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A B S T R A C T   

We developed a new approach to the phase-field model to predict morphologies of polymer membranes, with the 
following distinctions: (i) it satisfies the Gibbs-Duhem relation and the volume fraction constraint in calculation 
of the driving force for diffusion; and (ii) it employs a diffusive flux equation which includes the dependence of 
the flux on the volume fraction of the components. The model consistency was checked by mass conservation and 
thermodynamic behavior. The predictions of the model were compared to Doi-Onuki (DO) and classic Cahn- 
Hilliard (CH) models. Differently of the DO model, the application of the proposed model was not restricted 
to values of initial polymer concentration inside the spinodal region. In comparison to the CH model, the main 
difference observed was the prediction of lower phase separation rates and minor microdomains, which may be 
more realistic because it considers a more appropriate approach of the driving force for diffusion and of the 
diffusive flux equation.   

1. Introduction 

In recent years, polymer membranes have been widely developed 
and applied for different industrial applications, such as microfiltration, 
ultrafiltration, reverse osmosis and gas separation [1,2]. Polymer 
membranes are mainly produced by phase inversion via immersion 
precipitation. In this process, a homogeneous polymer solution (polymer 
plus solvent) is cast or spun in the form of a thin film or thin-walled 
hollow fiber and then is immersed into a precipitation bath of 
non-solvent (non-solvent induced phase separation – NIPS). Due to 
concentration gradients, mutual diffusion of non-solvent and solvent 
across the interface takes place, promoting separation into a 
polymer-rich phase and a polymer-poor one. The polymer-rich phase 
becomes a solid matrix by crystallization or vitrification, containing 
pores originated from the polymer-poor phase [3,4]. As the membrane 
morphology varies significantly depending on the properties of the 
system components and conditions of the process, an understanding of 
the dynamics of the polymer membrane formation process is vital to 
predict and control the morphology development. 

Few models are available in the literature to describe phase inversion 
process [5–31]. The first theoretical description of the wet-casting pro-
cess was made by Cohen et al. [5], considering that chemical potential is 

the driving force for the process. Even though several researchers [6–13, 
20,21,26] have reviewed and refined some aspects of model proposed by 
Cohen et al. [5], the ability of these models to provide information about 
the membrane microstructure is limited, because they do not directly 
address the phase separation process. 

More recently, the researchers turned their attention to the explicit 
treatment of the phase separation process by a wide variety of methods, 
including phase-field [17–19,22,24,29–31], Lattice-Boltzmann [23], 
and particle simulation [14–16,25,27,28]. Among these methods, the 
phase-field model [32–34] is an excellent choice to simulate phase 
separation systems, due to some aspects that will be discussed next. 

The phase-field method is based on the idea that interfaces in 
microstructure are diffuse and can be represented by one or more order 
parameters that vary smoothly (e.g., concentration). This model shows 
the following advantages: (i) describes non-homogeneous systems 
without the necessity to solve high degrees of freedom that limit the size 
of the time step, as in methods based on particle simulation; (ii) does not 
require to explicitly follow the phase interfaces as in conventional 
multiphase methods, which requires setting boundary conditions and 
deriving evolution equations for each interface; (iii) implicitly in-
corporates physics based on curvature and manipulates the creation, 
destruction and fusion of interfaces, which are difficult to capture in a 
conventional multiphase method; (iv) does not generate anisotropy in 
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the system, as in the lattice-Boltzmann method, which can cause a 
polarized morphology in some sense; (v) also captures the behavior that 
occurs away from the interfaces. Regarding the modeling of polymer 
membrane formation by NIPS, the phase-field method has the following 
advantages to other models: (i) a single set of equations can model the 
initial diffusion and the phase separation; (ii) does not imply that the 
polymer has to stay in the polymer solution, while the free energy bar-
rier and low polymer mobility automatically prevent the polymer from 
entering the non-solvent bath; (iii) no specification of the concentrations 
or chemical potentials at the (polymer solution)/(non-solvent bath) in-
terfaces is required, contrarily to what happens with most models; (iv) is 
easily extended to three dimensions. 

There are two formulations of the phase-field model developed for 
modeling the polymer membranes formation by NIPS: the classic Cahn- 
Hilliard model [32–34] extended to multicomponent systems [18,22,24, 
31] and the Doi-Onuki formalism [35] expanded to multicomponents by 
Tree et al. [30]. In spite of their unquestionable contributions and 

exceptional features regarding the simulation of phase separation, these 
models lead to different results and have not yet provided a definitive 
physical elucidation of the morphological diversity of polymer 
membranes. 

An important shortcoming of these formulations is that they assume 
the variational derivative of free energy to volume fraction (δF=δφi) as 
the driving force for diffusion. This is incorrect for a multicomponent 
system, which must obey the volume fraction constraint and the Gibbs- 
Duhem relationship (which affirms that when the components are 
restricted, their chemical potentials are also limited) [36–38]. The cor-
rect form of driving force will be discussed in Section 2.2. 

In this study, motivated by the studies of Nauman and He [36,37], 
Cogswell and Carter [38] and Emmanuel et al. [39], which examined the 
phase separation involving multicomponents, we developed a new 
approach to the diffusion equations of phase-field model in a multi-
component system. The distinguishing features of this new approach 
are: (i) thermodynamical consistency, in the sense that it satisfies the 

Nomenclature 

d diameter (m) 
dp percentage deviation (%) 
Di diffusion coefficient (m2.s� 1) 
f0 homogeneous free energy density (J) 
F total Helmholtz energy (J) 
_F time derivative of the Helmholtz energy of mixing (J.s� 1) 
F molar quantity of Helmholtz energy (J.mol� 1) 
ji diffusive flux (mol.m� 2.s� 1) 
l characteristic length (m) 
L Lagrangian constraint (m3.s� 1) 
n amount 
nt total number of moles (mol) 
np number of parameters 
P pressure (Pa) 
r refers to the position (m3) 
R universal gas constant (J.mol� 1.K� 1) 
RG radius of gyration (m) 
t time (s) 
t t test 
T temperature (K) 
v molar volume (m3.mol� 1) 
v0 monomer molecular chain volume (m3) 
vr reference molar volume (m3.mol� 1) 
vi molar volume (m3.mol� 1) 
κij gradient energy coefficient (J.m� 1) 
λ multiplier (Rayleigh variational) (Pa) 
μj chemical potential (J.m� 3) 
bμj diffusion potential (J.m� 3) 
Мi mobility of pure component i (m5.J� 1.s� 1) 
Мij mobility of component i due to the gradient of a diffusion 

potential of component j (m5.J� 1.s� 1) 
ν total (barycentric) solution velocity (m.s� 1) 
νi velocity of the component i (m.s� 1) 
νmed medium velocity (m.s� 1) 
σ2 variance of characteristic length (m2) 
σ ðvÞ viscous stress tensor (kg.m� 1.s� 2) 
ζ total friction coefficient density (Pa.s.m� 5) 
ζi friction coefficient density (Pa.s.m� 5) 
ζ0 monomer friction coefficient (Pa.s.m� 2) 
υt degree of freedom 
Φ potential dissipation (J.s� 1) 
φi volume fraction 

χij Flory-Huggins interaction parameters 
R Rayleigh variational (J.s� 1) 
δ functional derivative 
∂ partial derivative 
r differential 
ppp polymer-poor phase 
prp polymer-rich phase 
ipc initial polymer concentration 
0 monomer 
a average 
c calculated 
i relative to component i 
H enthalpy 
j relative to component j 
k relative to component k 
md microdomain 
med medium 
min minor 
n non-solvent 
p polymer 
pp poor phase 
r reference 
rp rich phase 
s solvent 
S entropy 
t table 
T temperature 
test test 
V volume 
φi volume fraction 
CA cellulose acetate 
CH Cahn-Hilliard model 
CI confidence interval 
DMF N,N-dimethylformamide 
DMSO dimethyl sulfoxide 
DO Doi-Onuki model 
FVM finite volume method 
mDO modified Doi-Onuki model 
NIPS non-solvent induced phase separation 
PES polyethersulfone 
PVDF poly(vinylidene fluoride) 
TW this work 
SDPS surface-directed phase separation  
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Gibbs-Duhem relation and the volume fraction constraint; (ii) the use of 
a diffusive flux equation in which the dependence of the flux on the 
volume fraction of the components is taken into consideration. The 
consistency of the proposed model was checked based on the mass 
conservation law and thermodynamical aspects. The model was also 
compared to models suggested by Zhou and Powell [24] and Tree et al. 
[30] by spinodal decomposition in the presence of an interface with a 
non-solvent bath. In this first moment, we focus only on the diffusive 
effects of phase separation. 

2. Modeling 

2.1. Usual approaches 

2.1.1. Classic Cahn-Hilliard model 
The classic Cahn-Hilliard equation [32–34] has been employed by 

Barton and McHugh [18], Saxena and Caneba [22], Zhou and Powell 
[24], and Hopp-Hirschler and Nieken [31] in the description of the 
phase separation process that occurs in polymer membrane formation by 
phase inversion. 

To develop this model, initially, a diffusive flux equation must be 
defined. Cahn and Hilliard [32] proposed and proved that, for an 
isothermal system, the chemical potential gradient, rμi, must be 
employed as the driving force for the diffusion flux. As shown by Gibbs, 
in a non-ideal mixture in equilibrium is the chemical potential that be-
comes uniform. Therefore, the diffusive flux of a component ji, can be 
expressed as: 

j
i
¼ �

Xn� 1

j¼1
Мijr bμj (1)  

where bμj will be called as diffusion potential of component j, also named 
non-homogeneous chemical potential [38], and Мij is the mobility of 
component i due to the gradient of a diffusion potential of component j, 
bμj. 

The diffusion dynamics is governed by the law of mass conservation: 

∂φi

∂t
¼ � r ⋅j

i
(2)  

where φi is the volume fraction of component i. This expression can be 
used in conjunction with Eq. (1) to produce the extended Cahn-Hilliard 
equation for multicomponent systems [18,22,24,31]: 

∂φi

∂t
¼
Xn� 1

j¼1
r ⋅
�
Мijr bμj

�
(3) 

In these works the diffusion potential, bμj, is defined as the variational 
derivative of the total Helmholtz energy F concerning the volume frac-
tion of the component j [24]. 

bμj ¼
δF
δφj

(4) 

Considering a ternary system formed by one non-solvent (n), one 
solvent (s) and one polymer (p), there are only two independent vari-
ables. Choosing polymer and solvent as independent variables, Cahn- 
Hilliard equations can be written as follows: 

∂φs

∂t
¼ r ⋅

�

Мssr
δF
δφs

�

þr ⋅
�

Мspr
δF
δφp

�

∂φp

∂t
¼ r ⋅

�

Мpsr
δF
δφs

�

þr ⋅
�

Мppr
δF
δφp

� (5) 

Despite its importance, this model may lead to some physical in-
consistences related to the use of constant mobilities, as assumed in 
several works, and to the coupling with Eq. (4) [22,24,30,31]. Firstly, if 
the mobilities are assumed constant, the flux of the components does not 

depend on its volume fractions (Eq. (1)), which leads to the possibility of 
obtaining non-zero values of flux of a component in regions where it is 
not present [38]. Secondly, the driving force for diffusion defined by Eq. 
(4) is incorrect for a multicomponent system because it does not obey 
the Gibbs-Duhem relation and the volume fraction constraint [36–38]. 

2.1.2. Doi-Onuki model 
Tree et al. [30] extended the Rayleigh formalism developed by Doi 

and Onuki [35] to multicomponent system. In the Doi-Onuki model, 
each component in the system must satisfy the following mass conser-
vation equation: 

∂φi

∂t
þ ν⋅rφi ¼ � r ⋅j

i
(6)  

where ν is the total (barycentric) solution velocity: 

ν¼
Xn� 1

j¼1
φiνi (7)  

where νi is the velocity of component i. 
To determine νi, Tree et al. [30] used the Rayleigh variational 

principle: 

R ¼ _F þΦ � λL (8)  

where R is the Rayleigh variational, _F is the time derivative of the 
Helmholtz energy of mixing, Φ is the potential dissipation, L is a 
Lagrangian constraint, λ is a multiplier [30,35]. 

The time derivative of Helmholtz energy was expressed as: 

_F¼
Z hXn� 1

i
ϕiνi ⋅r bμi

i
dr (9)  

where r refers to the position. To obtain this equation, Tree et al. [30] 
used Eq. (6) to replace the time derivative of the volume fraction and 
employed the same definition of the variational derivative of the total 
free energy in relation to the volume fraction (Eq. (4)) used by Zhou e 
Powell [24]. 

The potential dissipation was defined as: 

Φ¼
1
2

Z hXn

i
ζiðνi � νmedÞ

2
þ σ ðvÞ : r ν

i
dr (10)  

where σ ðvÞ is the viscous stress tensor, νmed is the “medium velocity”, and 
ζi is the friction per volume of component i. The “medium velocity” was 
expressed as: 

νmed  ¼
1
ζ
Xn

i
ζiνi (11)  

where ζ ¼
P

i
ζi is the total friction density. The friction coefficient 

density was calculated as: 

ζi¼ v� 1
0 ζ0φi (12)  

where v0 is the monomer molecular chain volume and ζ0 is the monomer 
friction coefficient. 

The restriction applied to the Rayleigh variational principle was the 
incompressibility, with the pressure P, as multiplier: 

λL¼
Z

Pðr ⋅ νÞdr (13) 

Substituting Eqs. (9), (10) and (13) into Eq. (6), the Rayleigh vari-
ational becomes: 
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R ¼

Z �Xn

i

ζi

2
ðνi � νmÞ

2
þ

1
2
σ ðvÞ : rν � Pðr ⋅ νÞ þ

Xn� 1

i
ϕiνi⋅r bμi

�

dr (14) 

As demonstrated by Tree et al. [30], stationary values of the Ray-
leighian with respect to νi produce equations of motion for the compo-
nent velocities. Successive re-arrangements of the component velocity 
equations return a coupled set of momentum and diffusion equations. 
Thus, disregarding the advective effects, the following expression for the 
diffusion equation was obtained by Tree et al. [30]: 

∂φi

∂t
¼ v0ζ� 1

0 r ⋅
�
φið1 � φiÞr bμi � φiφjr bμj

�
(15) 

Considering the Stokes-Einstein relation: 

Мp ¼ v0ζ� 1
0 (16)  

and the definition of Eq. (4), the diffusion equations presented by Tree 
et al. [30], in terms of polymer and solvent, can be written as follows: 

∂φs

∂t
¼ r ⋅

�

Мpφsð1 � φsÞr
δF
δφs
� Мpφsφpr

δF
δφp

�

∂φp

∂t
¼ r ⋅

�

Мpφp
�
1 � φp

�
r

δF
δφp
� Мpφpφsr

δF
δφs

� (17) 

In these equations, as in the classic Cahn-Hilliard model, the driving 
force for diffusion is defined incorrectly by Eq. (4), because it does not 
obey the Gibbs-Duhem relation and the volume fraction constraint 
[36–38]. Furthermore, the consideration of just one mobility for the 
whole system may cause errors, since components mobilities can differ 
significantly. As observed by Zhou [40], a low ratio between the solvent 
and polymer mobilities may cause the formation of layered structure, 
which is not verified in polymer membranes. 

2.2. Proposed approach 

This chapter presents the development of new diffusion equations for 
the phase-field model in a multicomponent system. These equations are 
based on the model of Cahn and Hilliard, but satisfy the Gibbs-Duhem 
relation and the volume fraction constraint and include a new 
approach for the diffusive flux equation. 

Evaluating the ternary system under study, the fundamental ther-
modynamic relation for the Helmholtz energy (F) at constant tempera-
ture and pressure can be written as: 

F¼
F
nt
¼ � Pvþ bμnφn þ bμsφs þ bμpφp (18)  

where F is molar Helmholtz energy, v is molar volume, and nt is the total 
number of moles in the system (nt ¼ nn þ ns þ np). It is convenient to set 
nt ¼ 1 in order that F ¼ F. It may be exposed by standard thermody-
namic arguments that bμi obeys a Gibbs-Duhem relation at constant 
temperature: 
X

i
φidbμi ¼ vdP (19) 

Application of the volume fraction constraint: 

Xn

i¼1
φi¼ 1 (20)  

in Eq. (18) to exclude φn, we expose that variational derivatives of F with 
respect to φi are associated to differences in diffusion potentials: 
�

δF
δφs

�

T;V ;φp

¼ bμs � bμn (21a)  

�
δF
δφp

�

T;V;φs

¼ bμp � bμn (21b) 

If local thermodynamic equilibrium is assumed, the gradients of in-
dividual diffusion potentials r bμi, can be related to the Gibbs-Duhem 
equation. The supposition of local equilibrium requires that global 
intensive parameters fluctuate so slowly that small neighborhoods about 
a point can be considered in equilibrium. For a system not at global 
equilibrium, the hypothesis of local equilibrium is indispensable for 
diffusion potential to be defined. Moreover, vdP for solids and liquids is 
usually very small and can be neglected for simplicity [38]. Then, the 
Gibbs-Duhem relation for an inhomogeneous ternary system becomes: 

φnr bμnþφsr bμs þ φpr bμp ¼ 0 (22) 

The volume fraction constraint is applied to exclude φn, and Eq. (22) 
is rearranged to put rbμs on the left-hand side: 

r bμs ¼ ðr bμs � r bμnÞ � φsðr bμs � r bμnÞ � φp
�
r bμp � r bμn

�

r bμs ¼ ð1 � φsÞr ðbμs � bμnÞ � φpr
�
bμp � bμn

� (23) 

The diffusion potential differences can be replaced by the variational 
derivatives (Eqs. (21a) and (21b)), resulting in: 

r bμs¼ð1 � φsÞr
δF
δφs
� φpr

δF
δφp

(24) 

Similarly: 

r bμp¼
�
1 � φp

�
r

δF
δφp
� φsr

δF
δφs

(25) 

As the dynamics of component diffusion are governed by the law of 
mass conservation: 

∂φi

∂t
¼ � r ji (26) 

An expression for the flux, ji, is required to complete the model. The 
diffusive flux described in Eq. (1) is strictly limited to an ideal mixture 
that somehow became non-homogeneous. Thus for a non-ideal multi-
phase system, the diffusion flux should be written as [37,39,41]: 

j
i
¼ �

Xn� 1

j¼1
Мijφir bμj (27) 

It is understandable that the flux must be proportional to φi, because 
when the volume fraction of a component approaches zero, the flux of 
this component should also approach zero. If it did not depend on φi, it 
would be possible to have flux of a component without it being present, 
violating the mass conservation [38]. This expression for the flux can be 
used in conjunction with Eqs. (24)–(26) to produce the modified 

∂φs

∂t
¼ r ⋅

�

Мssφsð1 � φsÞr
δF
δφs
� Мssφsφpr

δF
δφp

�

þr ⋅
�

Мspφs
�
1 � φp

�
r

δF
δφp
� Мspφsφsr

δF
δφs

�

∂φp

∂t
¼ r ⋅

�

Мpsφpð1 � φsÞr
δF
δφs
� Мpsφpφpr

δF
δφp

�

þr ⋅
�

Мppφp
�
1 � φp

�
r

δF
δφp
� Мppφpφsr

δF
δφs

� (28)   
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Cahn-Hilliard equations for a ternary system:   

2.3. Complementary aspects 

2.3.1. Free energy for a multicomponent system 
Cahn and Hilliard [32] derived an expression for the free energy, 

performing a Taylor expansion in terms of the derivatives of composi-
tion. They supposed that for an inhomogeneous system the free energy 
depends on the composition and its derivatives. Thus, considering an 
isotropic symmetry and truncating the Taylor expansion up to the sec-
ond order terms, the free energy functional (F) for a multicomponent 
system can be expressed as follows: 

F¼
Z

V

�

f0ðfφgÞþ
Xn� 1

i;j¼1

1
2

κijrφi⋅rφj

�

dV (29)  

where f0 is the homogeneous free energy density, κij is the gradient 
energy coefficient which penalizes the formation of sharp interfaces, and 
fφg denotes sets of n � 1 independent volume fractions. Then the Euler- 
Lagrange equation can be used to find the variational derivative (δF=
δφi) present in the diffusion equations (Eqs. (5), (17) and (28)): 

δF
δφi
 ¼ ∂f0

∂φi
�
Xn� 1

j¼1
κijr

2φj (30) 

Homogeneous free energy 

The homogeneous free energy density can be calculated considering the 
Flory-Huggins model [42–45]: 

f0¼RT

 
Xn

i¼1

φi

vi
lnφiþ

X

j>i

Xn� 1

i¼1
χij

φiφj

vr

!

(31)  

where R is the universal gas constant, T is the temperature, χij are the 
Flory-Huggins interaction parameters among the i and j components, 
vi ði¼n; s e pÞ is the molar volume of component i, and vr is the reference 
molar volume (is normally considered the lowest molar volume between 
the system components). 

The interaction parameters, χij, correspond to non-ideal interactions 
between the different components and are favorable to segregation. 
Although these parameters are concentration and temperature depen-
dent, in most cases, the thermodynamic properties can be reasonably 
described with the constant Flory-Huggins interaction parameters [46]. 
These parameters can be positive or negative, reflecting the endothermic 
or exothermic nature of the mixing process, respectively [45]. 

2.3.2. Parameters 

Mobility (Мij) 

The mobility parameter is related to the movement of system compo-
nents, wherein Мij is the mobility of component i due to a gradient of the 
diffusion potential of component j, bμj. The mobility of a pure component 
i is usually conceptualized by the Nernst-Einstein relation [24,47]: 

Мi ¼
Divr

RT
(32) 

The mutual mobility models can be classified into three types: slow 
model [48], fast model [49], and models based on the free volume 
theory of Vrentas and Duda [50–57]. 

The slow model is used in this study because it better reflects the slow 
diffusion process in viscous polymer solutions. In this model, mutual 
mobility (Мij) is limited by self-diffusion (Мi) of the slower components 
of the system. According to this theory, Мij are calculated as: 

Мii¼
Мi
�
Мj þМk

�

Мi þМj þМk
(33a)  

Мij¼Мji ¼
� МiМj

Мi þМj þМk
(33b) 

Gradient energy coefficient (κij) 

The gradient energy coefficient (κij) determines the influence of the 
composition gradient on the total free energy of the domain and is 
related to the formation of an interface between system components. 
The gradient energy coefficient is divided between enthalpic (κijH) and 
entropic (κijS) contributions [48,58,59]. In this study, only the enthalpic 
contribution is used, since it best expresses systems with polymer solu-
tions [37]. For a ternary polymer solution system, the enthalpic 
contribution is calculated as [18,58,59]: 

κii¼
RTχikRGi

2

3vr
(34a)  

κij¼ κji¼
RT
�
χikRGi

2 þ χjkRGj
2 � χij

�
RGi

2 þ RGj
2��

6vr
(34b)  

where RGi is radius of gyration of component i. 

3. Methodology 

The phase separation in multicomponent system was evaluated by 
three models: CH (classic Cahn-Hilliard model) [24], DO (Doi-Onuki 
model) [30] and TW (this work), represented by Eqs. (5), (17) and (28), 
respectively. 

The analysis was performed for three systems: water/DMF/PVDF, 
water/acetone/CA and water/DMSO/PES. Water is the non-solvent, 
DMF (N,N-dimethylformamide), acetone and DMSO (dimethyl sulf-
oxide) are the solvents, and PVDF (poly(vinylidene fluoride)), CA (cel-
lulose acetate) and PES (polyethersulfone) are the polymers. 

The numerical solution of the phase-field models was carried out by 
the finite volume method (FVM), using OpenFOAM (Open Field Opera-
tion and Manipulation) (OpenCFD Ltd.) [60]. OpenFOAM is an open 
source CFD package, written in C þþ. The simulation domains of tests 
were created using the blockMesh utility of OpenFOAM. 

Unfortunately, the complexity of the polymer membrane formation 
process and computational limitations make impossible to properly 
describe the final morphology. Therefore, to check the proposed model 
consistency, two tests were performed: 

(i) consistency with the law of mass conservation (i.e., no sponta-
neous creation or destruction of one fraction over another must 
take place);  

(ii) consistency regarding the equilibrium behavior: simulations with 
an initial condition involving a homogeneous domain with con-
centration inside the spinodal region were performed to verify if 
the equilibrium concentrations are in accordance with those 
determined by the well-known Flory-Huggins model. 

These tests were made in a homogeneous domain of 1.5 μm � 1.5 μm 
with initial concentrations inside the spinodal region and periodic 
boundary conditions; the domain was divided into square cells with 
sides of 0.02 μm. 

The models were compared for the average polymer volume fraction 
in the polymer-rich phases and the morphology of the microstructures 
generated in two-dimensional geometry. To measure these metrics, the 
rich phases (prp) were considered those with polymer volume fraction 
greater than at the initial polymer concentration (ipc), i.e., φp

prp > φp
ipc. 

To evaluate the morphological aspect of the isolated microstructures, 
software ImageJ was employed. The characteristic length (l) was used to 
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measure the morphological aspect. This metric was determined directly 
in the software ImageJ [61], using the result of minFeret. The average 
characteristic length (la) was related to the minor diameter of each 
isolated microdomain (dmini) with the amount of microdomains in the 
simulation domain (nmd): 

la¼

Pn
i¼1dmini

nmd
(35) 

In case of a dispersed structure, the characteristic length corresponds 
to the diameter of the dispersed microdomain, while for a co-continuous 
structure it represents the length of each microdomain [62]. 

The domain considered to solve the problem was a rectangle of 3 μm 
� 6 μm. The film (polymer solution) represents 30% of the domain, 
occupying the lower part (1.8 μm of height). The film region is divided 
into square cells with sides of 0.02 μm. The non-solvent bath region is 
divided into 3750 cells with an aspect ratio value of 22 (Fig. 1). The 
initial volume fractions in the film region are listed in Table 1. The bath 
consisted of 0.98 of non-solvent, and 0.01 of polymer and solvent. The 
boundary conditions were set as periodic on the sides and as symmet-
rical (∂φi=∂y ¼ 0) in top and bottom. 

The parameter values used in the simulations are indicated in 
Table 2. The interaction parameters, diffusivity and radius of gyration 
values were taken from the literature [24,30,47,63], as detailed in 
Table 2. To enable the comparison between models, despite the 
Doi-Onuki model considers just mobility of polymer, we employed the 
mobility of solvent (Мss) in diffusion equation for solvent volume frac-
tion, and we consider Мp equal to Мpp. 

In all simulations, a random perturbation in initial conditions is 
necessary to initialize the phase separation. We chose a Gaussian normal 
distribution about the average initial volume fraction (φp and φs) with a 
standard deviation of 0.005. 

4. Results and discussion 

4.1. Consistency check of the proposed model 

Figs. 2(a) to 2(c) show the ternary phase diagrams generated by well- 
known Flory-Huggins model [43] for the three systems analyzed. In 
these ternary diagrams were plotted the initial concentration together 
with the final concentrations of equilibrium phases calculated from Eq. 
(28). It can be verified that the final equilibrium concentrations provide 
excellent agreement with the concentrations of binodal curve deter-
mined by the Flory-Huggins model. The equilibrium configuration of 
this ternary systems involves only two domains (a polymer-rich and a 
polymer-poor phase) connected by a single interface. Initially, spinodal 
decomposition does not cause an equilibrium pattern. Instead, it gives 
nonequilibrium structures that remain to evolve with time. This develop 
process is interrupted when the domain concentrations reach the bino-
dal line and the interfaces have become constant on an absolute distance 
scale. Fig. 2(d) illustrates the polymer volume fraction evolution in the 

polymer-rich and polymer-poor phase. The polymer volume fractions in 
these phases tend asymptotically to equilibrium concentrations (binodal 
values calculated by Flory-Huggins theory). 

Fig. 3 represents the component volume fractions as a function of 
time calculated by the proposed model (TW). It can be confirmed that 
the implementation of the developed model is correct, because the 
component volume fractions are conserved during the time. 

4.2. Comparative analysis between models 

The models were compared in terms of the evolution of the 
morphology in the simulation with the presence of an interface between 
the non-solvent bath and polymer solution. 

The Doi-Onuki model considers just one mobility for the system. This Fig. 1. Domain considered for solving the problem.  

Table 1 
Initial volume fractions in the film region used.  

System analyzed Nomenclature Initial volume fraction 

φn  φs  φp  

water/DMF/PVDF A1 0.6 0.2 0.2 
A2 0.05 0.75 0.2 
A3 0.05 0.55 0.4 

water/acetone/CA B1 0.1 0.7 0.2 
B2 0.05 0.55 0.4 
B3 0.2 0.4 0.4 

water/DMSO/PES C1 0.05 0.85 0.1 
C2 0.05 0.775 0.175 
C3 0.05 0.7 0.25  

Table 2 
Parameter values employeda.  

Parameter Value Unity 

water/DMF/ 
PVDF 

water/acetone/ 
CA 

water/DMSO/ 
PES 

Мss
c  3.61 � 10� 19 3.61 � 10� 19 3.61 � 10� 19 m5.J� 1. 

s� 1 

Мsp
c  - 3.61 � 10� 22 - 3.61 � 10� 22 - 3.61 � 10� 22 m5.J� 1. 

s� 1 

Мps
c  - 3.61 � 10� 22 - 3.61 � 10� 22 - 3.61 � 10� 22 m5.J� 1. 

s� 1 

Мpp
c  7.22 � 10� 22 7.22 � 10� 22 7.22 � 10� 22 m5.J� 1. 

s� 1 

κss  1.25 � 10� 07b 1.85 � 10� 12d 4.99 � 10� 12d J.m� 1 

κsp
d  5.51 � 10� 08 1.04 � 10� 08 2.68 � 10� 08 J.m� 1 

κps
d  5.51 � 10� 08 1.04 � 10� 08 2.68 � 10� 08 J.m� 1 

κpp  1.25 � 10� 07b 4.16 � 10� 08d 1.12 � 10� 07d J.m� 1 

χns  - 0.06e 0.2g - 0.44h – 

χsp  - 0.85e 0.5g - 1.41h – 
χnp  3.5b 1g 2.7i – 
vn

b  18 � 10� 6 18 � 10� 6 18 � 10� 6 m3.mol� 1 

vs  18 � 10� 6b 73.43 � 10� 6 71 � 10� 6 m3.mol� 1 

vp  90 � 10� 6b,f 900 � 10� 6f 181 � 10� 6f m3.mol� 1  

a T ¼ 300 K. 
b Zhou and Powell [24]. 
c The following diffusivity values were used: Dss ¼ 10� 10 m2.s� 1 and Dpp ¼

10� 13 m2.s� 1 [24]. 
d The following radius of gyration values were considered: Rgs ¼ 0:2 nm and 

Rgp ¼ 30 nm. Order of magnitude found in the literature [30,47,63]. 
e Estimated value of equation used by Zhou and Powell [24]. 
f The degree of polymerization is chosen to be small (in relation to experi-

mental values) in the simulations in order to optimize the trade-off between the 
computer efficiency and model accuracy. More details in Zhou and Powell [24] 
and Tree et al. [30]. 

g Altena and Smolders [42]. 
h Estimated value of equation used by Barton and McHugh [18]. 
i Barton and McHugh [18]. 
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fact allows the formation of layered structures. Fig. 4 shows the pre-
dictions of the DO model for the morphology of water/acetone/CA 
system with different initial concentrations and mobilities. DO model 
provides adequate phase separation results only when initial concen-
trations of the polymer solution are inside the spinodal region (Fig. 4(a) 
and (b)). When the initial volume fractions are in the stable region 
(Fig. 4(c) and (d)) layered structures are predicted, which is not verified 
in the polymer membranes. For this reason, we suggest a modification in 
this model to adapt it to the process of membrane formation: to employ 
the mobility of solvent in diffusion equation for solvent volume fraction. 
With this change, the modified DO model (mDO) provided predictions 
comparable to those of the other two models. 

Figs. 5–13 show comparisons between predictions of the three 
models for the evolution of the morphology in the film region. The 
simulations exhibit a morphology with two distinct phases: a polymer- 
rich (high φp) and a polymer-poor (low φp). CH model predicts higher 

phase separation rates than other models, requiring smaller times to 
reach a similar level of morphology evolution, as observed in Figs. 5–13. 

Similar patterns of evolution of the phase separation process are 
predicted by the three models. Solvent and non-solvent inter-diffuse 
rapidly, while the polymer remains almost completely in the film region. 
The polymer is not prevented from moving towards the non-solvent 
bath, but remains in the bottom area due to the free energy barrier 
and its low mobility. After this step, surface-directed phase separation 
(SDPS) process occurs [64–66]. The propagation of the interface at the 
top of the films may be noted, clearly, which is characteristic of the SDPS 
mechanism. The influence of this mechanism is restrict to a finite dis-
tance close to the non-solvent bath; in the region below the interface is 
observed delayed bulk spinodal decomposition compared to SDPS. In 
early stage of bulk spinodal decomposition process is noticed that the 
polymer phases separate in a co-continuous morphology. 

In the first instants, the structures are noticeably non-uniform due to 
surface-directed phase separation process. But in the course of the phase 
separation process, morphologies tend to become uniform: the upper 
layers formed by SDPS separate into smaller regions. The modified DO 
and TW models present a higher speed in this process. Some upper layers 
generated by the CH model do not separate in smaller regions. 

Polymer ternary systems undergoing spinodal decomposition exhibit 
two morphologies, particulate and co-continuous. The particulate 
morphology (dispersed phase) usually consists of spheres or reasonable 
approximations of spheres; sometimes can be oriented (ellipsoidal do-
mains). In some simulations, a particulate morphology can be observed 
in the late stages of bulk spinodal decomposition. This is related to initial 
polymer concentration: an increase of polymer volume fraction in the 
film results in change at morphology from isolated droplets (particulate) 
to co-continuous pattern. In contrast, as observed by Zhou and Powell 
[24], the increase of the solvent volume fraction does not cause differ-
ence in the morphological structure, but cause increment in size of 
polymer-rich microdomains. In all tests, on late stages of spinodal 
decomposition, the domains grow in size but retain the same shapes, 
being approximately self-similar. 

The models were also able of identifying differences of phase sepa-
ration rate and morphology evolution between the three considered 
polymeric systems. Phase separation for the CA system is much slower 

Fig. 2. Ternary diagrams with the final concentra-
tions of equilibrium phases calculated by our model. 
Each diagram represent a system with different initial 
concentrations: (a) water/DMF/PVDF - {φs, φp} ¼
{0.1, 0.5} (pink), {0.2, 0.2} (red), {0.3, 0.4} (yellow), 
{0.4, 0.3} (blue), {0.5, 0.1} (darkblue), {0.6, 0.1} 
(green); (b) water/acetone/CA - {φs, φp} ¼ {0.1, 0.2} 
(red), {0.25, 0.2} (blue), {0.4, 0.2} (green); (c) 
water/DMSO/PES - {φs, φp} ¼ {0.3, 0.3} (red), {0.5, 
0.3} (blue), {0.6, 0.2} (green). The solid line indicates 
the binodal and the dashed line indicates the spinodal 
calculated by Flory-Huggins model. Panel (d) gives 
polymer volume fraction in the polymer-rich and 
polymer-poor phase versus time for water/acetone/ 
CA system - {φs, φp} ¼ {0.25, 0.2}. The dashed line 
indicates the polymer volume fractions in the binodal 
calculated by Flory-Huggins model. (For interpreta-
tion of the references to colour in this figure legend, 
the reader is referred to the Web version of this 
article.)   

Fig. 3. Volume fraction in the simulation domain as a function of time calcu-
lated by the proposed model for water/DMF/PVDF system - {φs, φp} ¼
{0.1, 0.5}. 
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Fig. 4. Morphology of water/acetone/CA with different initial concentrations and mobilities predict by DO model: (a) {φs, φp} ¼ {0.2, 0.2}, Мp  ¼ 7.22 � 10� 22 m5 

J� 1 s� 1 (b) {φs, φp} ¼ {0.2, 0.2}, Мp  ¼ 3.61 � 10- 19 m5 J� 1 s� 1; (c) {φs, φp} ¼ {0.55, 0.4}, Мp  ¼ 7.22 � 10� 22 m5 J� 1 s� 1; (d) {φs, φp} ¼ {0.55, 0.4}, Мp  ¼ 3.61 �
10� 19 m5 J� 1 s� 1. The bath concentration is essentially pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. 

Fig. 5. Morphological evolution of  φp for the test A1: (a) CH; (b) modified DO; (c) TW. System analyzed: water/DMF/PVDF. The bath concentration is essentially 
pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentration is: {φs, φp} ¼ {0.2, 0.2}. 

Fig. 6. Morphological evolution of  φp for the test A2: (a) CH; (b) modified DO; (c) TW. System analyzed: water/DMF/PVDF. The bath concentration is essentially 
pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentration is: {φs, φp} ¼ {0.75, 0.2}. 

E.J. Padilha Júnior et al.                                                                                                                                                                                                                      



Polymer 186 (2020) 122054

9

Fig. 7. Morphological evolution of  φp for the test A3: (a) CH; (b) modified DO; (c) TW. System analyzed: water/DMF/PVDF. The bath concentration is essentially 
pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentration is: {φs, φp} ¼ {0.55, 0.4}. 

Fig. 8. Morphological evolution of  φp for the test B1: (a) CH; (b) modified DO; (c) TW. System analyzed: water/acetone/CA. The bath concentration is essentially 
pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentration is: {φs, φp} ¼ {0.7, 0.2}. 

Fig. 9. Morphological evolution of  φp for the test B2: (a) CH; (b) modified DO; (c) TW. System analyzed: water/acetone/CA. The bath concentration is essentially 
pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentration is: {φs, φp} ¼ {0.55, 0.4}.. 
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Fig. 10. Morphological evolution of  φp for the test B3: (a) CH; (b) modified DO; (c) TW. System analyzed: water/acetone/CA. The bath concentration is essentially 
pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentration is: {φs, φp} ¼ {0.4, 0.4}. 

Fig. 11. Morphological evolution of  φp for the test C1: (a) CH; (b) modified DO; (c) TW. System analyzed: water/DMSO/PES. The bath concentration is essentially 
pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentration is: {φs, φp} ¼ {0.85, 0.1}. 

Fig. 12. Morphological evolution of  φp for the test C2: (a) CH; (b) modified DO; (c) TW. System analyzed: water/DMSO/PES. The bath concentration is essentially 
pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentration is: {φs, φp} ¼ {0.775, 0.175}. 
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Fig. 13. Morphological evolution of  φp for the test C3: (a) CH; (b) modified DO; (c) TW. System analyzed: water/DMSO/PES. The bath concentration is essentially 
pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentration is: {φs, φp} ¼ {0.7, 0.25}. 

Fig. 14. Average polymer volume fraction in the rich phase: (a) test A1; (b) test A2; (c) test A3. System analyzed: water/DMF/PVDF. The bath concentration is 
essentially pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentrations are: (a) {φs, φp} ¼ {0.2, 0.2}; (b) {φs, φp} ¼ {0.75, 0.2}; (c) {φs, φp} ¼
{0.55, 0.4}. Upper scale indicates phase separation time by CH model. 

Fig. 15. Average polymer volume fraction in the rich phase: (a) test B1; (b) test B2; (c) test B3. System analyzed: water/acetone/CA. The bath concentration is 
essentially pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentrations are: (a) {φs, φp} ¼ {0.7, 0.2}; (b) {φs, φp} ¼ {0.55, 0.4}; (c) {φs, φp} ¼
{0.4, 0.4}. Upper scale indicates phase separation time by CH model. 
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than it was for the PVDF and PES systems, which can be understood in 
terms of its smaller χnp value. Despite the tests A3 (water/DMF/PVDF) 
and B2 (water/acetone/CA) had the same initial concentrations, they 
presented distinct morphologies: co-continuous pattern and isolated 
droplets, respectively. 

The average polymer volume fraction in the polymer-rich phases 
(φpm) was used as a metric to quantitatively compare the models 
analyzed. In Figs. 14–16, the polymer volume fraction in the rich phase 
was plotted as a function of time. From these figures, it can be clearly 
seen that the phase separation process occurs into three stages: initial, 
intermediate and final. During the initial stage, φpm remains 

approximately constant, i.e., there is no phase separation. In this step 
practically only the mass transfer between the solvent and the non- 
solvent occurs. In the next stage, intermediate, the average polymer 
volume fraction in the rich phase changes rapidly. In the final stage, φpm 
increases more slowly, tending asymptotically to equilibrium concen-
tration (domain concentrations are near the binodal values). As the 
phase separation evolution predicted by the CH model is much faster 
than that predicted by the modified DO and TW models, simulation 
times plotted in Figs. 14–16 were adjusted so that the three stages of the 
phase separation process were in the same regions on graphs. The curves 
of all models studied presented, apparently, the same inclinations at 

Fig. 16. Average polymer volume fraction in the rich phase: (a) test C1; (b) test C2; (c) test C3. System analyzed: water/DMSO/PES. The bath concentration is 
essentially pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentrations are: (a) {φs, φp} ¼ {0.85, 0.1}; (b) {φs, φp} ¼ {0.775, 0.175}; (c) {φs, 
φp} ¼ {0.7, 0.25}. Upper scale indicates phase separation time by CH model. 

Table 3 
Average characteristic length of microstructures generated by models for the final stagea.  

Model A1 A2 A3 B1 B2 B3 C1 C2 C3 

TW t (s)  1 1.2 1.05 20 20 20 2 2 2 
la (μm)  0.114 0.143 0.162 0.253 0.267 0.253 0.089 0.119 0.166 

mDOb t (s)  1 1.2 1.05 20 20 20 2 2 2 
la (μm)  0.110 0.136 0.158 0.255 0.268 0.255 0.089 0.118 0.160 
dpc  3.51 4.90 2.47 0.79 0.37 0.79 0 0.84 3.61 
tcd  � 1.87 � 1.82 � 0.32 0.13 0.08 0.13 0 � 0.50 � 1.07 
CIe,f of ttg  �1.97 �1.97 �2.08 �2.02 �2.03 �2.02 �1.97 �1.97 �1.98 

CH t (s)  0.143 0.185 0.2 3.25 5.15 5 0.23 0.303 0.35 
la (μm)  0.149 0.171 0.224 0.260 0.277 0.269 0.138 0.147 0.191 
dpc  30.7 19.6 38.3 2.77 3.75 6.32 55.1 23.5 11.4 
tcd  8.38 3.77 3.69 0.59 0.75 1.19 11.2 4.86 1.79 
CIe,f of ttg  �1.99 �2.00 �2.06 �2.04 �2.03 �2.02 �2.00 �2.00 �2.01  

a Systems analyzed: water/DMF/PVDF in A1, A2 and A3; water/DMF/PVDF in B1, B2 and B3; water/DMF/PVDF in C1, C2 and C3. The bath concentration is 
essentially pure non-solvent: {φs, φp} ¼ {0.01, 0.01}. The polymer solution concentrations are: A1 {φs, φp} ¼ {0.2, 0.2}; A2 {φs, φp} ¼ {0.75, 0.2}; A3 {φs, φp} ¼
{0.55, 0.4}; B1 {φs, φp} ¼ {0.7, 0.2}; B2 {φs, φp} ¼ {0.55, 0.4}; B3 {φs, φp} ¼ {0.4, 0.4}; C1 {φs, φp} ¼ {0.85, 0.1}; C2 {φs, φp} ¼ {0.775, 0.175}; C3 {φs, φp} ¼ {0.7, 
0.25}. 
b modified DO. 
c percentage deviation: dp ¼ 100

jlatest � lar j

lar
. 

d t calculated: tc ¼
latest � lar
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2
test

ntest
þ

σ2
r

nr

s , where σ2 is the variance and n is the amount of data. 

e confidence interval - 95% confidence. 

fdegree of freedom: υt ¼

�
σ2

test
ntest
þ

σ2
r

nr

�2

�
σ2

test
ntest

�2

ntest � 1
þ

�
σ2

r
nr

�2

nr � 1

. 

gt table. 
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initial and intermediate stages. Only at the final stage, the curve slopes 
are different. The CH model exhibited a larger slope in its curves, 
providing a higher polymer volume fraction. In relation to the other two 
models, the proposed model predicted a higher level of phase separation 
than the modified DO model. 

The proposed model was also compared to other models with rela-
tion to the average characteristic length of microstructures at the final 
stage, which are shown in Table 3. In the cases of test A3, B2 and B3, the 
characteristic lengths measured correspond to the polymer-poor phase; 
while in the other tests they correspond to the polymer-rich phase. 
Although the simulation time scales are different, the average charac-
teristic lengths of the microdomains generated by the CH model were 
higher than those of modified DO and TW models, with exception of 
tests B1, B2 and B3 (no significant differences among them). The 
modified DO and TW models present similar values. Furthermore, dif-
ferences in microstructure lengths due to different initial composition 
values are perceived. The elevation of initial polymer volume fraction, 
maintaining the polymer-rich phase like isolated structure, produced an 
increase in the characteristic lengths (test C1, C2 and C3). 

In summary, the proposed model predicts results significantly 
different from CH and DO models. The CH model developed by Zhou and 
Powell [24] ignores the Gibbs-Duhem relation and volume fraction 
constraint in calculating the diffusion potential and despises the com-
ponents fluxes dependence with φi. These mistakes cause greater phase 
separation rates and higher characteristic lengths of microdomains. DO 
model indicated by Tree et al. [30] provides adequate phase separation 
results only when polymer initial concentrations are inside the spinodal 
region. If the initial volume fractions are in the stable region, this model 
may predict the formation of a layered structure, which is not verified in 
polymer membranes. DO model must be modified to present coherent 
results, using different mobilities in the components diffusion equations. 

5. Conclusions 

We presented a new approach to the phase-field model for the phase 
separation dynamics in polymer membrane formation by the NIPS 
process, with the aim of better understanding of polymer morphology 
development. The proposed model consistency was checked by the law 
of mass conservation and thermodynamically: component volume 
fractions are conserved in simulations and equilibrium concentrations 
provide excellent agreement with the associated ternary phase diagram. 
This new approach of phase-field model was compared to two models 
previously published in the literature, the Doi-Onuki (DO) and classic 
Cahn-Hilliard (CH) models. Our approach offers significantly different 
results in relation to these models. Differently of the DO model, the 
application of the proposed model was not restricted to values of initial 
polymer concentration inside the spinodal region, because different 
mobilities for the polymer and solvent were used. In comparison to the 
CH model, the main difference observed was the prediction of lower 
phase separation rates and minor characteristic lengths of micro-
domains, because it considers the Gibbs-Duhem relation and volume 
fraction constraint in the calculation of the driving force for diffusion 
and the influence of the volume fraction on the diffusive flux of the 
components. Based on these results, the proposed model can be indi-
cated as appropriate for modeling the diffusion effect during polymer 
membrane formation and can be explored further in future research. 
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