest growth rate start to domi-

nate, and the wrinkles become increasingly aligned in the two orthogonal directions

of the crystal, [100] and [010]. At t ¼ 106, the wrinkle pattern exhibits a bi-phase

domain structure, with parallel stripes locally ordered in one of the two orthogonal

directions in each domain. Further evolution of the wrinkle pattern shows two

coarsening processes. First, the wavelength of each individual wrinkle stripe

increases. As a result, the average wavelength of the wrinkle over the entire area

increases, similar to the coarsening process of an isotropic film. Furthermore, the

orthogonal bi-phase domain structure of the wrinkle pattern evolves with coarsening

of the domain size, as can be seen clearly from t ¼ 106 to t ¼ 107. Both the wrinkle

wavelength and the domain size seem to saturate after a long-time evolution. It is thus

postulated that the viscoelastic evolution process seeks to minimize the total strain

energy in the film and the substrate not only by selecting an equilibrium wavelength

for individual wrinkle stripes but also by selecting a particular domain size [33]. The

present simulation of the wrinkle pattern evolution qualitatively agrees with the

experiments by Peterson [52] for a SiGe film on a glass layer at an elevated

temperature. The orthogonally ordered wrinkle pattern is also comparable to the

wavy structures observed in biaxially stressed silicon membranes on a PDMS

substrate [9].

Subject to a generally biaxial stress, the wrinkle pattern depends on the stress

anisotropy in addition to the material anisotropy. Similar to the isotropic film, the

wrinkle pattern undergoes a transition from the orthogonal pattern under an equi-

biaxial stress to the parallel stripe pattern under a uniaxial stress. However, the

transition path for the anisotropic film depends on the principal direction of the

residual stress [33]. Figure 5.18 shows the wrinkle patterns with two different

principal directions. When yp ¼ 0, the directions of principal stresses coincide with

the <100> crystal axes. In this case, the orthogonal wrinkle pattern remains orthog-

onal as the stress ratio s2=s1 slightly deviates from 1, but the bi-phase domain

structure changes. Under the equi-biaxial stress ðs2=s1 ¼ 1Þ, the parallel wrinkles are
equally distributed in the two orthogonal directions. For s2=s1 ¼ 0:9 , the area

decorated with wrinkles in the [100]-direction is greater than the area decorated by

wrinkles in the [010]-direction. As the stress ratio s2=s1 decreases further, the area

percentage of the [100] wrinkles increases, and the entire area is covered with the

[100] wrinkles whens2=s1<0:8. Thus, the orthogonal wrinkle pattern changes to the
uniaxial pattern by eliminating one of the two phases as the stress anisotropy

increases. When yp ¼ 45� , the directions of the principal stresses are in the

<110>-directions of the crystal. As a result, the uniaxial wrinkles are parallel to

the <110>-directions, which are absent in the orthogonal pattern under an equi-

biaxial stress. As the stress ratio decreases, the directions of the wrinkle stripes first

rotate to form zigzag patterns and then merge into the [110]-direction for s2=s1<0:8.
Thus, the transition occurs by rotating the wrinkles in both phases toward the major

principal direction. Note that the zigzag pattern in transition typically consists of

wrinkle stripes in two directions of an oblique angle, consistent with the rotation of
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the energy minima in the predicted energy spectra (Fig. 5.6). Therefore, the competi-

tion between the stress anisotropy and the material anisotropy further enriches the

dynamics of wrinkle patterns, which may be exploited for surface patterning.

5.9.5 Wrinkle Patterns Under Nonuniform Stresses

For a thin film with finite lateral dimensions, the residual stress is typically

nonuniform due to stress relaxation along the edges [65–67]. As a result, the

wrinkle pattern depends on the distribution of the residual stress in the film,

which in turn depends on the shape and size of the film. Two potential applications

may be envisaged here. First, one may observe the wrinkle patterns as a visual

reflection of the residual stress, thus offering a measure of the underlying stress

state. Second, one may design the film geometry to achieve desirable wrinkle

patterns for functional applications, such as color control [25] and adhesion [14].

However, predicting the wrinkle patterns under nonuniform residual stresses is

often challenging. The energy minimization approach is practically ineffective for

this purpose. On the other hand, with slight modification, the kinetics approach has

been employed to simulate wrinkle patterns under nonuniform stresses [34]. For

simplicity, only isotropic elastic films are considered in this section.

Fig. 5.18 Transition of wrinkle patterns for an anisotropic crystal film, from orthogonal to

uniaxial, under biaxial stresses with yp ¼ 0 (upper row) and yp ¼ 45� (lower row). From left to
right: s2=s1 ¼ 0:9, 0.8, and 0.7

102 R. Huang



First consider a long thin-film ribbon with a finite width b in the x-direction
ð�b=2
 x
 b=2), but infinite in the y-direction. By a shear-lag model [34, 48], the

residual stress in the ribbon is obtained as

sRxx ¼ �s0 1� cosh x=lð Þ
cosh b=2lð Þ

� �
; (5.85)

sRyy ¼ �s0 1� nf
cosh x=lð Þ
cosh b=2lð Þ

� �
; (5.86)

where s0 is the uniform stress magnitude before relaxation, assumed to be equi-

biaxial compression, and l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EfHh=mR

p
is the shear-lag length at the elastic limit

of the substrate. The normalized shear-lag length ðl=hÞ is 1,000 whenmR=Ef ¼ 10�5

and H=h ¼ 10 . For a narrow ribbon, the stress in the width direction ðsRxxÞ is

significantly relaxed over the entire ribbon, while the stress relaxation in the

longitudinal direction ðsRyyÞ is relatively small, depending on the Poisson’s ratio

of the film. Thus, parallel wrinkles are expected to form for the narrow ribbon. As

the ribbon width increases, the maximum stress in the x-direction increases. Beyond
a critical width, the maximum stress at the center of the ribbon (x ¼ 0) becomes

greater than the transition stress predicted by (5.84). Consequently, the parallel

wrinkles become unstable at the center, where zigzag wrinkle patterns are expected

to form. The critical ribbon width for this transition can be predicted by setting the

maximum lateral stress equal to the transition stress [34]. Figure 5.19 shows the

simulated wrinkle patterns in thin-film ribbons of different widths, by the kinetics

approach using the nonuniform residual stresses given by (5.85) and (5.86).

For these simulations, the computational cell size is 5; 000h	 5; 000h , with a

512-by-512 grid. To simulate the free edges, the residual stress is set to be zero

outside the ribbon area. As expected, the wrinkles remain uniaxial near the edges.

For wide ribbons, the wrinkles become zigzag and disordered at the center. Only

when the width of the ribbon is less than a critical value, parallel wrinkles are

obtained over the entire ribbon. Similar wrinkle patterns have been observed

experimentally [9, 20].

Fig. 5.19 Simulated wrinkle patterns in thin-film ribbons. The ribbon widths are (from left to
right): b=h ¼ 3,750, 3,250, 2,500, and 1,250
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Next consider a rectangular thin film with widths bx and by in the x- and

y-directions, respectively. A two-dimensional (2D) shear-lag model may be used

to determine the stress distribution in the rectangular film, which however can only

be obtained numerically [68]. As an approximation, we extend the 1D solution in

(5.85) and (5.86) to 2D as

sRxx ¼ �s0 1� cosh x=lð Þ
cosh bx=2lð Þ

� �
1� nf

cosh y=lð Þ
cosh by=2l

� 	
" #

; (5.87)

sRyy ¼ �s0 1� nf
cosh x=lð Þ
cosh bx=2lð Þ

� �
1� cosh y=lð Þ

cosh by=2l
� 	

" #
: (5.88)

Using the approximate stress distribution, Fig. 5.20 shows the simulated

wrinkle patterns of a square film and two rectangular films [34]. For the square

film ðbx ¼ by ¼ 5; 000hÞ , parallel wrinkles develop near the mid-portion of the

edges, while the four corners are wrinkle free due to stress relaxation in both

directions. The center part of the film shows a fully developed labyrinth pattern.

For the rectangular film with bx ¼ 2; 500h, predominantly parallel wrinkles extend

from left to right except near the top and bottom edges where a small number of

wrinkles in the perpendicular direction remain. With bx ¼ 1; 250h , only parallel

wrinkles appear, with flat regions at the top and bottom. Choi et al. [9] observed

similar wrinkle patterns in rectangular Si membranes bonded to a pre-strained

PDMS. They also showed wrinkle patterns of other membrane geometries, includ-

ing circles, ovals, hexagons, and triangles. For some applications, wrinkling may be

undesirable. A wrinkle-free film may be achieved if the lateral dimensions are

sufficiently small [44, 52, 66].

Fig. 5.20 Simulated wrinkle patterns of a square film and two rectangular films, with by=h
¼ 5; 000 and bx=h ¼ 5; 000, 2,500, and 1,250
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To obtain ordered wrinkle patterns, Bowden et al. [10] fabricated bas-relief

patterned surfaces and obtained a variety of wrinkle patterns with a thin metal

film on an elastomer substrate. With the patterned surface, the residual stress in the

metal film is likely nonuniform. However, the stress distribution is often compli-

cated and cannot be predicted analytically. By the finite element method, the

distribution of the residual stress in patterned thin films can be obtained numeri-

cally, assuming no wrinkles. Figure 5.21 shows the stress distributions for periodic

patterns with square and circular holes [34]. The unit cell of each pattern is modeled

as a two-dimensional plate on an elastic foundation, and the residual stress is

calculated by invoking a mismatch in thermal expansion. Next, with the nonuni-

form stress distribution, evolution of wrinkle patterns is simulated by the kinetics

approach [34]. To compare with the experimental observations, the resulting

wrinkle patterns in the unit cell are replicated to produce the periodic wrinkles in

Fig. 5.21 Wrinkling of periodically patterned films. Upper: Distribution of residual stresses in a

unit cell obtained from a finite element analysis. Lower: Periodical replication of the simulated

wrinkle patterns
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a larger scale in Fig. 5.21, showing remarkably similar features as those reported by

Bowden et al. [10]. Therefore, it is possible to predict complex wrinkle patterns by

combining the kinetics approach with the finite element method.

5.10 Concluding Remarks

In summary, a kinetics approach to wrinkling is presented in this chapter. It is

demonstrated that the kinetics approach is capable of simulating evolution of

wrinkle patterns under various conditions. Furthermore, it has enabled us to under-

stand the dynamics of coarsening and pattern transition both analytically and

numerically. The effects of stress anisotropy, material anisotropy, and nonuniform

stress distribution on wrinkle patterns are elucidated by comparing numerical

simulations with experimental observations.

Despite significant advances over the last decade in both theory and

experiments, recent studies continue to show fascinating wrinkles that stimulate

further studies. A few notable examples include concomitant wrinkling and delam-

ination [69, 70], diffusion-induced wrinkling [71, 72], and wrinkle patterns on

curved surfaces [73, 74]. In addition to fundamental understanding, several recent

reviews have highlighted potential applications of the wrinkling phenomena in

stretchable electronics [75], metrology [76], adhesion [77], and micro/nano-fluidics

[78].
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