
CHAPTER 3

Engineering Mathematics

3.1 DIFFERENTIAL EQUATIONS
3.1.1 Introduction
In this section, we will look at some of the most important (partial) differential equations that we come across
in practical mathematics, physics, and (obviously) fluid mechanics. It is always astonishing to see how different
physical phenomena can be reduced to the same type of differential equation. Obviously, once a solution to a
prototypical differential equation has been found, this may open up entirely new roads to solving a large set of
physical problems. These problems may, from the physical point of view, have nothing in common; still, they
can be reduced to the same type of underlying equation.

Before introducing the most important differential equations, we first want to make sure we understand what
a differential equation actually is.

3.1.2 Functions
Without going into too much detail, we will quickly introduce the term function and explain, what we mean
when we refer to a function. For this, we first need to introduce a different term.

3.1.2.1 Variable
In the mathematical sense, a variable is a placeholder for a value we do not know at the moment. Usually, it is
desirable to write relations not using numbers. In many cases, these numbers change and we do not want to redo
the whole calculation. Therefore, we use placeholders, or variables.

3.1.2.2 Equations
If we sum up several variables and establish correlations and relationships between them, we end up with
something that is generally considered an equation. An equation puts several variables in a context that is
physically meaningful. As an example, when calculating the weight of an object for which we know the density
ρ and the volume V , we usually write

m = ρV (Eq. 3.1)

Eq. 3.1 is an equation. It puts several variables in a physically meaningful context. Equations are valid for
all values we plug into the variables. Obviously, we may need to adapt the units if they are not provided in
International System of Units (SI) format, but other than that, this equation will always hold true. We can even
reformulate this equation if we know the volume V and the mass m of an object, but not the density. In this
case, Eq. 3.1 becomes

ρ = m

V
(Eq. 3.2)

3.1.2.3 Functions
A function is a special type of an equation. In a function, we select one variable that we can choose at will, which
is referred to as the independent variable. Depending on the value of this independent variable, other values
of an equation have to change. These values are dependent on the values of the independent variable and are
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therefore referred to as the dependent variable. Returning to our example, Eq. 3.1, we can say that the density
ρ and the volume V can be changed as desired. In this case, our problem has two independent variables (which
is common). Depending on the values of these two variables, the third variable, the mass (m), has to change in
order to balance the equation. Therefore, the mass, m, is the dependent variable in our problem.

Whenever we find a dependency that describes how a dependent variable changes when the independent
variable changes, we have what we refer to as a function. A function is therefore a “recipe” that tells us how to
interlink the independent variable with the dependent variable. Please note that a function can only have one
dependent variable but (theoretically) an unlimited number of independent variables.

Usually, we indicate functions by writing the independent variables in parentheses. Therefore, we could rewrite
Eq. 3.1 as

m (ρ, V ) = ρV (Eq. 3.3)

which would be a valid function definition. We could imagine a scenario where we want to determine the
mass of different fluids but always take a given volume V0 in each experiment. Therefore, we could consider the
volume to be a constant rather than an independent variable. In this case, we would rewrite Eq. 3.3 as

m (ρ) = ρV0 (Eq. 3.4)

where we have a function with only one independent variable. Please note that whenever the independent
variables have been defined (or can be derived from context) functions are often written with the independent
variables in parentheses. This is sometimes misleading but common.

3.1.3 Differential Equations
After having introduced the concept of a function, we can now turn to the so-called differential equations. A
differential equation is an equation that uses the derivative of a function instead of or in addition to the function
itself. Such an equation then gives us information about the change in the dependent variable as a function of the
independent variables. A regular function would give us information about the absolute value of the dependent
variable as a function of the independent variable.

Let us consider an example. During a mountain hike, we come by a barrier lake. Into this lake flows a small
river (see Fig. 3.1). The volume of the lake can be regulated by opening a valve through which water flows out.
Now we are interested in the total volume of water in the lake as a function of time: Vlake (t). Obviously, in this
scenario the time, t, is our independent variable whereas the volume of the lake, Vlake, is the dependent variable.

How can we calculate this volume? Obviously, if the shape of the lake is geometrically complex we cannot
simply calculate the volume. In this case, there will be no chance for us of finding the function Vlake (t). However,
as we watch the water flowing in and out of the lake, we may be able to (at least) determine something about
the change of volume of the lake. This change over time will be equivalent to the amount of liquid V̇in flowing
into the lake via the river in a given time interval minus the amount of water V̇out flowing out of the river via the
valve. Suppose we are able to exactly measure these flows (which seems reasonable) we can define the change of
volume in the lake over time as

dVlake
dt

=
∑

V̇in −
∑

V̇out (Eq. 3.5)

Eq. 3.5 is a differential equation. It tells us nothing about the actual value of the function Vlake we are
interested in, but it tells us something about how this value changes over time. For simplicity let us assume that
the flow of the river is steady and so is the flow through the valve. We therefore assume the right-hand side of
Eq. 3.5 to be a constant, c, in which case we find

dVlake
dt

= c (Eq. 3.6)

Fig. 3.1 Example of a differential equation: Calculating
the volume of a barrier lake.
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We can now solve this differential equation. In this case, we simply use separation of variables (see sec-
tion 8.2.2), which results in

Vlake = c t+ c0 (Eq. 3.7)

which gives the function Vlake (t) we have been looking for. Unfortunately, the integration produces an integration
constant, c0. This constant must be given; otherwise, we have a pretty useless formula. Let us assume that the
barrier lake was empty on the first day of opening of the lake. In this case we can set c0 = 0. Since this day, all
water influxes and outfluxes for the lake have been recorded. In our example, we assumed these influxes/outfluxes
to be constants. Therefore, we are able to calculate the content of the lake at any given point by simply forming
the product of the influx/outflux constant and the time passed.

This is only a very quick example of how differential equations can be used to derive the underlying functions.
Unfortunately, in many cases, the problems are significantly more complex.

3.1.3.1 A Second Example: The Boiled Egg
Another very simple example of a differential equation is the following. Imagine you cook yourself a boiled egg.
After the egg has been in the boiling water for a given amount of time, you take the egg out of the boiling water
and drop it into cold water. The question would be: What is the temperature of the egg in the cold water as a
function of time? At the start of the experiment, the egg has a given initial temperature T0, which should be
somewhere around 100 ◦C given that you just boiled it in water at about this temperature.

There is a certain intuition to this problem. We could assume that heat will flow from the egg into the cold
water at a given rate. The more heat it loses, the colder the egg will become. We would also assume that the
amount of heat flowing per unit of time is proportional to the difference in temperature between the egg and its
surrounding area. Therefore the change of temperature in the egg will also be proportional to this difference, or
in other words,

− dT

dt
∝ T

dT

dt
= −c T

This is a simple example of a differential equation that can be solved quickly. In this case, it can be solved
by a separation of variables and partial integration (see section 8.2.2), resulting in

dT

dt
= −c T

dT

T
= −c dt

lnT = −c t+ c0

T = c1e−c t

As you can see, we have an integration constant which is given by the initial value: T (t = 0) = c1 = T0.
Therefore, we see that the temperature of the egg will decrease exponentially over time.

This is a very good example of a very practical example of a differential equation.

3.1.3.2 Degree of a Differential Equation
In many differential equations we may come across higher derivatives of the function. The degree n of a differential
equation is defined by the highest derivative used. The following list gives a few examples:

df

dx
= 0 first-order ODE

∂f

∂x
= 0 first-order PDE

d2f

dx2 + d2f

dx2 = 0 second-order ODE

∂2f

∂x2 + ∂f

∂x
= 0 second-order PDE
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3.1.3.3 Homogeneous and Inhomogeneous Differential Equations
A differential equation is considered to be homogeneous if, after moving all terms containing the function f to
the left-hand side of the equation, the right-hand side of the equation is 0. If the right-hand side of the equation
is nonzero, the equation is considered to be inhomogeneous. It is of no importance if the right-hand side term is
a simple constant or a function. The following list expands on this example:

∂2f

∂x2 + ∂f

∂x
= 0 second-order homogeneous PDE

∂2f

∂x2 + ∂f

∂x
= 2 second-order inhomogeneous PDE

∂2f

∂x2 + ∂f

∂x
= x2 + y2 second-order inhomogeneous PDE

d2f

dx2 + d2f

dx2 = 0 second-order homogeneous ODE

∂f

∂x
= 0 first-order homogeneous PDE

d2f

dx2 = dp

dz
first-order inhomogeneous ODE

Please note the last example as being an interesting one. Here, the right-hand side is not only an equation,
but it is also a differential equation. However, this differential equation depends on z and not on the independent
variable x of our differential equation. Thus the differential equation can be solved assuming dp

dz to be a constant.

3.1.3.4 Obtaining the Differential Equation
Often, obtaining the differential equation may be difficult. The differential equation contains the underlying
physics. Therefore, a sound understanding of the physical phenomena associated with the problem is necessary;
otherwise, the differential equation cannot be obtained. Interestingly, in most cases obtaining the differential
equation is not the most problematic point.

3.1.3.5 Solving the Differential Equation
In most cases, the differential equation can be obtained readily, but actually solving it may be very difficult.
This is where the beauty and the irony come together: Differential equations often describe the most complex
phenomena in a short, precise, and accurate form. However, in many cases obtaining the differential equation is
as far as we get to solving the problem. A good example that is highly relevant for fluid mechanics is the Navier-
Stokes equation, Eq. 11.40. Everything we need in order to describe even the most complex fluid mechanical
effects is contained in this differential equation. But solving this equation is, in most cases, simply impossible.
Luckily, many technically relevant, specialized cases exist in which solutions to this equation can actually be
found or, at least, approximated.

3.1.4 Ordinary and Partial Differential Equations
There are two types of differential equations: ordinary differential equation (ODE) and partial differential equa-
tion (PDE).

3.1.4.1 Ordinary Differential Equations
Ordinary differential equations are differential equations of functions that have only one independent variable.
Eq. 3.6, which we just discussed, is an example of an ODE. In our example, the volume of the lake is a function
only of the time dVlake

dt . Thus the change of the function as we change the independent variable is the only change
we need to consider. In such a case, the change of the function can be written using the notation df

dx . This denotes
an ordinary or total differential, indicating that there are no other independent variables that need to be taken
into account. In our example, this was the change of the lake’s volume with respect to time dVlake

dt .
We will not discuss the rules of forming derivatives here because they can be looked up in any good differential

calculus textbook.
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3.1.4.2 Partial Differential Equations
If a function has more than one independent variable, the total change in the function will depend on more than
one variable. In such a case, we are faced with a “partial differential equation” (PDE). Eq. 3.3 was an example
of a function that depends on more than one independent variable. If we want to determine how a change in
the volume V influences the mass m (which is the function we are investigating) we need to treat the function
as if the second independent variable, the density ρ, was a constant. In this case, we use the notation ∂m

∂V , that
indicates that (for the given case) we only want to consider the change of the mass as we change the volume,
keeping all the other independent variables constant.

These special types of derivatives are referred to as partial derivatives, which give rise to the term PDE. They
are formed exactly as such: Simply keep all other independent variables constant and form a regular derivative.
As an example, we will quickly form the two partial derivatives of Eq. 3.3, which are

∂m

∂ρ
= ∂ (V ρ)

∂ρ
= V

dρ

dρ
= V

∂m

∂V
= ∂ (ρ V )

∂V
= ρ

dV

dV
= ρ

As you can see, in both cases the second independent variable is simply treated as a constant that allows
forming the ordinary derivative of the second independent variable.

3.1.4.3 ODEs and PDEs
If a differential equation contains a partial derivative it is referred to as a PDE. If it only contains regular deriva-
tives it is referred to as an ODE. In general, ODEs are significantly simpler to solve than PDEs. Unfortunately,
PDEs are more common in practical physics and we therefore need to understand how to solve these equations.

3.1.4.4 Comment on the Usage of Independent Variable Lists
In section 3.1.2.3 we have already briefly stated that the independent variables are often not appended to the
function, especially if they have been clearly defined. You will often find that whenever a function is written as
a differential there is no need to state the independent variable. If a differential is written as df

dx one can clearly
see that the dependent variable (or function) f has only one independent variable, which is x. If f had more
than one independent variable we must write ∂f

∂x . In this case, we can tell that f has more than one independent
variable and x is one of the independent variables. In this case, it is advisable to repeat the independent variable
list and write ∂f(x,y)

∂x . However, in many cases we usually do not look for the partial differential of only one a
variable but for the effect of all variables. Therefore we may come across an equation of the form

∂f

∂x
+ ∂f

∂y
= 0

Here we would assume that the two independent variables of f are x and y, and only those two. In this
case, it is acceptable not to repeat them again. You will find these rules being applied very inconsistently in the
literature. Most authors argue that it keeps equation expressions shorter and more readable if the dependent
variable list is not repeated every time. If the problem has been clearly introduced and the reader is aware of
the independent variable, this seems acceptable in many cases. However, if a differential equation is only briefly
mentioned and the reader has no notion about the meaning of the individual terms and from where they have
been derived, it is often advisable to repeat the independent variables.

3.1.5 Differentials
After having introduced the concept of ordinary and partial derivatives we will now discuss uses of these deriva-
tives. They are important because they allow us to determine the change in the function as we change the
respective independent variables. In general these “changes in functions as we change the independent variable”
are referred to as differentials. Think of the derivative as the tangent to a function f (x) at a given point. If you
now want to know how big the change in the function’s value will be if you change the independent variable x by
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Fig. 3.2 Graphical representation of differentials and derivatives. a) In the one-dimensional case the derivative can be
interpreted as the slope of a function f (x) along a variable x at the point S0. b) In the two-dimensional case of a function
f (x, y) dependent on two variables x and y, the differential can be interpreted as the sum of the changes in height of a
function along the two variables. At S0 the slope along x gives rise to a tangential plane. Likewise, the slope along y gives
rise to a tangential plane. Adding the two slopes (or overlying the two tangential planes) will amount to the change of
f (x, y) along x and y.

dx, you end up with the so-called differential change or simply the differential of the function, which is directly
derived from the definition of the derivative:

df = df

dx
dx (Eq. 3.8)

f (x+ ∆x) = f (x) + df

dx

∣∣∣∣
x

∆x for ∆x→ 0 (Eq. 3.9)

Graphically, this can be interpreted as the inclination or the slope of a function with respect to the variable
x (see Fig. 3.2a).

3.1.5.1 Total Differential
If f is only dependent on one variable, only one slope must be taken into account and the differential is referred
to as the total differential. As stated, it is denoted df

dx in case of the differential of f (x) with respect to x. The
total differential represents the overall change df if the dependent variable x changes by dx.

3.1.5.2 Total Differential From Partial Differentials
As we already stated, if a function f (x, y) is dependent on two independent variables x and y, we need to apply
partial derivatives. However, we are still interested in the total differential of f (x, y), which has to be expressed
in terms of changes with respect to both of the independent variables x and y. Surprisingly it is very easy to
study this case graphically (see Fig. 3.2b). Following up on the concept of a slope along a changing variable,
this two-dimensional case gives rise to two tangential planes (in three-dimensional space). The first plane will be
defined by the slope of the function along x, and the second plane will be defined by the slope of the function
along y. Both slopes are defined at the point S0. Each of these two slopes will contribute to the change of the
function’s value df and the total differential is defined as

df = dfx + dfy (Eq. 3.10)

Following Eq. 3.8 the two values dfx (originating from the tangential plane along the x-axis) and dfx (origi-
nating from the tangential plane along the y-axis) can be calculated from the derivatives of f (x, y) along x and
y in S0, respectively. As discussed, these two partial derivatives are calculated with respect to a given axis while
ignoring any change along the other axis or rather while keeping the value for the other axis fixed. They are
∂f(x,y)
∂x (for the partial derivative with respect to x) and ∂f(x,y)

∂y (for the partial derivative with respect to y).
Using these partial derivatives, dfx and dfy can be expressed as

dfx = ∂f

∂x
dx

dfy = ∂f

∂y
dy

which then expresses the total differential of f (x, y) from Eq. 3.10 with respect to x and y as
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df = dfx + dfy

= ∂f

∂x
dx+ ∂f

∂y
dy (Eq. 3.11)

For functions with more than two independent variables the total differential is calculated in the following
form:

df (x1, x2, . . . , xn) = ∂f

∂x1
d x1 + ∂f

∂x2
d x2 + . . .+ ∂f

∂xn
d xn (Eq. 3.12)

3.1.6 Important Rules in Differential Calculus
There are some rules than can be applied in order to simplify finding derivatives of functions. In this section
we will briefly discuss some of the most important rules. Although we will be using the notation for ordinary
differentials, these rules apply likewise to partial differentials.

3.1.6.1 Product Rule
We often need to find the derivative of a function that contains a product. As an example, consider the function

f (x) = g (x) h (x)

In this case, the differential of f is found as
df

dx
= g

dh

dx
+ h

dg

dx
(Eq. 3.13)

Eq. 3.13 is referred to as the product rule. As a more practical example taken from fluid mechanics, the change
of momentum along a coordinate axis is used in the derivation of the Navier-Stokes equation (see section 11).
Here, the partial differential of the term ρ #»v with respect to x needs to be found. This term can be simplified as
the following by using Eq. 3.13:

∂ (ρ #»v )
∂x

= ρ
∂ #»v

∂x
+ #»v

∂ρ

∂x

3.1.6.2 Chain Rule
Another important (and commonly employed) trick in differential calculus is the expansion of a (partial) derivative
term in case the variables of a function are interdependent. As an example, if a function f (x, t) is dependent on
x and t, it may be necessary to find the derivative df(x,t)

dt of f (x, t) with respect to t. In some cases f depends
primarily on x and only x depends on t. As an example, let

f (x, t) = x2 − 5
t− 2

be a function that depends on the variable x. Let x be time-variant with

x (t) = e2t

Now inserting x (t) (which is a very easy term) into f (x, t) will allow finding df
dt , although this is still a

somewhat tricky equation. Applying the chain rule of differentiation will make this solution much easier to find,
yielding

df

dt
= df

dx

dx

dt
(Eq. 3.14)

In this case the differential has been slightly rewritten and now requires the derivatives df
dx and dx

dt instead of
only df

dt . These are very easy to find in the given case:
df

dx
= 2x
t− 2

dx

dt
= 2e2t
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In which case we find
df

dt
= df

dx

dx

dt
= 2x
t− 22e2t

This trick is referred to as a special form of the chain rule of differentiation which can be used in case of such
interdependent variables. Note that these types of expansion of differentials can also be used on total differentials.

3.1.6.3 Integration by Parts
In contrast to the product rule for differentiation, integrating a product is a bit more complicated. Assume we
have the following product of two functions: f (x) and g (x). We find the differential to be

d (f g)
dx

= f
dg

dx
+ g

df

dx

Integration on both sides results inˆ
d (f g)
dx

dx =
ˆ
f
dg

dx
dx+

ˆ
g
df

dx
dx

ˆ
d (f g) =

ˆ
f
dg

dx
dx+

ˆ
g
df

dx
dx

f g =
ˆ
f
dg

dx
dx+

ˆ
g
df

dx
dx

ˆ
f
dg

dx
dx = f g −

ˆ
g
df

dx
dx (Eq. 3.15)

Eq. 3.15 is referred to as integration by parts because the expression still contains integrals.

Example. Assume we have the following function for which we need to find the integral over a circular area:ˆ 1
r

dc

dr
dr

where c (r) is a function of the radius r. Now, referring to Eq. 3.15, we define f = 1
r and dg

dx = dc
dr . This

definition is arbitrary; we could have also chosen it the other way around. However, as we will see, this is the
better approach. Using Eq. 3.15 we note that

f (r) = 1
r
→ df

dr
= − 1

r2

dg

dr
= dc

dr
→ g (r) = c (r)

with which we can define the integral according to Eq. 3.15 asˆ 1
r

dc

dr
dr = c

r
+
ˆ

c

r2 dr

which only leaves the integral c
r2 dr to be evaluated.

3.1.7 Boundary Conditions
We now turn to a very important concept when solving differential equations, the so-called boundary condi-
tion (BC). We have already alluded to the concept of boundary conditions when solving the problem with the
volume of the barrier lake. In Eq. 3.7 we integrated the ODE and obtained an integration constant. Obviously,
these constants always occur during integration and we need information about the physical problem in order to
substitute them for reasonable values. These reasonable values are given by the boundary conditions.

A boundary condition is a value that the solution to our differential equation must have at a given point in
the domain on which we want to solve the equation. Boundary values are physically meaningful demands that
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require our solution to have a certain given value at a certain point in the domain. In our example, we assume
the lake to be empty at t = 0. This is a boundary condition, and it requires our solution, the function Vlake (t),
to have a given value at a given point in the domain for which we want to solve the differential equation. In
this case Vlake (t = 0) != 0. Here the time is the domain in which we solve the differential equation, and at the
boundary of the domain, we now have a fixed value. These values provide the correct “offset” to our solution.
In principle, the solution given by Eq. 3.7 is already mathematically correct. Any function of this type with any
value for the integration constant would satisfy the differential equation, Eq. 3.5. We therefore have a set of
solutions. However, there is only one solution that is physically meaningful. This specific solution is given by the
boundary condition.

3.1.7.1 Boundary Value Problems
A differential equation for which boundary conditions are given is commonly referred to as a boundary value
problem (BVP).

How Many Boundary Conditions Do We Need? Often, we may know quite a number of things about a
physical problem. From this knowledge we may deduce several boundary conditions. The question arises: How
many boundary conditions do we need? In general, for each differential equation we need a number of boundary
conditions corresponding to the degree of the differential equation. For a second-order differential equation we
would require two boundary conditions; for a first-order differential equation we would require one.

3.1.7.2 Types of Boundary Conditions
There are usually two types of boundary conditions which we may come across. The first type indicates the value
of the solution on the boundary of the domain.

Dirichlet Boundary Conditions. The Dirichlet1 boundary conditions state the value that the solution func-
tion f to the differential equation must have on the boundary of the domain C. The boundary is usually denoted
as ∂C. In a two-dimensional domain that is described by x and y, a typical Dirichlet boundary condition would be

f (x, y) = g (x, y, . . .) , where: (x, y) ∈ ∂C

Here the function g may not only depend on x and y, but also on additional independent variables, e.g., the
time t. Our example of the barrier lake used a Dirichlet boundary condition stating that the volume of the lake
was 0 for t = 0. Here the function g is a constant, but it must not necessarily be the case.

Neumann Boundary Conditions. The second important type of boundary conditions are Neumann2bound-
ary conditions. Neumann boundary conditions state that the derivative of the solution function f to the differen-
tial equation must have a given value on the boundary of the domain C. A typical Neumann boundary condition
would be

∂f (x, y)
∂x

= g (x, y, . . .) where: (x, y) ∈ ∂C

or
∂f (x, y)
∂y

= g (x, y, . . .) where: (x, y) ∈ ∂C

Again the function g may not only depend on x and y, but also on additional variables such as time. We
use an example of a Neumann boundary condition when deriving the velocity profile of a fluid layer on a plane
driven by gravity (see section 15.3). While solving the differential equation we state that the shear stress on the
open surface of the fluid must be 0 (see Eq. 15.12). This is the so-called free-surface condition (see section 9.8.3).
As the shear stress is calculated from the first derivative of the velocity, this is a Neumann boundary condition.

1 Peter Dirichlet was a German mathematician who studied the type of boundary conditions commonly referred to
as Dirichlet boundary conditions extensively [1]. Dirichlet succeeded Gauß as chair of advanced mathematics in
Göttingen in 1855.

2 Carl Neumann was a German mathematician who introduced the boundary conditions commonly referred to Neu-
mann boundary conditions in 1865 [2].
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Fig. 3.3 Examples of boundary conditions and initial values at the string suspended between two static points. a) The
initial value y (0, x) gives the initial shape of the string at the point t = 0. The boundary conditions state that the
displacement of the string at x = 0 and x = L must be zero at all times. b) At the point t = t1 the string will have
assumed a given displacement. The boundary conditions are still valid. Obviously, the function y (t1, x) depends both on
the initial values and the boundary conditions.

3.1.8 Initial Values
Besides boundary conditions, we also often need to provide the initial value (IV). As the name suggests, initial
values are the values that our solution has at a given point. As an example, let us consider a string suspended
between two static points (see Fig. 3.3). We want to find the displacement of the string at any given time point
t. This displacement is described by a differential equation, and the function y (t, x) is its solution. Obviously,
the string will be attached between the two points for the entire experiment, which is why we can state y (t, 0) =
y (t, L) = 0. These are the boundary conditions. However, this function will not only depend on the boundary
conditions, but also on the shape of the string at the point t = 0. If the string was already displaced at this
position, e.g., because somebody stretched it, the solution at the point t = t1 will look different.

Initial Value Problems. This is why the shape of the string at t = t0 must be taken into account. This shape
is the solution to the differential equation at the t0 and is the so-called initial value to the solution. Obviously,
a differential equation may have an initial value but no boundary values. A problem for which initial values are
given is referred to as the initial value problem (IVP).

Initial Boundary Value Problems. If, in addition to initial values, a differential equation also has boundary
values then the problem is referred to as an initial boundary value problem (IBVP).

3.1.9 Systems of Differential Equations
In many applications in practical physics, mechanics, and fluid mechanics, we may not only end up with one
differential equation but with several. For a good example, refer to the analysis of the pendant drop in section 24.5.
Here we have several first-order differential equations for several functions that need to be solved in parallel.

Even though they are differential equations, the same rules for classical equations apply to them. If you have
n unknown functions you need n differential equations in order to solve for all of the unknowns. Obviously,
depending on the degrees of the differential equations, you will also need a given number of boundary conditions.
The total number of boundary conditions required is equal to the total number of degrees of the differential
equations. Returning to the example of pendant drop analysis we have a total of five unknown functions: θ (s),
x (s), z (s), V (s), and rmax (s) (see section 24.5 or listing 24.2 for details about their meaning). For these unknown
functions we have five first-order differential equations. Consequently we need five boundary conditions.

In many cases we may come across physical problems for which we “know too much”, i.e., we know too
many potential boundary conditions. In these cases it is important to reduce the number of boundary conditions
and select only those most relevant to the problem. It may well be that a solution can be found that fulfills
all boundary conditions, but it is often easier to first deduce a solution satisfying only the required number of
boundary conditions and testing this solution for correctness using the remaining boundary conditions. This is
especially true when finding solutions to differential equations numerically. If a numerical solver receives too
many boundary conditions it may potentially not come up with a solution at all.
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3.2 IMPORTANT FUNCTIONS
In this section we will look at a couple of important functions that we will require for solving some of the
differential equations we will be working with.

3.2.1 Trigonometric Functions
We will now look at some of the most important properties of the trigonometric functions. As we will see, a good
knowledge of their properties, especially their symmetry and their roots, is often required.

3.2.1.1 Sine Function
The sine function sin x is periodic over the period length T = 2π (see Fig. 3.4a). It is point-symmetric to the
origin and is therefore referred to as an odd function. It obtains specific values for

all x = nπ sin x = 0

all x = (4n+ 1) π2 sin x = 1

all x = (4n− 1) π2 sin x = −1

As the sine function is point-symmetric to the origin we note that

sin (−x) = − sin x (Eq. 3.16)
sin (nπ + x) = sin (nπ − x) for all odd values of n (Eq. 3.17)
sin (nπ + x) = − sin (nπ − x) for all even values of n (Eq. 3.18)

3.2.1.2 Cosine Function
The cosine function cosx is also periodic over the period length T = 2π (see Fig. 3.4a). It is mirror-symmetric
to x = 0 and is therefore referred to as an even function. It obtains specific values for

all x = 2nπ cosx = 1
all x = (2n+ 1) π cosx = −1

all x = (2n+ 1) π2 cosx = 0

As the cosine function is mirror-symmetric to the origin we note that

cos (−x) = cosx (Eq. 3.19)
cos (nπ + x) = cos (nπ − x) for all even values of n (Eq. 3.20)
cos (nπ + x) = − cos (nπ − x) for all odd values of n (Eq. 3.21)

a) Sine, cosine, and tangent functions. b) Hyperbolic sine, cosine, and tangent functions.

Fig. 3.4 Important trigonometric functions. a) Sine, cosine, and tangent functions. Please note the functions are periodic.
b) Hyperbolic sine, cosine, and tangent functions. As you can see, these functions are not periodic.
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3.2.1.3 Tangent Function
The tangent function tan x is also periodic over the period length T = 2π (see Fig. 3.4a). It is defined as

tan x = sin x
cosx

It is point-symmetric to the origin and therefore also an odd function. It obtains specific values for
• all x = nπ tan x = 0

• all x = (2n+ 1) π
2 tan x = ±∞

As you can see, the tangent function is discontinuous for all values of x = (2n+ 1) π
2 .

3.2.1.4 Hyperbolic Sine Function
The hyperbolic sine function sinh x is not periodic (see Fig. 3.4b). It is point-symmetric to the origin and therefore
also an odd function. It is defined as

sinh x = 1
2
(
ex − e−x

)
The most important points to note are the fact that sinh (x = 0) = 0, and it does not obtain the value of 0

for any other values of x.

3.2.1.5 Hyperbolic Cosine Function
The hyperbolic cosine function cosh x is also nonperiodic (see Fig. 3.4b). It is mirror-symmetric to x = 0 and
therefore also an even function. It is defined as

cosh x = 1
2
(
ex + e−x

)
The most important point is the fact that cosh (x = 0) = 1, and it never obtains the value of 0 for any value

of x.

3.2.1.6 Hyperbolic Tangent Function
The hyperbolic tangent function tanh x is also nonperiodic (see Fig. 3.4b) and defined, in analogy to the regular
tangent function, as

tanh x = sinh x
cosh x

It is point-symmetric to the origin and therefore also an add function. It obtains specific values for
• tanh (x = 0) = 1

• tanh x→ 1 for x > 2

• tanh x→ −1 for x < −2
Occasionally, you may come across the hyperbolic cotangent function, which is defined as

coth x = cosh x
sinh x

3.2.1.7 Derivatives
In the following, we will note a couple of important derivatives. The derivatives of sine and cosine are cyclic,
yielding

d

dx
sin x = cosx

d

dx
cosx = − sin x

d

dx
(− sin x) = − cosx

d

dx
(− cosx) = sin x
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The derivative of the tangent function is
d

dx
tan x = 1

cos2 x
d

dx
cotx = − 1

sin2 x

The derivatives of the hyperbolic functions are
d

dx
sinh x = cosh x

d

dx
cosh x = sinh x

d

dx
tanh x = 1

cosh2 x
d

dx
coth x = − 1

sinh2 x

3.2.2 Trigonometric Equivalences
This section will briefly list some of the more important trigonometric equivalences. Please refer to the right
triangle (see Fig. 3.5) for a repetition of the individual edges of the right triangle.

3.2.2.1 Pythagorean Theorem
More often than expected, the Pythagorean theorem is used, which states

sin2 x+ cos2 x = 1 (Eq. 3.22)

3.2.2.2 Inverse Functions
As a short reminder, each trigonometric function has an inverse function that is defined as

sine: sin x = opposite
hypotenuse = 1

cscx

cosecant: scsx = hypotenuse
opposite = 1

sin x

cosine: cosx = adjacent
hypotenuse = 1

secx

secant: secx = hypotenuse
adjacent = 1

cosx

tangent: tan x = opposite
adjacent = 1

cotx

cotangent: cotx = adjacent
opposite = 1

tan x

Fig. 3.5 The right triangle.
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3.2.2.3 Conversion From Sine
The following equations allow expressing the other trigonometric functions by means of the sine function:

sin x = ±
√

1− cos2 x (Eq. 3.23)

= ± tan x√
1 + tan2 x

(Eq. 3.24)

= ± 1√
1 + cot2 x

(Eq. 3.25)

3.2.2.4 Conversion From Cosine
The following equations allow expressing the other trigonometric functions by means of the cosine function:

cosx = ±
√

1− sin2 x (Eq. 3.26)

= ± 1√
1 + tan2 x

(Eq. 3.27)

= ± cotx√
1 + cot2 x

(Eq. 3.28)

3.2.2.5 Conversion From Tangent
The following equations allow expressing the other trigonometric functions by means of the tangent function:

tan x = ± sin x√
1− sin2 x

(Eq. 3.29)

= ±
√

1− cos2 x

cosx (Eq. 3.30)

= ± 1
cotx (Eq. 3.31)

3.2.2.6 Conversion From Cotangent
The following equations allow expressing the other trigonometric functions by means of the cotangent function:

cotx = ±
√

1− sin2 x

sin x (Eq. 3.32)

= ± cosx√
1− cos2 x

(Eq. 3.33)

= ± 1
tan x (Eq. 3.34)

3.2.2.7 Conversions For Half-Angles
The following equations can be used in order to convert half-angles into equations of full angles:

sin x2 = ±
√

1− cosx
2 (Eq. 3.35)

cos x2 = ±
√

1 + cosx
2 (Eq. 3.36)

tan x2 = ±
√

1− cosx
1 + cosx = sin x

1 + cosx = 1− cosx
sin x (Eq. 3.37)
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3.2.3 Euler’s Formula
Euler’s1 formula states that

ei x = cosx+ i sin x (Eq. 3.38)
e−i x = cos (−x) + i sin (−x) = cosx− i sin x (Eq. 3.39)

This is used extensively to represent trigonometric functions. The following functions are important to keep
in mind:
sine functions

sin x = 1
2 i
(
ei x − e−i x

)
(Eq. 3.40)

sin (ix) = 1
2 i
(
e−x − ex

)
= − 1

2 i
(
ex − e−x

)
= i sinh x

sinh x = 1
2
(
ex − e−x

)
(Eq. 3.41)

cosine functions

cosx = 1
2
(
ei x + e−i x

)
(Eq. 3.42)

cos (ix) = 1
2
(
e−x + ex

)
= cosh x

cosh x = 1
2
(
ex + e−x

)
(Eq. 3.43)

3.2.4 Bessel Functions
3.2.4.1 Standard Bessel Functions
The Bessel2 functions were first described by German mathematician Friedrich Wilhelm Bessel while studying
many-body problems, particularly planetary motion [7]. Bessel was not the first to describe these equations, but
he was the first to extensively use them to solve partial differential equations.

Definition. Bessel functions are solutions to a specific type of differential equation referred to as Bessel’s
differential equation. This differential equation is a special case of the a Sturm-Liouville boundary value problem,
which often occurs in polar and cylindrical coordinates. The Bessel differential equation of order ν for the function
f (x) is given by

x2 d
2f (x)
dx2 + x

df (x)
dx

+
(
α2x2 − ν2) f (x) = 0 (Eq. 3.44)

In this equation, ν is a nonnegative integer. In general, ν could also be a real number but the solutions to
these differential equations are somewhat different. Eq. 3.44 is a second-order ordinary differential equation and
is solved by a set of two functions, the Bessel function of first kind Jν (x) and the Bessel function of second kind
Yν (x) which is also referred to as Weber function. The Bessel function of first kind Jν (x) can be approximated
by a series of gamma functions. The Bessel function of second kind Yν (x) can be expressed using the Bessel
function of first order.

1 Leonhard Euler was a Swiss mathematician and physicist who made major contributions to mathematics and is
considered one of the most important mathematicians of all time. Among his many achievements is the solution
of the so-called “Baseler Problem”, which was the determination of the convergence value for the geometric series
[3]. Euler also provided one of the most important methods for solving ODEs numerically, i.e., the so-called Euler
method [4]. While studying differential equations and methods for solving them, Euler developed a transform which
is nowadays known as the z-transform; this formed the basis of the Laplace transform [5]. In 1755 Euler derived a
simplified form of the Navier-Stokes equation that we still use nowadays for studying flow problems in circular flow
tubes. This equation is often referred to as the Euler equation [6].

2 Friedrich Bessel was a German mathematician who was interested in astrophysics. Bessel has made many important
contributions to physical mathematics and engineering mechanics. Among others, he developed the so-called Bessel
functions, which are functions that solve certain types of differential equations that are common in many-body
problems and astrophysics.
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a) Jν=0···4 (x) b) Yν=0···4 (x)

Fig. 3.6 The first five Bessel functions Jν (x) and Yν (x), respectively.

The first five Bessel functions Jν (x) and Yν (x), respectively, are displayed in Fig. 3.6. As can be seen, the
functions look roughly like decaying sine or cosine functions.

The general solution to Eq. 3.44 is

f (x) = c1 Jν (αx) + c2 Yν (αx) (Eq. 3.45)

In physical applications, c2 = 0 in most cases. This is due to the fact that Yν (αx) strives to negative infinity
for x → 0, which yields physically unreasonable results (unless there is a very strong source or sink at x = 0).
Therefore, the general solution to Eq. 3.44 in most practical physical problems is

f (x) = c1 Jν (αx) (Eq. 3.46)

Important Properties. Some of the most important properties of the Bessel function are
for Jν

d

dx
(Jν (αx)) = αJν−1 (αx)− ν

x
αJν (αx) (Eq. 3.47)

d

dx
(xν Jν (αx)) = αxν Jν−1 (αx) (Eq. 3.48)

d

dx

(
x−ν Jν (αx)

)
= −x−ν αJν+1 (αx) (Eq. 3.49)

Jν+1 (αx) = 2ν
αx

Jν (αx)− Jν−1 (αx) (Eq. 3.50)

d

dx
(xνJν (αx)) = xν−1 ν Jν (αx) + xν

(ν
x
Jν (αx)− αJν+1 (αx)

)
(Eq. 3.51)

d

dx
(Jν (αx)) = ν

x
Jν (αx)− αJν+1 (αx) (Eq. 3.52)

d

dx

(
xν+3 Jν+1 (αx)− 2

α
xν+2Jν+2 (αx)

)
= αxν+3Jν (αx) (Eq. 3.53)

Jν (−λx) = (−1)ν Jν (λx) (Eq. 3.54)

for Yν

d

dx
(Yν (αx)) = αYν−1 (αx)− ν

x
αYν (αx) (Eq. 3.55)

d

dx
(xν Yν (αx)) = xν αYν−1 (αx) (Eq. 3.56)
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which for ν = 0 gives the important relations
d

dx
(xJ1 (αx)) = αxJ0 (αx) (Eq. 3.57)

d

dx
(xY1 (αx)) = αxY0 (αx) (Eq. 3.58)

Here you can also verify one important property given by
dJ0 (x)
dx

= −J1 (x) (Eq. 3.59)

Recurrence Relation. Among the most important properties of Bessel functions are the so-called recurrence
relations, which state that Bessel functions of higher order can be expressed by Bessel functions of lower order
and v.v. The recurrence relation reads

Jν−1 (αx) = 2 ν
αx

Jν (αx)− Jν+1 (αx) (Eq. 3.60)

Yν−1 (αx) = 2 ν
αx

Yν (αx)− Yν+1 (αx) (Eq. 3.61)

General Notation. In many applications the standard Bessel differential equation occurs in slightly different
form. Compared to Eq. 3.44 a more general notation can be written as

x2 d
2f (x)
dx2 + (2p+ 1)x df (x)

dx
+
(
α2x2r + ν2) f (x) = 0 (Eq. 3.62)

The general solution to Eq. 3.44 is

f (x) = x−p
(
c1 J q

r

(α
r
xr
)

+ c2 Y q
r

(α
r
xr
))

(Eq. 3.63)

with q =
√
p2 − ν2

where, again, the second term is often dropped in order to obtain physically meaningful results.

Series Notation of the Bessel Functions of First Kind. The Bessel function of first kind is often written
out explicitly as a series that is given by

Jν (x) =
∞∑
n=0

(−1)n

n! (ν + 1)!

(x
2

)ν+2n
(Eq. 3.64)

Now this notation does not look very convenient, but it is simple to write it out for explicit values of ν. The
first two Bessel functions for ν = 0 and ν = 1 can be written out as

J0 (x) = 1−
(x

2

)2
+ 1

(2!)2

(x
2

)4
− 1

(3!)2

(x
2

)6
+ . . . (Eq. 3.65)

J1 (x) = x

2 −
1
2!

(x
2

)3
+ 1

2!3!

(x
2

)5
− 1

3!4!

(x
2

)7
+ . . . (Eq. 3.66)

which looks distinctively more common.

Gamma Function. In these derivations we have always assumed ν to be an integer, which it does not neces-
sarily have to be. If we allow all real values for ν the series notation of the Bessel function of first kind can be
upheld, but it is rewritten using the so-called gamma function Γ which is defined as

Γ (x) =
ˆ ∞

0
tx−1e−tdt (x > 0)

Fig. 3.7 shows a plot of the gamma function Γ (x). The gamma function is an important function in integral
and differential analysis and can be used to express the Bessel function of first kind for all ν including noninteger
values as

Jν (x) =
∞∑
n=0

(−1)n

n! Γ (ν + n+ 1)!

(x
2

)ν+2n
(Eq. 3.67)
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Fig. 3.7 Gamma function Γ (x).

3.2.4.2 Modified Bessel Functions
Definition. If Eq. 3.44 is used with complex numbers for the dependent variable x the resulting differen-
tial equation is referred to the modified Bessel’s differential equation. Therefore, modified Bessel functions are
solutions to the modified Bessel’s differential equation of order ν which, for the function f (x), is given by

x2 d
2f (x)
dx2 + x

df (x)
dx

−
(

(αx)2 + ν2
)
f (x) = 0 (Eq. 3.68)

where α is a constant. The general solution to Eq. 3.68 is given by a set of two functions, the modified Bessel
function of first kind Iν (αx) and the modified Bessel function of second kind Kν (αx). The solution is given by

f (x) = c1 Iν (αx) + c2Kν (αx)

For the same reason as for the standard Bessel functions c2 = 0 in order to yield physically meaningful results,
which simplifies the solution to

f (x) = c1 Iν (αx) (Eq. 3.69)

The first five Bessel functions Iν (x) and Kν (x), respectively, are displayed in Fig. 3.8.

Important Properties. Iν (x) can be expressed by the standard Bessel functions of first kind as

Iν (x) = i−ν Jν (ix)

Likewise, Kν (x) can be expressed by the standard Bessel functions of first and second kind as

Kν (x) = π

2 iν+1 (Jν (ix) + iYν (ix))

a) Iν=0···4 (x) b) Kν=0···4 (x)

Fig. 3.8 The first five Bessel functions Iν (x) and Kν (x), respectively.



Engineering Mathematics 39

Similar to the standard Bessel functions, modified Bessel functions also feature recurrence relationships.
Therefore, derivatives of higher Bessel functions can be expressed by Bessel functions of lower orders. The
general relationship is the following:

for Iν

d

dx
(Iν (αx)) = α Iν−1 (αx)− ν

x
α Iν (αx) (Eq. 3.70)

d

dx
(xν Iν (αx)) = xν Iν−1 (αx) (Eq. 3.71)

for Kν

d

dx
(Kν (αx)) = −αKν−1 (αx)− ν

x
αKν (αx) (Eq. 3.72)

d

dx
(xν Kν (x)) = xν Kν−1 (x) (Eq. 3.73)

which for ν = 0 gives the important relations
d

dx
I0 (αx) = α I1 (αx) (Eq. 3.74)

d

dx
K0 (αx) = −αK1 (αx) (Eq. 3.75)

Recurrence Relation. Just like the regular Bessel functions the modified Bessel functions also show recurrence
relation:

Jν−1 (αx) = − 2 ν
αx

Jν (αx) + Jν+1 (αx) (Eq. 3.76)

Yν−1 (αx) = 2 ν
αx

Yν (αx) + Yν+1 (αx) (Eq. 3.77)

3.2.4.3 Roots of the Bessel Functions
As you can see from Fig. 3.6 the Bessel function of first and second kind have a number of roots, i.e., values for
xn at which Jν (xn) = 0 and Yν (xn) = 0. As it turns out, these values are very important and frequently used
when dealing with Bessel functions and in particular with Bessel differential equations. Since the roots are simply
numbers, they can be calculated conveniently. Tab. 3.1 lists the first ten roots of the first five Bessel functions of
first and second kind, respectively.

3.2.5 Delta Function
The delta function is often also referred to as the Dirac delta function, named after English physicist Paul Dirac1.
It is not a function in the classical sense being defined as

δ (x) =
{
∞ x = 0
0 otherwise

(Eq. 3.78)

The main property of the delta function is in the fact that it reaches infinity at a single point and is zero at
any other point. Its most important property is that its integral is always one:ˆ ∞

−∞
δ (x) dx = 1

1 Paul Dirac was an English physicist who introduced the function that we refer to today as the Dirac delta function.
He was the first to use this function for quantum physics in his seminal work dating from 1930 [8]. However, Fourier
has used a similar function in his work on the Fourier series [9]. Dirac was the first to call this function the delta
function and introduced the notation we still use today.
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Tab. 3.1 Roots of the Bessel functions of first kind Jν and second kind Y
of order ν
Root number ν = 0 ν = 1 ν = 2 ν = 3 ν = 4

Bessel function of first kind Jν of order ν
1 2.404 83 3.831 71 5.135 62 6.380 16 7.588 34
2 5.520 08 7.015 59 8.417 24 9.761 02 11.064 71
3 8.653 73 10.173 47 11.619 84 13.015 20 14.372 54
4 11.791 53 13.323 69 14.795 95 16.223 47 17.615 97
5 14.930 92 16.470 63 17.959 82 19.409 42 20.826 93
6 18.071 06 19.615 86 21.117 00 22.582 73 24.019 02
7 21.211 64 22.760 08 24.270 11 25.748 17 27.199 09
8 24.352 47 25.903 67 27.420 57 28.908 35 30.371 01
9 27.493 48 29.046 83 30.569 20 32.064 85 33.537 14
10 30.634 61 32.189 68 33.716 52 35.218 67 36.699 00

Bessel function of second kind Yν of order ν
1 0.893 58 2.197 14 3.384 24 4.527 02 5.645 15
2 3.957 68 5.429 68 6.793 81 8.097 55 9.361 62
3 7.086 05 8.596 01 10.023 48 11.396 47 12.730 14
4 10.222 35 11.749 15 13.209 99 14.623 08 15.999 63
5 13.361 10 14.897 44 16.378 97 17.818 46 19.224 43
6 16.500 92 18.043 40 19.539 04 20.997 28 22.424 81
7 19.641 31 21.188 07 22.693 96 24.166 24 25.610 27
8 22.782 03 24.331 94 25.845 61 27.328 80 28.785 89
9 25.922 96 27.475 29 28.995 08 30.486 99 31.954 69
10 29.064 03 30.618 29 32.143 00 33.642 05 35.118 53

You may think of the delta function as the approximation of a rectangular pulse with the pulse width
approaching zero. Let this pulse be defined as

δpulse (x) =
{

1
a −a2 ≤ x ≤ +a

2
0 otherwise

(Eq. 3.79)

Obviously, the smaller the parameter a is, the narrower and higher the pulse. For a→ 0 the pulse height will
move toward infinity. Fig. 3.9 shows this pulse for different values of a. Obviously, the integral over the pulse will
always be 1.

Usage. The delta function can be used to model singularities in physical problems. An example that we will
also discuss later is given in the case of diffusion. At the beginning of the experiment we provide a given amount
of substance, e.g., a salt in the form of a soluble piece of solid into a fluid volume. Over time this substance will
dissolve into the volume changing the concentration locally. At the beginning of the experiment, all the substance
is confined in the small piece of solid. At this location, the concentration is infinite as the ratio of substance
over fluid volume is infinite (see Fig. 3.10a). Over time, the solid will slowly dissolve in the fluid leading to a
broadening of the concentration profiles (see Fig. 3.10b). The profiles will transform from a delta function more
toward a distribution we may associate with a Gaussian distribution.

Mathematical Treatment. The problem with the delta function is that it is, mathematically speaking, not
a function but rather a distribution. Continuum mechanics and the underlying mathematics have trouble with
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Fig. 3.9 Approximation of the delta function δ (x) by a
pulse of width a and height 1

a
. As a → 0 the pulse height

converges to infinity.

Fig. 3.10 Soluble solid as an example for a delta function in two dimensions. a) Initially
the solid is in a compact form. The concentration profiles along the x-axis and the y-axis
are delta functions. b) After a given amount of time, the profiles will broaden and the
concentration in both directions will look more like a distribution.

functions that are noncontinuous. This is why we usually try to convert the delta function to a form that we
can treat better mathematically. The most convenient means of doing so is by converting the delta function
to a Fourier series. We will cover the mathematics of Fourier series in section 4.3. Being able to convert the
delta function to a sine series is a very helpful technique. It allows using this mathematically rather impractical
distribution as a continuous function.

Fourier Series of the Delta Function. The Fourier expansion into a sine series is rather straightforward. We
use Eq. 4.24 and expand the delta function on the interval −a ≤ x ≤ +a. We begin with the Fourier coefficient
a0 for which we find

a0 = 2
2a

ˆ +a

−a
δ (x) dx = 1

a

where we have used the fact that
´ +a
−a δ (x) dx = 1 per definition. In order to calculate an and bn we will need

to employ a little trick which is often referred to as the “cutting ability of the delta function.” From Eq. 4.27 we
find

an = 2
2a

ˆ +a

−a
δ (x) cos

(
n

[π]
a
x

)
dx

= 1
a

ˆ +a

−a
δ (x) cos

(
n

[π]
a

0
)
dx

= 1
a

cos
(
n

[π]
a

0
)ˆ +a

−a
δ (x) dx

= 1
a
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This simplification may seem a little weird at first sight. The delta function will “cut off” all fractions of the
function cos

(
n [π]
a x
)
besides the value for x = 0 where the delta function is nonzero. Therefore, we only have

to evaluate this function as x = 0, which results in the term cos
(
n [π]
a 0
)
. However, this term is constant as it is

the evaluated function at one specific value for x. Therefore we can move this constant in front of the integral
and are left with the integral of the delta function

´ +a
−a δ (x) dx, which is, again, equal to one per definition. We

proceed similarly with bn and find

bn = 2
2a

ˆ a

−a
δ (x) sin

(
n
π

a
x
)
dx

= 1
a

ˆ a

−a
δ (x) sin

(
n
π

a
0
)
dx

= 0

In sum we therefore find for the delta function according to Eq. 4.25

δFourier (x) = 1
2a +

nmax∑
n=1

1
a

cos
(
n

[π]
a
x

)

= 1
a

(
1
2 +

nmax∑
n=1

cos
(
n

[π]
a
x

))
(Eq. 3.80)

Fig. 3.11 shows the expanded Fourier series δFourier (x) of the delta function δ (x). As you can see, the higher
the expansion order, the more pronounced the peak becomes.

Shifting the Delta Function. We have expanded the delta function around x = 0, but it can be simply
shifted to a value x = x0 by using δ (x− x0) instead of δ (x). Fig. 3.12 shows an example of a delta function
shifted to x0 = 5.

Fig. 3.11 Fourier series of the delta function δ (x) with
different expansion orders nmax.

Fig. 3.12 Delta function δ (x− 5) which is a delta func-
tion shifted to x0 = 5.



Engineering Mathematics 43

Fourier Series of Shifted Delta Function. We will derive the Fourier series for the shifted delta function
δ (x− x0) where −a ≤ x0 ≤ +a, which is given by

a0 = 2
2a

ˆ +a

−a
δ (x− x0) dx = 1

a

an = 2
2a

ˆ +a

−a
δ (x− x0) cos

(
n

[π]
a
x

)
dx

= 1
a

ˆ +a

−a
δ (x) cos

(
n

[π]
a
x0

)
dx

= 1
a

cos
(
n

[π]
a
x0

)
bn = 2

2a

ˆ a

−a
δ (x− x0) sin

(
n

[π]
a
x

)
dx

= 1
a

ˆ a

−a
δ (x) sin

(
n

[π]
a
x0

)
dx

= 1
a

sin
(
n

[π]
a
x0

)
with

δFourier (x) = 1
2a + 1

a

nmax∑
n=1

(
cos
(
n

[π]
a
x0

)
cos
(
n

[π]
a
x

)
+ sin

(
n

[π]
a
x0

)
sin
(
n

[π]
a
x

))
Two-Dimensional Delta Function. The delta function can be easily extended to multiple dimensions. As
the function effectively “cuts out” a function we may simply multiply a delta function along the x-axis and a
delta function along the y-axis in order to obtain a two-dimensional delta function. It simply defined as

δxy (x, y) = δ (x) δ (y) (Eq. 3.81)

The corresponding Fourier series on the interval −a < x < +a and −b < y < +b is thus defined as

δxy,Fourier (x) = 1
a

(
1
2 +

nmax∑
n=1

cos
(
n

[π]
a
x

))
1
b

(
1
2 +

nmax∑
n=1

cos
(
n

[π]
b
y

))
(Eq. 3.82)

Fig. 3.13 shows Eq. 3.82 with different expansion orders. As you can see, it resembles a two-dimensional peak
at the origin.
Fourier Transformation of the Delta Function. We will now derive the Fourier transformation of the
delta function. We will cover Fourier transforms in detail in section 5.1, so do not worry if at this point the
following derivation still seems obscure. From Eq. 5.1 we see that the Fourier transformation is defined as

F {δ (t)} =
ˆ +∞

−∞
δ (t) e−2πif tdt

However, the delta function is 0 for all t 6= 0; therefore,

F {δ (t)} =
ˆ +∞

−∞
δ (t = 0) e−2πif0dt

= δ (t = 0) = 1 (Eq. 3.83)

3.2.6 Heaviside Function
The next important function we will require is the Heaviside1function. The Heaviside function is often considered
the integral form of the delta function. It is defined as

Θ (x) =
{

0 x < 0
1 x ≥ 1

(Eq. 3.84)

1 Oliver Heaviside was an English scientist. He introduced complex numbers into the study of electrical circuits and
thus made important contributions to early electrical engineering as well as physics and signal processing.
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a) nmax = 5 b) nmax = 10

c) nmax = 50 d) nmax = 100

Fig. 3.13 Fourier series of a two-dimensional delta function with different expansion orders.
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Fig. 3.14 Soluble solid as an example for a Heaviside function in two dimensions. a) Ini-
tially the solid is in a compact form forming a “wall” inside of the fluid, effectively creating
a sudden jump in the concentration. The resulting concentration profile is a Heaviside func-
tion. b) After a given amount of time, the profile will broaden and the concentration will
look more like a distribution.

Obviously, at x = 0 it has a discontinuity that amounts to a derivative with an infinite value in an infinitely
small amount of time. This is effectively the delta function δ. Just as the delta function, the Heaviside function
is not a function in the classical sense, which is why it is sometimes referred to as a distribution.

Usage. Just as the delta function, the Heaviside function can be used to model sudden changes in a physical
system. Returning to our example of the soluble solids in a fluid, the Heaviside function can be used to model a
compact block of solid that effectively forms a concentration jump (see Fig. 3.14a). This concentration jump is
a good example of a Heaviside function. After a given amount of time, the profile will broaden (see Fig. 3.14b).

Fourier Series of the Heaviside Function. In analogy to our approach with the delta function, we will
expand the Heaviside function to a Fourier series. This will allow us to treat this noncontinuous distribution as
a standard function. Again, we use Eq. 4.24 and expand the function on the interval −a ≤ x ≤ +a, where the
step will be at x = 0. Just as with the delta function, we may shift this step to any other value of x by using
Θ (x− x0) instead of Θ (x). For the Fourier coefficients we find

a0 = 2
2a

ˆ +a

−a
Θ (x) dx = a

a
= 1
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)
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)
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= 1
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δ (x) sin
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)
dx

= − 1
nπ

[
cos
(
n

[π]
a
x

)]a
0

= − 1
nπ

(cos (nπ)− cos 0)

= − 1
nπ

(cos (nπ)− 1)
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Fig. 3.15 Fourier series of the Heaviside function Θ (x)
with different expansion orders nmax.

Here we take into account that

cos (nπ)− 1 =
{

0 n = 0, 2, 4, . . . as cos (nπ) = 1
−2 n = 1, 3, 5, . . . as cos (nπ) = −1

Therefore we can rewrite bn as

bn = 2
(2n+ 1)π

In sum we therefore find for the delta function, according to Eq. 4.25,

ΘFourier (x) = 1
2 +

nmax∑
n=0

2
(2n+ 1)π sin

(
(2n+ 1) [π]

a
x

)
(Eq. 3.85)

Fig. 3.15 shows the expanded Fourier series ΘFourier (x) of the Heaviside function Θ (x). As we already know
from the Fourier expansion of the step function (which is in fact very similar to the Heaviside function), the
Fourier series matches the step with good fidelity.

Fourier Transformation of the Heaviside Function. We will now derive the Fourier transformation of
the Heaviside function. Here we will use the signum function, which we will introduce in section 3.2.7. We will
use the independent variable t instead of x in the following section in order to stay consistent with the notation
commonly used for Fourier transformations (see Tab. 5.1). The Heaviside and the signum functions are related as

Θ (t) = 1
2 + 1

2 sign (t)

which we can directly see from Eq. 3.87. We can then apply Fourier transformations to both sides, leading
to

F {Θ (t)} = F
{

1
2

}
+ 1

2F {sign (t)}

= πδ (f) + 1
if (Eq. 3.86)

where we have used F
{ 1

2
}

= 1
2F {1} = πδ (f). The Fourier transformation of the signum function will be

derived in Eq. 3.90.

3.2.7 Signum Function
The signum function is defined as

sign (x) =


1 x > 0
0 x = 0
−1 x < 0

(Eq. 3.87)

It is closely related to the Heaviside function as

sign (x) = 2Θ (x)− 1 (Eq. 3.88)
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Its derivative is closely related to the Delta function as
d

dx
sign (x) = 2dΘ (x)

dx
= 2δ (x) (Eq. 3.89)

Fourier Transformation of the Signum Function. We will quickly derive the Fourier transform of the
signum function using Eq. 3.89 as a basis. In order to stay consistent with the notation used in Tab. 5.1 we use
the independent variable t instead of x here. In this case we find

F
{
d

dt
sign (t)

}
= 2F {δ (t)}

ifF {sign (t)} = 2

F {sign (t)} = 2
if (Eq. 3.90)

where we have used F {δ (t)} = 1.

3.2.8 Error Function
When working with the Heaviside function, we often encounter the so-called error function erf (x). It can be
considered as the transition from the Heaviside function (which is rather a distribution than a function) to an
algebraic function. Very often, you may rather work with the error function than with the Heaviside distribution
when solving, e.g., differential equations.

Definition. The error function is defined as

erf (x) = 2√
π

ˆ z

0
e−ξ

2
dξ (Eq. 3.91)

Symmetry. The error function is point-symmetric to the origin.

erf (x) = −erf (−x) (Eq. 3.92)

Complementary Error Function. The second function often encountered when using the error function is
the complementary error function erfc (x), which is defined as

erfc (x) = 2√
π

ˆ ∞
ξ

e−ξ
2
dξ (Eq. 3.93)

Its most important property is due to the fact that it adds up with the error function to the value 1:

erf (x) + erfc (x) = 1
erfc (x) = 1− erf (x) (Eq. 3.94)

Visualization. The error function erf (x) and complementary error function erfc (x) are displayed in Fig. 3.16.
As you can see, the error function resembles the Heaviside step function.

Fig. 3.16 Plot of the error function erf (x) and comple-
mentary error function erfc (x).
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3.3 COMMONLY USED CALCULUS TRICKS
This section will highlight some tricks which are often used to simply calculations.

3.3.1 Simplification of Denominators Containing Sums
In the fraction 1

a+b c , which has a denominator containing a sum we can make the following simplification if
bc� a:

1
a+ b c

≈ 1
a
− b c

a2 (Eq. 3.95)

The proof for this is

1 =
(

1
a
− b c

a2

)
(a+ b c) = a

a
+ b c

a
−

(
a b c

a2 + (b c)2

a2

)

= 1−
(
b c

a

)2
≈ 1 �

as b c
a � 1 because b c� a.

3.3.2 Product of a Variable and Its Derivative
Once in a while the following trick can be used to simplify a differential product of a function ψ and its derivative:

ψ
dψ

dx
= d

dx

(
ψ2

2

)
(Eq. 3.96)

The proof is very simple; it simply uses the product rule of differentiation, Eq. 3.13
d

dx

(
ψ2

2

)
= 2 ψ2

dψ

dx
= ψ

dψ

dx
�

3.3.3 Curvature
The curvature κ is a quantitative means of describing how “bent” a function is. This is in agreement with our
intuition of what “curved” actually means. Mathematically, the curvature is the second derivative of a vector
function #»

ψ (s) with respect to the path ds

κ =
∣∣∣∣∣d2 #»

ψ

ds2

∣∣∣∣∣ =
∣∣∣∣∣d

#»

T

ds

∣∣∣∣∣ (Eq. 3.97)

with #»

T being the tangent vector. It therefore is the change of the tangent with respect to ds or, in other
words, the degree by which the tangent changes. This is equivalent to the degree by which the angle θ of the
tangent changes; therefore,

κ = dθ

ds
(Eq. 3.98)

Looking at Fig. 3.17, it can be seen that this is intuitive. If the tangent changes rapidly (see Fig. 3.17a) the
curve is strongly curved, thus κ is high. If the tangent changes only slowly (see Fig. 3.17b), the curve is only
slightly curved; thus κ is low. The curvature is the inverse of the radius, and therefore

κ = 1
r

The curvature for a planar function ψ can be derived from Fig. 3.18 from which we find

(ds)2 = (dx)2 + (dψ)2

ds

dx
=

√
1 +

(
dψ

dx

)2
(Eq. 3.99)

as well as

tan θ = dψ

dx
(Eq. 3.100)
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Fig. 3.17 Curvature κ of a strongly curved function (a)
and a weakly curved function (b).

Fig. 3.18 Derivation of the curvature of a planar function.

We can extract the change in the angle θ required for Eq. 3.98 by finding the derivative with respect to x of
Eq. 3.100, resulting in

d tan θ
dx

=
(
1 + tan2 θ

) dθ
dx

= d2ψ

dx2

dθ

dx
=

d2ψ
dx2

1 + tan2 θ

dθ

dx
=

d2ψ
dx2

1 +
(
dψ
dx

)2 (Eq. 3.101)

where have used Eq. 3.100. Now we can find dθ
ds by dividing Eq. 3.101 by Eq. 3.99:

dθ

ds
=

dθ
dx
ds
dx

=
d2ψ
dx2

1 +
(
dψ
dx

)2

(
1 +

(
dψ

dx

)2
) 1

2

=
d2ψ
dx2(

1 +
(
dψ
dx

)2
) 3

2
(Eq. 3.102)

For many cases, especially if the changes in a curve are steady and not too strong, Eq. 3.102 can be lin-
earized to

dθ

ds
≈ d2ψ

dx2 (Eq. 3.103)

as
(

1 +
(
dψ
dx

)2
) 3

2

≈ 1 3
2 = 1 for small values of dψdx .

3.3.4 Infinitesimal Changes in Commonly Encountered Geometries
There are several geometries for which we often use the infinitesimal changes in surface dA or volume dV . This
section derives the most commonly encountered equations.

Circle. For a circle the infinitesimal change of area dAcircle is given by

dAcircle = π
(

(r + dr)2 − r2
)

= π
(
r2 + 2 r dr + dr2 − r2)

= 2π r dr (Eq. 3.104)

where we neglected dr2 as being very small.
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Cylinder. For a cylinder of length L the infinitesimal change in area dAcylinder is given by

dAcylinder = 2π L ((r + dr)− r)
= 2π Ldr (Eq. 3.105)

In analogy, the infinitesimal change in volume dVcylinder is given by

dVcylinder = π L
(

(r + dr)2 − r2
)

= π L
(
r2 + 2 r dr + dr2 − r2)

= 2π L r dr (Eq. 3.106)

Sphere. For a sphere the infinitesimal change in area dAsphere is given by

dAsphere = 4π
(

(r + dr)2 − r2
)

= 4π
(
r2 + 2 r dr + dr2 − r2)

= 8π r dr (Eq. 3.107)

where we have again neglected all terms containing drn with n ≥ 2 as being too small.
The infinitesimal change of volume dVsphere of a sphere can be calculated as

dVsphere = 4
3 π

(
(r + dr)3 − r3

)
= 4

3 π
(
r3 + 2 r2 dr + r dr2 + r2 dr + 2 r dr2 + dr3 − r3)

= 4π r2 dr (Eq. 3.108)

3.4 SUMMARY
In this section, we have revisited some of the most important functions and concepts of engineering mathematics.
Knowledge of these will be crucial to understanding concepts such as series and transforms, as well as methods
for solving differential equations, which we will cover in the following sections.
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