
CHAPTER

4Mechanical Properties of
Polymer Solids and Liquids

With a name like yours, you might be any shape, almost.
—Lewis Carroll, Through the Looking Glass

4.1 Introduction
Polymers are in general use because they provide good mechanical properties at

reasonable cost. The efficient application of macromolecules requires at least a

basic understanding of the mechanical behavior of such materials and the factors

that influence this behavior.

The mechanical properties of polymers are not single-valued functions of the

chemical nature of the macromolecules. They will vary also with molecular

weight, branching, cross-linking, crystallinity, plasticizers, fillers and other addi-

tives, orientation, and other consequences of processing history and sometimes

with the thermal history of the particular sample.

When all these variables are fixed for a particular specimen, it will still be

observed that the properties of the material will depend strongly on the tempera-

ture and time of testing compared, say, to metals. This dependence is a conse-

quence of the viscoelastic nature of polymers. Viscoelasticity implies that the

material has the characteristics both of a viscous liquid which cannot support a

stress without flowing and an elastic solid in which removal of the imposed stress

results in complete recovery of the imposed deformation.

Although the mechanical response of macromolecular solids is complex, it is

possible to gain an understanding of the broad principles that govern this behav-

ior. Polymeric articles can be designed rationally, and polymers can be synthe-

sized for particular applications. This chapter summarizes the salient factors that

influence some important properties of solid polymers.

4.2 Thermal Transitions
All liquids contract as their temperatures are decreased. Small, simple molecules

crystallize quickly when they are cooled to the appropriate temperatures. Larger
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and more complex molecules must undergo translational and conformational reor-

ganizations to fit into crystal lattices and their crystallization rates may be so

reduced that a rigid, amorphous glass is formed before extensive crystallization

occurs on cooling. In many cases, also, the structure of polymers is so irregular

that crystalline structures cannot be formed. If crystallization does not occur, the

viscosity of the liquid will increase on cooling to a level of 1014 Ns/m2 (1015

poises) where it becomes an immobile glass. Conformational changes associated

with normal volume contraction or crystallization can no longer take place in the

glassy state and the thermal coefficient of expansion of the material falls to about

one-third of its value in the warmer, liquid condition.

Most micromolecular species can exist in the gas, liquid, or crystalline solid

states. Some can also be encountered in the glassy state. The behavior of glass-

forming high polymers is more complex, because their condition at temperatures

slightly above the glassy condition is more accurately characterized as rubbery

than liquid. Unvulcanized elastomers described in Section 4.5 are very viscous

liquids that will flow gradually under prolonged stresses. If they are cross-linked

in the liquid state, this flow can be eliminated. In any case these materials are

transformed into rigid, glassy products if they are cooled sufficiently. Similarly,

an ordinarily glassy polymer like polystyrene is transformed into a rubbery liquid

on warming to a high enough temperature.

The change between rubbery liquid and glassy behavior is known as the glass

transition. It occurs over a temperature range, as shown in Fig. 4.1, where the

temperature�volume relations for glass formation are contrasted with that for

crystallization. Line ABCD is for a substance that crystallizes completely. Such a

material undergoes an abrupt change in volume and coefficient of thermal expan-

sion at its melting point Tm. Line ABEG represents the cooling curve for a glass-

former. Over a short temperature range corresponding to the interval EF, the ther-

mal coefficient of expansion of the substance changes but there is no discontinu-

ity in the volume�temperature curve. By extrapolation, as shown, a temperature

T0g can be located that may be regarded as the glass transition temperature for the

particular substance at the given cooling rate. If the material is cooled more

slowly, the volume�temperature curve is like ABEG0 and the glass transition tem-

perature Tvg is lower than in the previous case. The precise value of Tg will

depend on the cooling rate in the particular experiment.

Low-molecular-weight molecules melt and crystallize completely over a sharp

temperature interval. Crystallizable polymers differ in that they melt over a range

of temperatures and do not crystallize completely, especially if they have high

molecular weights. Figure 4.2 compares the volume�temperature relation for

such a polymer with that for an uncrystallizable analog. Almost all crystallizable

polymers are considered to be “semicrystalline” because they contain significant

fractions of poorly ordered, amorphous chains. Note that the melting region in

this sketch is diffuse, and the melting point is identified with the temperature at

B, where the largest and most perfect crystallites would melt. The noncrystalline

portion of this material exhibits a glass transition temperature, as shown. It
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appears that Tg is characteristic generally of amorphous regions in polymers,

whether or not other portions of the material are crystalline.

The melting range of a semicrystalline polymer may be very broad. Branched

(low-density) polyethylene is an extreme example of this behavior. Softening is

first noticeable at about 75 �C although the last traces of crystallinity do not dis-

appear until about 115 �C. Other polymers, like nylon-6,6, have much narrower

melting ranges.

Measurements of Tm and melting range are conveniently made by thermal

analysis techniques like differential scanning calorimetry (dsc). The value of Tm is

usually taken to be the temperature at which the highest melting crystallites disap-

pear. This parameter depends to some extent on the thermal history of the sample

since more perfect, higher melting crystallites are produced by slower crystalliza-

tion processes in which more time is provided for the conformational changes

needed to fit macromolecular segments into the appropriate crystal pattern.

The onset of softening is usually measured as the temperature required for a

particular polymer to deform a given amount under a specified load. These values

are known as heat deflection temperatures. Such data do not have any direct con-

nection with results of X-ray, thermal analysis, or other measurements of the

melting of crystallites, but they are widely used in designing with plastics.
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FIGURE 4.1

Volume�temperature relations for a glass-forming polymer and a material that crystallizes

completely on cooling. Tm is a melting point, and T 0
g and T vg are glass transition

temperatures of an uncrystallized material that is cooled quickly and slowly, respectively.
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Both Tm and Tg are practically important. Tg sets an upper temperature limit

for the use of amorphous thermoplastics like poly(methyl methacrylate) or poly-

styrene and a lower temperature limit for rubbery behavior of an elastomer like

SBR rubber or 1,4-cis-polybutadiene. With semicrystalline thermoplastics, Tm or

the onset of the melting range determines the upper service temperature. Between

Tm and Tg, semicrystalline polymers tend to be tough and leathery. Brittleness

begins to set in below Tg of the amorphous regions although secondary transitions

below Tg are also important in this connection. As a general rule, however, semi-

crystalline plastics are used at temperatures between Tg and a practical softening

temperature that lies above Tg and below Tm.

Changes in temperature and polymer molecular weight interact to influence

the nature and consequences of thermal transitions in macromolecules. Warming

of glassy amorphous materials converts them into rubbery liquids and eventually

into viscous liquids. The transition between these latter states is very ill marked,

however, as shown in Fig. 4.3a. Enhanced molecular weights increase Tg up to

a plateau level, which is encountered approximately at DPn 5 500 for vinyl poly-

mers. The rubbery nature of the liquid above Tg becomes increasingly more

pronounced with higher molecular weights. Similar relations are shown in

Fig. 4.3b for semicrystalline polymers where Tm at first increases and then levels

off as the molecular weight of the polymer is made greater. Tm depends on the
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FIGURE 4.2

Volume�temperature relation for an amorphous (upper line) polymer and semicrystalline

(lowerline) polymer.
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size and perfection of crystallites. Chain ends ordinarily have different steric

requirements from interchain units, and the ends will either produce lattice imper-

fections in crystallites or will not be incorporated into these regions at all. In

either case, Tm is reduced when the polymer contains significant proportions of

lower molecular weight species and hence of chain ends.

4.3 Crystallization of Polymers
Order is Heaven’s first law.

—Alexander Pope, Essay on Man

Sections of polymer chains must be capable of packing together in ordered peri-

odic arrays for crystallization to occur. This requires that the macromolecules be
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Approximate relations between temperature, molecular weight, and physical state for (a)

an amorphous polymer and (b) a semicrystalline polymer.
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fairly regular in structure. Random copolymerization will prevent crystallization.

Thus, polyethylene would be an ideal elastomer except for the fact that its very

regular and symmetrical geometry permits the chains to pack together closely and

crystallize very quickly. To inhibit crystallization and confer elastomeric proper-

ties on this polymer, ethylene is commonly copolymerized with substantial pro-

portions of another olefin or with vinyl acetate.

A melting temperature range is observed in all semicrystalline polymers,

because of variations in the sizes and perfection of crystallites. The crystal melt-

ing point is the highest melting temperature observed in an experiment like differ-

ential scanning calorimetry. It reflects the behavior of the largest, defect-free

crystallites. For high-molecular-weight linear polyethylene this temperature,

labeled Tm, is about 141
�C. Other regular, symmetrical polymers will have lower

or higher melting points depending on chain flexibility and interchain forces. At

equilibrium at the melting point, the Gibbs free-energy change of the melting pro-

cess, ΔGm, is zero and

Tm 5ΔHm=ΔSm (4-1)

The conformations of rigid chains will not be much different in the amorphous

state near Tm than they are in the crystal lattice. This means that the melting pro-

cess confers relatively little additional disorder on the system; ΔSm is low and Tm
is increased correspondingly. For example, ether units in poly(ethylene oxide)

(1-42) make this structure more flexible than polyethylene, and the Tm of high-

molecular-weight versions of the former species is only 66 �C. By contrast, poly

(p-xylene) (4-1) is composed of stiff chains and its crystal melting point is

375 �C.

4-1

CH2 CH2

n

Stronger intermolecular forces result in greater ΔHm values and an increase in

Tm. Polyamides, which are hydrogen bonded, are higher melting than polyolefins

with the same degree of polymerization, and the melting points of polyamides

decrease with increasing lengths of hydrocarbon sequences between amide group-

ings. Thus the Tm of nylon-6 and nylon-11 are 225 and 194 �C, respectively.
Bulky side groups in vinyl polymers reduce the rate of crystallization and the

ability to crystallize by preventing the close approach of different chain segments.

Such polymers require long stereoregular configurations (Section 1.12.2) in order

to crystallize.

Crystal perfection and crystallite size are influenced by the rate of crystalliza-

tion, and Tm is affected by the thermal history of the sample. Crystals grow in

size by accretion of segments onto stable nuclei. These nuclei do not exist at tem-

peratures above Tm, and crystallization occurs at measurable rates only at
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temperatures well below the melting point. As the crystallization temperature is

reduced, this rate accelerates because of the effects of increasing concentrations

of stable nuclei. The rate passes eventually through a maximum, because the

colder conditions reduce the rate of conformational changes needed to place

polymer segments into proper register on the crystallite surfaces. When Tg is

reached, the crystallization rate becomes negligible. For isotactic polystyrene, for

example, the rate of crystallization is a maximum at about 175 �C. Crystallization
rates are zero at 240 �C (Tm) and at 100 �C (Tg). If the polystyrene melt is cooled

quickly from temperatures above 240 �C to 100 �C or less, there will be insuffi-

cient time for crystallization to occur and the solid polymer will be amorphous.

The isothermal crystallization rate of crystallizable polymers is generally a maxi-

mum at temperatures about halfway between Tg and Tm.

Crystallinity should be distinguished from molecular orientation. Both phe-

nomena are based on alignment of segments of macromolecules but the crystal-

line state requires a periodic, regular placement of the atoms of the chain relative

to each other whereas the oriented molecules need only be aligned without regard

to location of atoms in particular positions. Orientation tends to promote crystalli-

zation because it brings the long axes of macromolecules parallel and closer

together. The effects of orientation can be observed, however, in uncrystallized

regions of semicrystalline polymers and in polymers that do not crystallize at all.

4.3.1 Degree of Crystallinity
High-molecular-weight flexible macromolecules do not crystallize completely.

When the polymer melt is cooled, crystallites will be nucleated and start to grow

independently throughout the volume of the specimen. If polymer chains are long

enough, different segments of the same molecule can be incorporated in more

than one crystallite. When these segments are anchored in this fashion the inter-

mediate portions of the molecule may not be left with enough freedom of move-

ment to fit into the lattice of a crystallite. It is also likely that regions in which

threadlike polymers are entangled will not be able to meet the steric requirements

for crystallization.

Several methods are available for determining the average crystallinity of a

polymer specimen. One technique relies on the differences between the densities

of completely amorphous and entirely crystalline versions of the same polymer

and estimates crystallinity from the densities of real specimens, which are inter-

mediate between these extremes. Crystalline density can be calculated from the

dimensions of the unit cell in the crystal lattice, as determined by X-ray analysis.

The amorphous density is measured with solid samples which have been produced

by rapid quenching from melt temperatures, so that there is no experimental evi-

dence of crystallinity. Polyethylene crystallizes too rapidly for this expedient to

be effective (the reason for this is suggested in Section 4.3.2.1), and volume�
temperature relations of the melt like that in Fig. 4.1 are extrapolated in order to

estimate the amorphous density at the temperature of interest. Crystalline regions
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have densities on the average about 10% higher than those of amorphous

domains, since chain segments are packed more closely and regularly in the

former.

The density method is very convenient, because the only measurement

required is that of the density of a polymer sample. It suffers from some uncer-

tainties in the assignments of crystalline and amorphous density values. An aver-

age crystallinity is estimated as if the polymer consisted of a mixture of perfectly

crystalline and completely amorphous regions. The weight fraction of material in

the crystalline state wc is estimated assuming that the volumes of the crystalline

and amorphous phases are additive:

wc 5 ρcðρ2 ρaÞ=ρ ðρc 2 ρaÞ (4-2)

where ρ, ρc, and ρa are the densities of the particular specimen, perfect crystal,

and amorphous polymer, respectively. Alternatively, if additivity of the masses of

the crystalline and amorphous regions is assumed, then the volume fraction φc of

polymer in the crystalline state is estimated from the same data:

φc 5 ðρ2 ρaÞ=ðρc 2 ρaÞ (4-3)

X-ray measurements can be used to determine an average degree of crystallin-

ity by integrating the intensities of crystalline reflections and amorphous halos in

diffraction photographs. Broadline nuclear magnetic resonance (NMR) spectros-

copy is also suitable for measuring the ratio of amorphous to crystalline material

in a sample because mobile components of the polymer in amorphous regions

produce narrower signals than segments that are immobilized in crystallites. The

composite spectrum of the polymer specimen is separated into crystalline and

amorphous components to assign an average crystallinity. Infrared absorption

spectra of many polymers contain bands which are representative of macromole-

cules in crystalline and in amorphous regions. The ratio of absorbances at charac-

teristically crystalline and amorphous frequencies can be related to a crystalline/

amorphous ratio for the specimen. An average crystallinity can also be inferred

from measurements of the enthalpy of fusion per unit weight of polymer when

the specific enthalpies of the crystalline and amorphous polymers at the melting

temperature can be estimated. This method, which relies on differential scanning

calorimetry, is particularly convenient and popular.

Each of the methods cited yields a measure of average crystallinity, which is

really only defined operationally and in which the polymer is assumed artificially

to consist of a mixture of perfectly ordered and completely disordered segments.

In reality, there will be a continuous spectrum of structures with various degrees

of order in the solid material. Average crystallinities determined by the different

techniques cannot always be expected to agree very closely, because each method

measures a different manifestation of the structural regularities in the solid polymer.

A polymer with a regular structure can attain a higher degree of crystallinity

than one that incorporates branches, configurational variations, or other features

that cannot be fitted into crystallites. Thus linear polyethylene can be induced to

156 CHAPTER 4 Mechanical Properties of Polymer Solids and Liquids



crystallize to a greater extent than the branched polymer. However, the degree of

crystallinity and the mechanical properties of a particular crystallizable sample

depend not only on the polymer structure but also on the conditions under which

crystallization has occurred.

Quenching from the amorphous melt state always produces articles with lower

average crystallinities than those made by slow cooling through the range of crys-

tallization temperatures. If quenched specimens are stored at temperatures higher

than the glass transition of the polymer, some segments in the disordered regions

will be mobile enough to rearrange themselves into lower energy, more ordered

structures. This phenomenon, which is known as secondary crystallization, will

result in a progressive increase in the average crystallinity of the sample.

For the reasons given, a single average crystallinity level cannot be assigned to

a particular polymer. Certain ranges of crystallinity are fairly typical of different

macromolecular species, however, with variations due to polymer structure, meth-

ods for estimating degree of crystallinity, and the histories of particular specimens.

Some representative crystallinity levels are listed in Table 4.1. The ranges listed

for the olefin polymers in this table reflect variations in average crystallinities

which result mainly from different crystallization histories. The range shown for

cotton specimens is due entirely to differences in average values measured by

X-ray, density, and other methods, however, and this lack of good coincidence of

different estimates is true to some extent also of polyester fibers.

Crystallization cannot take place at temperatures below Tg, and Tm is therefore

always at a higher temperature than Tg. The presence of a crystalline phase in a

polymer extends its range of mechanical usefulness compared to strictly amor-

phous versions of the same species. In general, an increased degree of crystallin-

ity also reduces the solubility of the material and increases its rigidity. The

absolute level of crystallinity that a polymer sample can achieve depends on its

structure, but the actual degree of crystallinity, which is almost always less than

this maximum value, will also reflect the crystallization conditions.

4.3.2 Microstructure of Semicrystalline Polymers
When small molecules crystallize, each granule often has the form of a crystal

grown from a single nucleus. Such crystals are relatively free of defects and have

well-defined crystal faces and cleavage planes. Their shapes can be related to the

Table 4.1 Representative Degrees of Crystallinity (%)

Low-density polyethylene 45�74
High-density polyethylene 65�95
Polypropylene fiber 55�60
Poly(ethylene terephthalate) fiber 20�60
Cellulose (cotton) 60�80
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geometry of the unit cell of the crystal lattice. Polymers crystallized from the

melt are polycrystalline. Their structures are a conglomerate of disordered mate-

rial and clusters of crystallites that developed more or less simultaneously from

the growth of many nuclei. Distinct crystal faces cannot be distinguished, and the

ordered regions in semicrystalline polymers are generally much smaller than those

in more perfectly crystallized micromolecular species. X-ray maxima are broad-

ened by small crystallite sizes and by defects in larger crystals. In either case

such data may be interpreted as indicating that the highly ordered regions in semi-

crystalline polymers have dimensions of the order of 1025�1026 cm. These

domains are held together by “tie molecules” which traverse more than one crys-

tallite. This is what gives a semicrystalline polymer its mechanical strength.

Aggregates of crystals of small molecules are held together only by secondary

forces and are easily split apart. Such fragility is not observed in a polymer sam-

ple unless the ordered regions are large enough to swallow most macromolecules

whole and leave few interregional molecular ties.

The term crystallite is used in polymer science to imply a component of an

interconnected microcrystalline structure. Metals also belong to the class of

microcrystalline solids, since they consist of tiny ordered grains connected by

strong boundaries.

4.3.2.1 Nucleation of Crystallization
Crystallization begins from a nucleus that may derive from surfaces of adventi-

tious impurities (heterogeneous nucleation) or from the aggregation of polymer

segments at temperatures below Tm (homogeneous nucleation). The latter process

is reversible up to the point where a critical size is reached, beyond which further

growth results in a net decrease of free energy of the system. Another source of

nuclei in polymer melts is ordered regions that are not fully destroyed during the

prior melting process. Such nuclei can occur if segments in ordered regions find

it difficult to diffuse away from each other, because the melt is very viscous or

because these segments are pinned between regions of entanglement. The domi-

nant effect in bulk crystallization appears to be the latter type of nucleation, as

evidenced by in nuclear magnetic resonance spectroscopy relaxation experiments

and other observations that indicate that polyolefins contain regions with different

segmental densities at temperatures above their melting temperatures [1�3].

Although segments of macromolecules in the most compact of these regions are

not crystalline, as measured by calorimetry or X-ray diffraction, they would

remain close together even when the bulk of the polymer is molten and can

reform crystallites very readily when the temperature is lowered. The number of

such nuclei that are available for crystal growth is a function of the degree of

supercooling of the polymer. Incidentally, this explains why polyethylene has

never been observed in the completely amorphous state; even when the melt is

quenched in liquid N2 crystallites will form since they are produced simply by

the shrinkage of the polymer volume on cooling. An alternative mechanism

that is postulated involves heterogeneous nucleation on adventitious impurities.
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The nature of such adventitious nuclei has not been clearly established. The grow-

ing crystal has to be able to wet its nucleus, and it has been suggested that the

surfaces of the effective heterogeneities contain crevices in which crystalline

polymer is trapped.

The control of nucleation density can be important in many practical applica-

tions. A greater number of nucleation sites results in the formation of more

ordered regions, each of which has smaller overall dimensions. The average size

of such domains can affect many properties. An example is the transparency of

packaging films made from semicrystalline polymers. The refractive indexes of

amorphous and crystalline polymer domains differ, and light is refracted at their

boundaries. Films will appear hazy if the sizes of regions with different refractive

indexes approach the wavelength of light. Nucleating agents are sometimes delib-

erately added to a polymer to increase the number of nuclei and reduce the

dimensions of ordered domains without decreasing the average degree of crystal-

linity. Such agents are generally solids with colloidal dimensions, like silica and

various salts. Sometimes a higher melting semicrystalline polymer will nucleate

the crystallization of another polymer. Blending with small concentrations of iso-

tactic polypropylene (Tm.176
�C) improves the transparency of sheets and films

of polyethylene (Tm.115�137 �C), for example.

4.3.2.2 Crystal Lamellae
Once nucleated, crystallization proceeds with the growth of folded chain ribbon-

like crystallites called lamellae. The arrangement of polymer chains in the lamel-

lae has some resemblance to that in platelike single crystals which can be pro-

duced by precipitating crystallizable polymers from their dilute solutions. In such

single crystals the molecules are aligned along the thinnest dimension of the plate.

The lengths of extended macromolecules are much greater than the thickness of

these crystals and it is evident that a polymer chain must fold outside the plate

volume and reenter the crystallite at a different point. When polymer single crys-

tals are carefully prepared, it is found that the dimensions are typically a few

microns (1 μm5 1 micron5 1026 m) for the length and breadth and about

0.1 μm for the thickness. The thickness is remarkably constant for a given set of

crystallization conditions but increases with the crystallization temperature.

Perfect crystallinity is not achieved, because the portions of the chains at the sur-

faces and in the folds are not completely ordered.

There is uncertainty about the regularity and tightness of the folds in solution-

grown single crystals. Three models of chain conformations in a single crystal are

illustrated in Fig. 4.4.

Folded-chain crystals grow by extension of the length and breadth but not the

thickness. The supply of polymer segments is much greater in the melt than in

dilute solution, and crystallization in the bulk produces long ribbonlike folded

chain structures. These lamellae become twisted and split as a result of local

depletion of crystallizable material and growth around defect structures. The

1594.3 Crystallization of Polymers



regularity of chain folding and reentry is very likely much less under these condi-

tions than in the single crystals produced by slow crystallization from dilute

solution.

Another major difference in crystallization from the melt and from dilute solu-

tion is that neighboring growing lamellae will generally be close together under

the former conditions. Segments of a single molecule are thus likely to be incor-

porated in different crystallites in bulk crystallized polymer. These “tie mole-

cules” bind the lamellae together and make the resulting structure tough. The

number of tie molecules increases with increasing molecular weight and with fas-

ter total crystallization rates. The crystallization rate is primarily a function of the

extent of supercooling. Cooler crystallization temperatures promote more nuclei

but retard the rates of conformational changes required for segmental placement

on growing nuclei. (It is observed empirically that the maximum rate of isother-

mal crystallization occurs at about 0.8Tm, where the maximum crystal melting

(a) (b)

(c)

FIGURE 4.4

Possible conformations of polymer chains at the surfaces of chain-folded single crystals.

(a) Adjacent reentry model with smooth, regular chain folds, (b) adjacent reentry model

with rough fold surface, and (c) random reentry (switchboard) model.
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temperature Tm is expressed in K degrees.) The impact resistance and other

mechanical characteristics of semicrystalline polymers are dependent on crystalli-

zation conditions. The influence of fabrication conditions on the quality of articles

is much more pronounced with semicrystalline polymers than with metals or other

materials of construction, as a consequence.

4.3.2.3 Morphology of Semicrystalline Polymers
The morphology of a crystallizable polymer is a description of the forms that

result from crystallization and the aggregation of crystallites. The various mor-

phological features that occur in bulk crystallized polymers are reviewed in this

section.

Crystalline lamellae are the basic units in the microstructures of solid semi-

crystalline polymers. The lamellae are observed to be organized into two types of

larger structural features depending on the conditions of the bulk solidification

process.

The major feature of polymers that have been bulk crystallized under quies-

cent conditions are polycrystalline structures called spherulites. These are roughly

spherical supercrystalline structures which exhibit Maltese cross extinction pat-

terns when examined under polarized light in an optical microscope. Spherulites

are characteristic of semicrystalline polymers and are also observed in low-

molecular-weight materials that have been crystallized from viscous media.

Spherulites are aggregates of lamellar crystallites. They are not single crystals

and include some disordered material within their boundaries. The sizes of spher-

ulites may vary from somewhat greater than a crystallite to dimensions visible to

the naked eye.

A spherulite is built up of lamellar subunits that grow outward from a com-

mon nucleus. As this growth advances into the uncrystallized polymer, local inho-

mogeneities in concentrations of crystallizable segments will be encountered. The

folded chain fibril will inevitably twist and branch. At some early stage in its

development the spherulite will resemble a sheaf of wheat, as shown schemati-

cally in Fig. 4.5a. Branching and fanning out of the growing lamellae tend to cre-

ate a spherical shape, but neighboring spherulites will impinge on each other in

bulk crystallized polymers and prevent the development of true spherical symme-

try. The main structural units involved in a spherulite include branched, twisted

lamellae with polymer chain directions largely perpendicular to their long axes

and interfibrillar material, which is essentially uncrystallized. This is sketched in

Fig. 4.6.

The growth of polymer spherulites involves the segregation of noncrystalliz-

able material into the regions between the lamellar ribbons. The components that

are not incorporated into the crystallites include additives like oxidation stabili-

zers, catalyst residues, and so on, as well as comonomer units or branches. The

spherulite structures and interspherulitic boundaries are held together primarily by

polymer molecules which run between the twisted lamellar subunits and the

spherulites themselves. Slow crystallization at low degrees of supercooling
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(a) (b)

(c)

FIGURE 4.5

Successive stages in the development of a spherulite by fanning growth from a nucleus.

Branched fibrils with polymer
chains folded at right angles
to long axis

Single
crystal
nucleus

Interfibrillar
material, largely
amorphous

Spherulite

FIGURE 4.6

Basic structure of a polymer spherulite.
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produces fewer nuclei and larger spherulites. The polymeric structures produced

under such conditions are more likely to be brittle than if they were produced by

faster cooling from the melt. This is because there will be fewer interspherulitic

tie molecules and because low-molecular-weight uncrystallizable matter will have

had more opportunity to diffuse together and produce weak boundaries between

spherulites.

The supermolecular structures developed on fast cooling of crystallizable

polymers change with time because of secondary crystallization. A parallel phe-

nomenon is the progressive segregation of mobile uncrystallizable low-molecular-

weight material at storage temperatures between Tg and Tm. This will also result

in a gradual embrittlement of the matrix polymer. A useful way to estimate

whether an additive at a given loading can potentially cause such problems over

the lifetime of a finished article is to accelerate the segregation process by delib-

erately producing some test specimens under conditions that facilitate slow and

extensive crystallization.

The type of nucleation that produces spherulitic supercrystalline structures

from quiescent melts is not the same as that which occurs more typically in the

industrial fabrication of semicrystalline polymer structures. The polymer mole-

cules are under stress as they crystallize in such processes as extrusion, fiber spin-

ning, and injection molding. The orientation of chain segments in flow under

stress results in the formation of elongated crystals that are aligned in the flow

direction. These are not folded chain crystallites. The overall orientation of the

macromolecules in these structures is along the long crystal axis rather than trans-

verse to it as in lamellae produced during static crystallization. Such elongated

chain fibrils are probably small in volume, but they serve as a nucleus for the

growth of a plurality of folded chain lamellae, which develop with their molecular

axes parallel to the parent fibril and their long axes initially at right angles to the

long direction of the nucleus. These features are called row structures, or row-

nucleated structures, as distinguished from spherulites. Row-nucleated micro-

structures are as complex as spherulites and include tie molecules, amorphous

regions, and imperfect crystallites. The relative amounts and detailed natures of

row-nucleated and spherulitic supercrystalline structures in a particular sample of

polymer are determined by the processing conditions used to form the sample.

The type or organization that is produced influences many physical properties.

Other supercrystalline structures can be produced under certain conditions. A

fibrillar morphology is developed when a crystallizable polymer is stretched at

temperatures between Tg and Tm. (This is the orientation operation mentioned in

Section 1.4). Similar fibrillar regions are produced when a spherulitically crystal-

lized specimen is stretched. In both cases, lamellae are broken up into folded-

chain blocks that are connected together in microfibrils whose widths are usually

between 60 and 2003 1028 cm. In each microfibril, folded-chain blocks alternate

with amorphous sections that contain chain ends, chain folds, and tie molecules.

The tie molecules connecting crystalline blocks along the fiber axis direction are

principally responsible for the strength of the structure. Microfibrils of this type
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make up the structure of oriented, semicrystalline, synthetic fibers. Figure 4.7 is a

simplified model of such a structure. The gross fiber is made up of interwoven

microfibrils that may branch, bend, and fuse together.

The mechanical properties of polymer crystallites are anisotropic. Strengths

and stiffnesses along the molecular axis are those of the covalent bonds in the

polymer backbone, but intermolecular cohesive forces in the transverse directions

are much weaker. For example, in the chain direction the modulus of polyethyl-

ene is theoretically B200 GPa (i.e., 2003 109 Pa), while the moduli of the crys-

tallites in the two transverse directions are B2 GPa. Oriented extended chain

structures are produced by very high orientations. In conventional spinning of

semicrystalline fibers or monofilaments (the distinction is primarily in terms of

the diameters of these products) the polymer melt is extruded and cooled, so that

stretching of the solid polymer results in permanent orientation. The degree to

which a high-molecular-weight polymer can be stretched in such a process is lim-

ited by the “natural draw ratio” of the polymer, which occurs because entangle-

ments in the material prevent its extension beyond a certain extent without

Fiber
axis

Folded chain
crystallites

Disordered
domains

Extended
noncrystalline molecules

FIGURE 4.7

Schematic representation of structure of a microfibril in an oriented fiber.
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breaking. These limitations are overcome industrially by so-called gel spinning.

In this operation a mixture of the polymer and diluent is extruded and stretched,

the diluent is removed, and the product is given a final stretch. Use of a diluent,

such as a low-molecular-weight hydrocarbon in the case of polyethylene, facili-

tates slippage of entanglements and high elongations. Full extension of all the

macromolecules in a sample requires that the ratio of the stretched to unstretched

fiber lengths (draw ratio) exceeds the ratio of contour length to random coil end-

to-end distance (Section 1.14.2.1). For a polyethylene of molecular weight 105

and degree of polymerization about 3600, this ratio would be 60 if the molecules

behaved like fully oriented chains. When allowance is made for the effects of

fixed bond angles and restricted rotational freedom on the random coil dimen-

sions and the contour length, this ratio is calculated to be about 27. This corre-

sponds more or less to the degrees of stretch that are achieved in the production

of “superdrawn fibers” of thermoplastics, although not all the macromolecules

need to be fully extended to achieve optimum properties in such materials. These

products have stiffnesses and tensile strengths that approach those of glass or steel

fibers. The crystal superstructures of fibers of the rodlike macromolecules men-

tioned in Section 4.6 are similar to those of superdrawn thermoplastics. The for-

mer do not require high draw ratios to be strong, however, because their

molecules are already in a liquid crystalline order even in solution.

During high-speed extrusion processes such as those in fiber and film

manufacturing processes, crystallization occurs under high gradients of pressure

or temperature. The molecules in the polymer melts become elongated and ori-

ented under these conditions, and this reduces their entropy and hence the entropy

change ΔSm when these molecules crystallize. Since ΔHm is not affected, the

equilibrium crystallization temperature is increased (Eq. 4-1) and nucleation and

crystallization start at higher temperatures and proceed faster in such processes

than in melts that are cooled under low stress or quiescent conditions.

In addition to the various morphological features listed, intermediate supermo-

lecular structures and mixtures of these entities will be observed. The mechanical

properties of finished articles will depend on the structural state of a semicrystal-

line polymer, and this in turn is a function of the molecular structure of the poly-

mer and to a significant extent also of the process whereby the object was

fabricated.

4.4 The Glass Transition
The mechanical properties of amorphous polymers change profoundly (three

orders of magnitude) as the temperature is decreased through the glass transition

region. The corresponding changes in the behavior of semicrystalline polymers

are less pronounced in general, although they are also evident. At present, we do

not have a complete theoretical understanding of glass transition, particularly the
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molecular mechanism that is responsible for the substantial changes in mechanical

properties over a fairly narrow temperature range. The glass transition appears to

be a second-order transition as the heat capacity and thermal expansion coeffi-

cient of the polymer undergo finite changes. However, the glass transition temper-

ature depends on the rate of measurement (see Section 4.4.4). Therefore, it should

not be considered as a real second-order thermodynamic transition.

4.4.1 Modulus�Temperature Relations
At sufficiently low temperatures a polymer will be a hard, brittle material with a

modulus greater than 109 N m22 (1010 dyn/cm2). This is the glassy region. The

tensile modulus is a function of the polymer temperature and is a useful guide to

mechanical behavior. Figure 4.8 shows a typical modulus�temperature curve for

an amorphous polymer.

In the glassy region the available thermal energy (RT energy units/mol) is

insufficient to allow rotation about single bonds in the polymer backbone, and

movements of large-scale (about 50 consecutive chain atoms) segments of macro-

molecules cannot take place. When a material is stressed, it can respond by

deforming in a nonrecoverable or in an elastic manner. In the former case there

must be rearrangements of the positions of whole molecules or segments of mole-

cules that result in the dissipation of the applied work as internal heat. The mech-

anism whereby the imposed work is absorbed irreversibly involves the flow of
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FIGURE 4.8

Modulus�temperature relations for an amorphous polymer.
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sections of macromolecules in the solid specimen. The alternative, elastic

response is characteristic of glasses, in which the components cannot flow past

each other. Such materials usually fracture in a brittle manner at small deforma-

tions, because the creation of new surfaces is the only means available for release

of the strain energy stored in the solid (window glass is an example). The glass

transition region is a temperature range in which the onset of motion on the scale

of molecular displacements can be detected in a polymer specimen. An experi-

ment will detect evidence of such motion (Section 4.4.4) when the rate of molecu-

lar movement is appropriate to the time scale of the experiment. Since the rate of

flow always increases with temperature, it is not surprising that techniques that

stress the specimen more quickly will register higher transition temperatures. For

a typical polymer, changing the time scale of loading by a factor of 10 shifts the

apparent Tg by about 7 �C. In terms of more common experience, a plastic speci-

men that can be deformed in a ductile manner in a slow bend test may be glassy

and brittle if it is struck rapidly at the same temperature.

As the temperature is raised the thermal agitation becomes sufficient for seg-

mental movement and the brittle glass begins to behave in a leathery fashion. The

modulus decreases by a factor of about 103 over a temperature range of about

10�20 �C in the glass-to-rubber transition region.

Let us imagine that measurement of the modulus involves application of a ten-

sile load to the specimen and measurement of the resulting deformation a few sec-

onds after the sample is stressed. In such an experiment a second plateau region

will be observed at temperatures greater than Tg. This is the rubbery plateau. In the

temperature interval of the rubbery plateau, the segmental displacements that give

rise to the glass transition are much faster than the time scale of the modulus mea-

surement, but the flow of whole macromolecules is still greatly restricted. Such

restrictions can arise from primary chemical bonds as in cross-linked elastomers

(Section 4.5.1) or by entanglements with other polymer chains in uncross-linked

polymers. Since the number of such entanglements will be greater the higher the

molecular weight of the polymer, it can be expected that the temperature range cor-

responding to the rubbery plateau in uncross-linked polymers will be extended to

higher values of T with increasing M. This is shown schematically in Fig. 4.8. A

cross-plot of the molecular weight�temperature relation is given in Fig. 4.3a.

The rubbery region is characterized by a short-term elastic response to the

application and removal of a stress. This is an entropy-driven elasticity phenome-

non of the type described in Section 4.5. Polymer molecules respond to the gross

deformation of the specimen by changing to more extended conformations. They

do not flow past each other to a significant extent, because their rate of translation

is restricted by mutual entanglements. A single entangled molecule has to drag

along its attached neighbors or slip out of its entanglement if it is to flow. The

amount of slippage will increase with the duration of the applied stress, and it is

observed that the temperature interval of the rubbery plateau is shortened as time

between the load application and strain measurement is lengthened. Also, molecu-

lar flexibility and mobility increase with temperature, and continued warming of
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the sample causes the scale of molecular motions to increase in the time scale of

the experiment. Whole molecules will begin to slip their entanglements and flow

during the several seconds required for this modulus experiment. The sample will

flow in a rubbery manner. When the stress is released, the specimen will not con-

tract completely back to its initial dimensions. With higher testing temperatures,

the flow rate and the amount of permanent deformation observed will continue to

increase.

If the macromolecules in a sample are cross-linked, rather than just entangled,

the intermolecular linkages do not slip and the rubbery plateau region persists

until the temperature is warm enough to cause chemical degradation of the

macromolecules. The effects of cross-linking are illustrated in Fig. 4.9. A lightly

cross-linked specimen would correspond to the vulcanized rubber in an automo-

bile tire. The modulus of the material in the rubbery region is shown as increasing

with temperature because the rubber is an entropy spring (cf. Fig. 1.3a and

Section 4.5.2). The modulus also rises with increased density of cross-linking in

accordance with Eq. (4-31). At high cross-link densities, the intermolecular link-

ages will be spaced so closely as to eliminate the mobility of segments of the size

(B50 main chain bonds) involved in motions that are unlocked in the

glass�rubber transition region. Then the material remains glassy at all usage tem-

peratures. Such behavior is typical of tight network structures such as in cured

phenolics (Fig. 8.1).

Tightly cross-linked

Lightly cross-linked

Not 
cross-linked

10

8

6

4

Lo
g 

m
od

ul
us

 (
dy

n
/c

m
2 )

Temperature (°C)

FIGURE 4.9

Effect of cross-linking on modulus�temperature relation for an amorphous polymer.
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In a solid semicrystalline polymer, large-scale segmental motion occurs only

at temperatures between Tg and Tm and only in amorphous regions. At low

degrees of crystallinity the crystallites act as virtual cross-links, and the amor-

phous regions exhibit rubbery or glassy behavior, depending on the temperature

and time scale of the experiment. Increasing levels of crystallinity have similar

effects to those shown in Fig. 4.9 for variations in cross-link density. Schematic

modulus�temperature relations for a semicrystalline polymer are shown in

Fig. 4.10. As with moderate cross-linking, the glass transition is essentially unaf-

fected by the presence of crystallites. At very high crystallinity levels, however,

the polymer is very rigid and little segmental motion is possible. In this case the

glass transition has little practical significance. It is almost a philosophical ques-

tion whether a Tg exists in materials like the superdrawn thermoplastic fibers

noted in Section 4.3.2.3 or the rodlike structures mentioned in Section 4.6.

The modulus�temperature behavior of amorphous polymers is also affected

by admixture with plasticizers. These are the soluble diluents described briefly in

Section 6.3.2. As shown in Fig. 4.11, the incorporation of a plasticizer reduces Tg
and makes the polymer more flexible at any temperature above Tg. In poly(vinyl

chloride), for example, Tg can be lowered from about 85 �C for unplasticized

material to 230 �C for blends of the polymer with 50 wt% of dioctyl phthalate

plasticizer. A very wide range of mechanical properties can be achieved with this

one polymer by variations in the types and concentrations of plasticizers.
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Modulus�temperature relations for amorphous and partially crystalline versions of the

same polymer.
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4.4.2 Effect of Polymer Structure on Tg
Observed Tg’s vary from 2123 �C for poly(dimethyl siloxane) (1-43) to 273 �C for

polyhydantoin (4-2) polymers used as wire enamels and to even higher temperatures

for other polymers in which the main chain consists largely of aromatic structures.

This range of behavior can be rationalized, and the effects of polymer structure on Tg
can be predicted qualitatively. Since the glass-to-rubber transition reflects the onset

of movements of sizable segments of the polymer backbone, it is reasonable to

expect that Tg will be affected by the flexibility of the macromolecules and by the

intensities of intermolecular forces. Table 4.2 lists Tg and Tm values for a number of

polymers. The relations between intra- and interchain features of the macromolecular

structure and Tg are summarized in the following paragraphs.
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Modulus versus temperature for a plasticized amorphous polymer.
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The kinetic flexibility of a macromolecule is directly related to the ease with

which conformational changes between trans and gauche states can take place.

The lower the energy barrier ΔE in Fig. 1.6, the greater the ease of rotation about

main chain bonds. Polymers with low chain stiffnesses will have low Tg’s in the

absence of complications from interchain forces. Chain backbones with

Si O C Oor

Table 4.2 Glass Transition and Crystal Melting Temperatures of Polymers (�C)

Tg Tm
a Tg Tm

a

Poly(dimethyl siloxane) 2127 — Poly(ethyl methacrylate) 65 —

Polyethylene 2120b 140 Poly(propyl
methacrylate)

35 —

Polypropylene(isotactic) 28 176 Poly(n-butyl
methacrylate)

21 —

Poly(1-butene) (isotactic) 224 132 Poly(n-hexyl
methacrylate)

25 —

Polyisobutene 273 — Poly(phenyl
methacrylate)

110 —

Poly(4-methyl-1-penetene)
(isotactic)

29 250 Poly(acrylic acid) 106 —

cis-1,4-Polybutadiene 2102 — Polyacrylonitrile 97 —

trans-1,4-Polybutadiene 258b 96b Poly(vinyl chloride) 87 —

(conventional)
cis-1,4-Polyisoprene 273 — Poly(vinyl fluoride) 41 200
Polyformaldehyde 282b 175 Poly(vinylidene chloride) 218 200
Polystyrene (atactic) 100 — Poly(vinyl acetate) 32 —

Poly(alpha-methyl styrene) 168 — Poly(vinyl alcohol) 85 —

Poly(methyl acrylate) 10 — Polycarbonate of
bisphenol A

157 —

Poly(ethyl acrylate) 224 — Poly(ethylene
terephthalate)

69 267

(unoriented)
Poly(propyl acrylate) 237 — Nylon-6,6 (unoriented) 50b 265
Poly(phenyl acrylate) 57 — Poly(p-xylene) — 375
Poly(methyl methacrylate)
(atactic)

105 —

aTm is not listed for vinyl polymers in which the most common forms are attactic nor for elastomers,
which are not crystalline in the unstretched state.
bConflicting data are reported.
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bonds tend to be flexible and have low glass transitions. Insertion of an aromatic

ring in the main chain causes an increase in Tg, and this is of importance in the

application of amorphous glassy polymers like poly(phenylene oxide) (1-14) and

polycarbonate (1-52).

Bulky, inflexible substituents on chain carbons impede rotations about single

bonds in the main chain and raise Tg. Thus, the Tg of polypropylene and poly

(methyl methacrylate) are respectively higher than those of polyethylene and poly

(methyl acrylate). However, the size of the substituent is not directly related to

Tg; a flexible side group like an alkyl chain lowers Tg because a segment contain-

ing the substituent can move through a smaller unoccupied volume in the solid

than one in which the pendant group has more rigid steric requirements. Larger

substituents prevent efficient packing of macromolecules in the absence of crys-

tallization, but motion of the polymer chain is freed only if the substituent itself

can change its conformation readily. The interplay of these two influences is

shown in Table 4.2 for the methacrylate polymers.

Stronger intermolecular attractive forces pull the chains together and hinder

relative motions of segments of different macromolecules. Polar polymers and

those in which hydrogen bonding or other specific interactions are important

therefore have high Tg. Glass transition temperatures are in this order: polyacrylo-

nitrile. poly(vinyl alcohol). poly(vinyl acetate). polypropylene.

Polymers of vinylidene monomers (1,1-disubstituted ethylenes) have lower

Tg’s than the corresponding vinyl polymers. Polyisobutene and polypropylene

comprise such a pair and so do poly(vinylidene chloride) and poly(vinyl chloride).

Symmetrical disubstituted polymers have lower Tg’s than the monosubstituted

macromolecules because no conformation is an appreciably lower energy form

than any other (cf. the discussion of polyisobutene in Section 1.13).

For a given polymer type, Tg increases with number average molecular weight

according to

Tg 5 TN
g 2 u=Mn (4-4)

where TN
g is the glass-to-rubber transition temperature of an infinitely long poly-

mer chain and u is a constant that depends on the polymer. Observed Tg’s level

off within experimental uncertainty at a degree of polymerization between 500

and 1000, for vinyl polymers. Thus Tg is 88
�C for polystyrene with Mn . 10; 000

and 100 �C for the same polymer with Mn . 50; 000.
Cross-linking increases the glass transition temperature of a polymer when the

average size of the segments between cross-links is the same or less than the

lengths of the main chain that can start to move at temperatures near Tg. The glass

transition temperature changes little with the degree of cross-linking when the

crosslinks are widely spaced, as they are in normal vulcanized rubber. Large

shifts of Tg with increased cross-linking are observed, however, in polymers that

are already highly cross-linked, as in the “cure” of epoxy (Section 1.3.3) and phe-

nolic (Fig. 8.1) thermosetting resins.
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The glass transition temperature of miscible polymer mixtures can be calcu-

lated from

1

Tg

C
wA

TgA
1

wB

TgB

(4-5)

where Tgi and wi are the glass temperature (in K) and weight fraction of compo-

nent i of the compound. This equation is useful with plasticizers (Section 5.3.2)

which are materials that enhance the flexibility of the polymer with which they

are mixed. The Tg values of plasticizers themselves are most effectively esti-

mated by using Eq. (4-5) with two plasticized mixtures of known compositions

and measured Tg’s. The foregoing equation cannot be applied to polymer blends

in which the components are not mutually soluble, because each ingredient will

exhibit its characteristic Tg in such mixtures. The existence of a single glass

temperature is in fact a widely used criterion for miscibility in such materials

(Section 5.1).

Equation (4-5) is also a useful guide to the glass transition temperatures of

statistical copolymers. In that case TgA and TgB refer to the glass temperatures

of the corresponding homopolymers. It will not apply, however, to block and

graft copolymers in which a separate Tg will be observed for each component

polymer if the blocks or branches are long enough to permit each homopolymer

type to segregate into its own region. This separation into different domains is

necessary for the use of styrene�butadiene block polymers as thermoplastic

rubbers.

4.4.3 Correlations between Tm and Tg
A rough correlation exists between Tg and Tm for crystallizable polymers,

although the molecular mechanisms that underlie both transitions differ. Any

structural feature that enhances chain stiffness will raise Tg, since this is the tem-

perature needed for the onset of large-scale segmental motion. Stronger intermo-

lecular forces will also produce higher Tg’s. These same factors increase Tm, as

described in Section 4.3, in connection with Eq. (4-1).

Statistical copolymers of the types described in Chapter 10 tend to have broad-

er glass transition regions than homopolymers. The two comonomers usually do

not fit into a common crystal lattice and the melting points of copolymers will be

lower and their melting ranges will be broader, if they crystallize at all. Branched

and linear polyethylene provide a case in point since the branched polymer can

be regarded as a copolymer of ethylene and higher 1-olefins.

4.4.4 Measurement of Tg
Glass transition temperatures can be measured by many techniques. Not all meth-

ods will yield the same value because this transition is rate dependent. Polymer

segments will respond to an applied stress by flowing past each other if the
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sample is deformed slowly enough to allow such movements to take place at the

experimental temperature. Such deformation will not be recovered when the stress

is released if the experiment has been performed above Tg. If the rate at which

the specimen is deformed in a particular experiment is too fast to allow the mac-

romolecular segments to respond by flowing, the polymer will be observed to be

glassy. It will either break before the test is completed or recover its original

dimensions when the stress is removed. In either event, the experimental tempera-

ture will have been indicated to be below Tg. As a consequence, observed glass

transition temperatures vary directly with the rates of the experiments in which

they are measured.

The Tg values quoted in Table 4.2 are either measured by very slow rate meth-

ods or are obtained by extrapolating the data from faster, nonequilibrium tech-

niques to zero rates. This is a fairly common practice, in order that the glass

transition temperature can be considered as characteristic only of the polymer and

not of the measuring method.

Many relatively slow or static methods have been used to measure Tg. These

include techniques for determining the density or specific volume of the polymer

as a function of temperature (cf. Fig. 4.1) as well as measurements of refractive

index, elastic modulus, and other properties. Differential thermal analysis and dif-

ferential scanning calorimetry are widely used for this purpose at present, with

simple extrapolative corrections for the effects of heating or cooling rates on the

observed values of Tg. These two methods reflect the changes in specific heat of

the polymer at the glass-to-rubber transition. Dynamic mechanical measurements,

which are described in Sections 4.7.1 and 4.8, are also widely employed for locat-

ing Tg.

In addition, there are many related industrial measurements based on softening

point, hardness, stiffness, or deflection under load while the temperature is being

varied at a stipulated rate. No attempt is usually made to compensate for heating

rate in these methods, which yield transition temperatures about 10�20� higher

than those from the other procedures mentioned. Some technical literature that is

used for design with plastics quotes brittleness temperatures rather than Tg. The

former is usually that temperature at which half the specimens tested break in a

specified impact test. It depends on the polymer and also on the nature of the

impact, sample thickness, presence or absence of notches, and so on. Since the

measured brittleness temperature is influenced very strongly by experimental con-

ditions, it cannot be expected to correlate closely with Tg or even with the impact

behavior of polymeric articles under service conditions that may differ widely

from those of the brittleness test method.

Heat distortion temperatures (HDTs) are widely used as design criteria for

polymeric articles. These are temperatures at which specimens with particular

dimensions distort a given amount under specified loads and deformations.

Various test methods, such as ASTM D648, are described in standards compila-

tions. Because of the stress applied during the test, the HDT of a polymer is

invariably higher than its Tg.
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4.5 Rubber Elasticity
4.5.1 Qualitative Description of Elastomer Behavior
Unvulcanized rubber consists of a large number of flexible long molecules with a

structure that permits free rotation about single bonds in the primary chain. On

deformation the molecules are straightened, with a decrease in entropy. This

results in a retractive force on the ends of the polymer molecules. The molecular

structure of the flexible rubber molecules makes it relatively easy for them to

take up statistically random conformations under thermal motion. This property is

a result of the weak intermolecular attractive forces in elastomers and distin-

guishes them chemically from other polymers which are more suitable for use as

plastics or fibers.

It is important to understand that flow and deformation in high polymers

result from local motion of small segments of the polymer chain and not from

concerted, instantaneous movements of the whole molecule. High elasticity

results from the ability of extended polymer chains to regain a coiled shape rap-

idly. Flexibility of segments of the molecule is essential for this property, and this

flexibility results from relative ease of rotation about the axis of the polymer

chain. Figure 4.12 illustrates the mechanism of a segmental jump by rotation

about two carbon�carbon bonds in a schematic chain molecule [4]. The hole in

the solid structure is displaced to the right, in this scheme, as the three-carbon

segment jumps to the left. Clearly, such holes (which are present in wastefully

packed, i.e., noncrystalline polymers) can move through the structure.

FIGURE 4.12

Schematic representation of a segmental jump by rotation about two carbon�carbon

bonds in a macromolecular chain [4].
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If molecules are restrained by entanglement with other chains or by actual

chemical bonds (cross-links) between chains, deformation is still possible because

of cooperative motions of local segments. This presupposes that the number of

chain atoms between such restraints is very much larger than the average size of

segments involved in local motions. Ordinary vulcanized natural rubber contains

0.5�5 parts (by weight) of combined sulfur vulcanizing agent per 100 parts of

rubber. Approximately one of every few hundred monomer residues is cross-

linked in a typical rubber with good properties (the molecular weight of the chain

regions between cross-links is 20,000�25,000 in such a hydrocarbon rubber). If

the cross-link density is increased, for example, by combining 30�50 parts of sul-

fur per 100 parts rubber, segmental motion is severely restricted. The product is a

hard, rigid nonelastomeric product known as “ebonite” or “hard rubber.”

High elasticity is attributed to a shortening of the distance between the ends of

chain molecules undergoing sufficient thermal agitation to produce rotations about

single bonds along the main chains of the molecules. The rapid response to applica-

tion and removal of stress which is characteristic of rubbery substances requires

that these rotations take place with high frequency at the usage temperatures.

Rotations about single bonds are never completely free, and energy barriers

that are encountered as substituents on adjacent chain atoms are turned away

from staggered conformations (Fig. 1.6). These energy barriers are smallest for

molecules without bulky or highly polar side groups. Unbranched and relatively

symmetrical chains are apt to crystallize on orientation or cooling, however, and

this is undesirable for high elasticity because the crystallites hold their constituent

chains fixed in the lattice. Some degree of chain irregularity caused by copoly-

merization can be used to reduce the tendency to crystallize. If there are double

bonds in the polymer chain as in 1,4-polydienes like natural rubber, the cis con-

figuration produces a lower packing density; there is more free space available

for segmental jumps and the more irregular arrangement reduces the ease of crys-

tallization. Thus cis-polyisoprene (natural rubber) is a useful elastomer while

trans-polyisoprene is not.

The molecular requirements of elastomers can be summarized as follows:

1. The material must be a high polymer.

2. Its molecules must remain flexible at all usage temperatures.

3. It must be amorphous in its unstressed state. (Polyethylene is not an

elastomer, but copolymerization of ethylene with sufficient propylene reduces

chain regularity sufficiently to eliminate crystallinity and produce a useful

elastomer.)

4. For a polymer to be useful as an elastomer, it must be possible to introduce

cross-links in such a way as to bond a macroscopic sample into a continuous

network. Generally, this requires the presence of double bonds or chemically

functional groups along the chain.

Polymers that are not cross-linked to form infinite networks can behave elasti-

cally under transient stressing conditions. They cannot sustain prolonged loads,
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however, because the molecules can flow past each other to relieve the stress, and

the shape of the article will be deformed by this creep process. (Alternatives to

cross-linking are mentioned in Sections 1.5.4 and 11.2.6)

Polybutadiene with no substituent groups larger than hydrogen has greater resil-

ience than natural rubber, in which a methyl group is contained in each isoprene

repeating unit. Polychloroprenes (neoprenes) have superior oil resistance but lose

their elasticity more readily at low temperatures since the substituent is a bulky,

polar chlorine atom. (The structures of these monomers are given in Fig. 1.4.)

4.5.2 Rubber as an Entropy Spring
Disorder makes nothing at all, but unmakes everything.

—John Stuart Blackie

Bond rotations and segmental jumps occur in a piece of rubber at high speed at

room temperature. A segmental movement changes the overall conformation of

the molecule. There will be a very great number of equi-energetic conformations

available to a long chain molecule. Most of these will involve compact rather

than extended contours. There are billions of compact conformations but only one

fully extended one. Thus, when the ends of the molecule are far apart because of

uncoiling in response to an applied force, bond rotations after release of the force

will turn the molecule into a compact, more shortened state just by chance. About

1000 individual C�C bonds in a typical hydrocarbon elastomer must change con-

formation when a sample of fully extended material retracts to its shortest state at

room temperature [5]. There need not be any energy changes involved in this

change. It arises simply because of the very high probability of compact com-

pared to extended conformations.

An elastomer is essentially an entropy spring. This is in contrast to a steel wire,

which is an energy spring. When the steel spring is distorted, its constituent atoms are

displaced from their equilibrium lowest energy positions. Release of the applied force

causes a retraction because of the net gain in energy on recovering the original shape.

An energy spring warms on retraction. An ideal energy spring is a crystalline solid

with Young’s modulus about 1011�1012 dyn/cm (1010�1011 N/m2). It has a very

small ultimate elongation. The force required to hold the energy spring at constant

length is inversely proportional to temperature. In thermodynamic terms (@U/@l)T is

large and positive, where U is the internal energy thermodynamic state function.

An ideal elastomer has Young’s modulus about 106�107 dyn/cm2 (105�
106 N/m2) and reversible elasticity of hundreds of percent elongation. The force

required to hold this entropy spring at fixed length falls as the temperature is low-

ered. This implies that (@U/@l)T5 0.

4.5.2.1 Ideal Elastomer and Ideal Gas
An ideal gas and an ideal elastomer are both entropy springs.

The molecules of an ideal gas are independent agents. By definition, there is

no intermolecular attraction. The pressure of the gas on the walls of its container
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is due to random thermal bombardment of the molecules on the walls. The ten-

sion of rubber against restraining clamps is due to random coiling and uncoiling

of chain molecules. The molecules of an ideal elastomer are independent agents.

There is no intermolecular attraction, by definition. (If there is appreciable inter-

molecular attraction, the material will not exhibit high elasticity, as we saw

earlier.)

Gas molecules tend to their most likely distribution in space. The molecules

of an ideal elastomer tend to their most probable conformation, which is that of a

random coil. The most probable state in either case is that in which the entropy is

a maximum.

If the temperature of an ideal gas is increased at constant volume, its pres-

sure rises in direct proportion to the temperature. Similarly, the tension of a rub-

ber specimen at constant elongation is directly proportional to temperature. An

ideal gas undergoes no temperature change on expanding into a vacuum. An

ideal rubber retracting without load at constant volume undergoes no tempera-

ture change. Under adiabatic conditions, an ideal gas cools during expansion

against an opposing piston, and a stretched rubber cools during retraction against

a load.

Table 4.3 lists the thermodynamic relations between pressure, volume, and

temperature of an ideal gas and its internal energy U and entropy S. We see

that the definition of an ideal gas leads to the conclusion that the pressure

exerted by such a material is entirely due to an entropy contribution. If an ideal

gas confined at a certain pressure were allowed to expand against a lower pres-

sure, the increase in volume would result in the gas going to a state of greater

entropy. The internal energy of the ideal gas is not changed in expanding at

constant temperature.

4.5.2.2 Thermodynamics of Rubber Elasticity
In an ideal gas we considered the relations between the thermodynamic properties

S and U, on the other hand, and the state variables P, V, and T of the substance.

With an ideal elastomer we shall be concerned with the relation between U and S

and the state variables force, length, and temperature.

The first law of thermodynamics defines the internal energy from

dU � dq1 dw (4-6)

(The increased dU in any change taking place in a system equals the sum of the

energy added to the system by the heat process, dq, and the work performed on it,

dw.)

The second law of thermodynamics defines the entropy change dS in any

reversible process:

T dS5 dqrev (4-7)
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(A reversible process is the thermodynamic analog of frictionless motion in

mechanics. When a process has been conducted reversibly, we can, by performing

the inverse process in reverse, set the system back in precisely its initial state,

with zero net expenditure of work in the overall process. The system and its sur-

roundings are once again exactly as they were at the beginning. A reversible pro-

cess is an idealization which constitutes a limit that may be approached but not

attained in real processes.)

For a reversible process, Eqs. (4-6) and (4-7) yield

dU5 T dS1 dw (4-8)

We define the Helmholtz free energy A as

A � U2 TS (4-9)

Table 4.3 Ideal Gas as an Entropy Spring,

First and second laws of thermodynamics applied to compression of a gas:

dU5 dq1 dw (i)

where U5 internal energy function, dq5 heat absorbed by substance, and dw5work
done on substance by its surroundings.

dU5 T dS2P dV (ii)

Equation (ii) yields
P5 Tð@S=@VÞT 2 ð@U=@VÞT 52 ð@A=@VÞT (iii)

where S5 entropy and A5Helmholtz free energy � U � TS.
From (iii), the pressure consists of two terms:
entropy contribution: T(@S/@V )T (called kinetic pressure)
internal energy contribution: 2 (@U/@ V )T (called internal pressure)
To evaluate the terms in Eq. (iii) experimentally, substitute
entropy contribution: Tð@S=@VÞT 5 Tð@P=@TÞv
Thus,

P5 Tð@P=@TÞv 2 ð@U=@VÞT (iiia)

internal energy contribution to the total pressure:

P2 Tð@P=@TÞv (iv)

Definition of ideal gas is gas which obeys the equation of state:

PV 5 nRT
and for which the internal energy U is a function of temperature only, i.e.,

ð@U=@VÞT 5 ð@U=@PÞT 5 0 ðideal gasÞ (vi)

It follows that
P5 Tð@P=@TÞv ðideal gasÞ (vii)

and the pressure is due only to the entropy contribution.
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(This is a useful thermodynamic quantity to characterize changes at constant

volume of the working substance.) For a change at constant temperature, from

Eq. (4-26),

dA5 dU2 T dS (4-10)

Combining Eqs. (4-25) and (4-26)

dA5 dw (4-11)

That is, the change in A in an isothermal process equals the work done on the sys-

tem by its surroundings. Conventionally, when gases and liquids are of major

interest the work done on the system is written dw52P dV. When we consider

elastic solids, the work done by the stress is important. If tensile force is f and l is

the initial length of the elastic specimen in the direction of the force, the work

done in creating an elongation dl is

dw5 f dl (4-12)

If a hydrostatic pressure P is acting in addition to the tensile force f, the total

work on the system is

dw5 f dl2P dV (4-13)

In the case of rubbers, dV is very small and if P5 1 atm, P dV is less than

1023 f dl. Thus we can neglect P dV and use Eq. (4-12).

From Eqs. (4-11) and (4-12),

ð@A=@lÞT 5 ð@w=@lÞT 5 f (4-14)

That is, the tension is equal to the change in Helmoholtz free energy per unit

extension. From Eqs. (4-10) and (4-12),

ð@A=@lÞT 5 ð@U=@lÞT 2 ð@S=@lÞT 5 f (4-15)

Thus, the force consists of an internal energy component and an entropy com-

ponent [compare (iii) of Table 4.1 for the pressure of a gas].

To evaluate Eq. (4-15) experimentally, we proceed in an analogous fashion to

the method used to estimate the entropy component of the pressure of a gas

(Table 4.3). From Eq. (4-9), for any change,

dA5 dU2 T dS2 S dT (4-16)

For a reversible change, from Eqs. (4-8) and (4-12),

dU5 f dl1 T dS (4-17)

Combining the last two equations,

dA5 f dl2 S dT (4-18)

Thus, by partial differentiation,

ð@A=@lÞT 5 f
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ð@A=@TÞt 52 S (4-19)

Since

@

@l

@A

@T

� �
t

5
@

@T

@A

@l

� �
T

(4-20)

we can substitute Eqs. (4-14) and (4-19) into Eq. (4-20) to obtain

ð@S=@lÞT 52 ð@f=@TÞt (4-21)

This gives the entropy change per unit extension, (@S/@T )T, which occurs in

Eq. (4-15), in terms of the temperature coefficient of tension at constant length

(@f/@T )l, which can be measured. With Eq. (4-21), Eq. (4-15) becomes

ð@U=@lÞT 5 f 2 Tð@f=@TÞl (4-22)

where (@U/@l)T is the internal energy contribution to the total force. [Compare

Eq. (iv) in Table 4.3 for a gas.]

Figure 4.13 shows how experimental data can be used with Eqs. (4-21) and

(4-22) to determine the internal energy and entropy changes accompanying defor-

mation of an elastomer. Such experiments are simple in principle but difficult in

practice because it is hard to obtain equilibrium values of stress.

For an ideal elastomer (@U/@l)T is zero and Eq. (4-22) reduces to

f 5 Tð@f=@TÞl (4-23)

in complete analogy to Eq. (vii) of Table 4.3 for an ideal gas. In real elastomers,

chain uncoiling must involve the surmounting of bond rotational energy barriers
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FIGURE 4.13

Experimental measurement of (@f/@l)T and (@U/@l)T. The slope of the tangent to the curve

at temperature T15 (@ f/@T)t at T1. This equals (@ S/@l)T, which equals entropy change per

unit extension when the elastomer is extended isothermally at T1. The intercept on the

force axis equals (@U/@l)T since this corresponds to T5 0 in Eq. (4-22). The intercept is

the internal energy change per unit extension.
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but this means that the internal energy term (@U/@l)T cannot be identically zero,

however.

If the internal energy contribution to the force at constant length and sample

volume is fe, its relative contribution is

fe

f
5 12

T

f

@f

@T

� �
v;l

(4-24)

Various measurements have shown that fe/f is about 0.1-0.2 for polybutadiene

and cis-polyisoprene elastomers. These polymers are essentially but not entirely

entropy springs.

4.5.2.3 Stress�Strain Properties of Cross-Linked Elastomers
Consider a cube of cross-linked elastomer with unit dimensions. This specimen is

subjected to a tensile force f. The ratio of the increase in length to the unstretched

length is the nominal strain ε (epsilon), but the deformation is sometimes also

expressed as the extension ratio Λ (lambda):

Λ5λ=λ0 5 11 ε (4-25)

where λ and λ0 are the stretched and unstretched specimen lengths, respectively.

With a cube of unit initial dimensions, the stress τ is equal to f. (Recall the defini-

tions of stress, normal strain, and modulus on page 24.) Also, in this special case

dλ5λ0 dΛ5 dΛ, and so Eqs. (4-21) and (4-23) are equivalent to

τ52 Tð@S=@ΛÞT ;V (4-26)

Statistical mechanical calculations [6] have shown that the entropy change is

given by

ΔS52
1

2
NκðΛ2 1 ð2=ΛÞ2 3Þ (4-27)

where N is the number of chain segments between cross-links per unit volume

and κ (kappa) is Boltzmann’s constant (R/L). Then, from Eq. (4-26),

τ5NκTðΛ2 1=Λ2Þ (4-28)

Equation (4-28) is equivalent to

τ5 ðρRT=McÞðΛ2 1=Λ2Þ (4-29)

where ρ is the elastomer density (gram per unit volume), Mc is the average molec-

ular weight between cross-links (Mc5 ρ L/N), and L is Avogadro’s constant.

Equation (4-29) predicts that the stress�strain properties of an elastomer that

behaves like an entropy spring will depend only on the temperature, the density
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of the material, and the average molecular weight between cross-links. In terms

of nominal strain this equation is approximately

τ5 ðρRT=McÞð3ε1 3ε2 1 . . . (4-30)

and at low strains, Young’s modulus, Y, is

Y � dτ=dε5 3ρRT=Mc (4-31)

The more tightly cross-linked the elastomer, the lower will be Mc and the

higher will be its modulus. That is, it will take more force to extend the polymer

a given amount at fixed temperature. Also, because the elastomer is an entropy

spring, the modulus will increase with temperature.

Equation (4-29) is valid for small extensions only. The actual behavior of real

cross-linked elastomers in uniaxial extension is described by the Mooney�Rivlin

equation which is similar in form to Eq. (4-29):

τ5 ðC1 1C2=ΛÞðΛ2 1=Λ2Þ (4-32)

Here C1 and C2 are empirical constants, and C1 is often assumed to be equal

to ρ RT/Mc.

EXAMPLE 4-1
Given an SBR rubber (23.5 mol% styrene) that has an Mn of 100,000 before cross-linking.
Calculate the engineering stress in the units of MN/m2 at 100% elongation of the cross-
linked elastomer with an Mc of 10,000 at 25 �C. Also calculate the corresponding modulus
at very low extensions. The density of the cross-linked elastomer is 0.98 g/cm3.

A 100% elongation means that Λ52λ0/λ52. τ and Y can be calculated using Eqs. (4-
29) and (4-31), respectively.

τ5
0:983106 38:31433298

10;000
22

1

4

� �
5425;000

N

m2
50:425

MN

m2

Y 5
330:983106 38:31433298

10;000
5728;000

N

m2
50:728

MN

m2

4.5.2.4 Real and Ideal Rubbers
To this point, we have emphasized that the retractive force in a stretched ideal

elastomer is directly proportional to its temperature. In a cross-linked, real elasto-

mer that has been reinforced with carbon black, as is the usual practice, the force

to produce a given elongation may actually be seen to decrease with increased

temperature. This is because the anchor regions that hold the elastomer chains

together are not only chemical cross-links, as assumed in the ideal theory. They

also comprise physical entanglements of polymer molecules and rubber-carbon
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black adsorption sites. Entanglements will be more labile at higher temperatures,

where the molecular chains are more flexible, with a net decrease in the number

of effective intermolecular anchor points, an increase in Mc, and a decrease in the

retractive force, according to Eq. (4-31).

4.6 Rodlike Macromolecules
Very rigid macromolecules are at the opposite end of the spectrum of proper-

ties from elastomers, which are characterized by weak intermolecular forces, a

high degree of molecular flexibility, and an absence of regular intermolecular

order.

Aromatic polyamides and polyesters are examples of stiff chain polymers.

Poly(p-phenylene terephthalamide) (Kevlart, 1-23) can be made by reaction

(4-33) in a mixture of hexamethylphosphoramide and N-methylpyrrolidone:

NH2 NH2 Cl Cl N

H
amide
solvent

C

O

+ HCl+C

O

N C

O

H

C

O
x

(1-23) (4-33)

Polyamide-hydrazides

NH2

HCl+

NH

NH NHNH

NH2 Cl C

O

+C

O

ClC

O

C

O

C

O

C

O

amide
solvent

(4-3) (4-34)

and aromatic polyesters like poly(p-hydroxybenzoic acid)

OH+O HOHO C

O

N

H

O x

(4-4) (4-35)

also provide rodlike species. These polymers behave in solution like logs on a pond

rather than like random coils. They exhibit liquid crystalline properties where they

have the short-range order of nematic mesophases. The liquid crystals are readily

oriented under shear and can be used to produce very highly oriented ultrastrong

fibers. On a specific weight basis they are stronger and stiffer than steel or glass

and are used to reinforce flexible and rigid composites like tires, conveyor belts,

and body armor as well as to make industrial and military protective clothing.
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4.7 Polymer Viscoelasticity
An ideal elastic material is one that exhibits no time effects. When a stress σ is

applied the body deforms immediately to a strain e. (These terms were defined

broadly in Section 1.8.) The sample recovers its original dimensions completely

and instantaneously when the stress is removed. Further, the strain is always pro-

portional to the stress and is independent of the rate at which the body is deformed:

σ5 Yε (4-36)

where Y is Young’s modulus if the deformation mode is a tensile stretch and

Eq. (4-36) is an expression of the familiar Hooke’s law. The changes in the shape

of an isotropic, perfectly elastic material will always be proportional to the mag-

nitude of the applied stress if the body is twisted, sheared, or compressed instead

of extended, but the particular stress/strain (modulus) will differ from Y.

Figure 4.14 summarizes the concepts and symbols for the elastic constants in ten-

sile, shear, and bulk deformations.

An experiment such as that in Fig. 4.14a can produce changes in the volume

as well as the shape of the test specimen. The elastic moduli listed in this

figure are related by Poisson’s ratio β, which is a measure of the lateral contrac-

tion accompanying a longitudinal extension:

β5
1

2
12 ð1=VÞ@V=@ε� �

(4-37)

where V is the volume of the sample. When there is no significant volume

change, @V/@5 0 and β5 0.5. This behavior is characteristic of ideal rubbers.

Real solids dilate when extended, and values of β down to about 0.2 are observed

for rigid, brittle materials. The moduli in the elastic behavior of isotropic solids

are related by

Y 5 2Gð11 βÞ5 3Kð12 2βÞ (4-38)

At very low extensions when there is no significant amount of permanent

deformation Y/G is between about 2.5 for rigid solids and 3 for elastomeric

materials.

An ideal Newtonian fluid was described in Section 4.13. Such a material has

no elastic character; it cannot support a strain and the instantaneous response to a

shearing stress τ is viscous flow:

τ5 η _γ (4-39)

Here _γ is the shear rate or velocity gradient (5 dγ/dt) and η is the viscosity

which was first defined in Section 3.3.

Polymeric (and other) solids and liquids are intermediate in behavior between

Hookean, elastic solids, and Newtonian purely viscous fluids. They often exhibit

elements of both types of responses, depending on the time scale of the experi-

ment. Application of stresses for relatively long times may cause some flow and
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permanent deformation in solid polymers while rapid shearing will induce elastic

behavior in some macromolecular liquids. It is also frequently observed that the

value of a measured modulus or viscosity is time dependent and reflects the man-

ner in which the measuring experiment was performed. These phenomena are

examples of viscoelastic behavior.

(a) TENSILE DEFORMATION (b) SHEAR DEFORMATION
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FIGURE 4.14

(a) Elastic constants in tensile deformation. (b) Elastic constants in shear deformation. (c)

Elastic constants in volume deformation.
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Three types of experiments are used in the study of viscoelasticity. These

involve creep, stress relaxation, and dynamic techniques. In creep studies a body

is subjected to a constant stress and the sample dimensions are monitored as a

function of time. When the polymer is first loaded an immediate deformation

occurs, followed by progressively slower dimensional changes as the sample

creeps toward a limiting shape. Figure 1.3 shows examples of the different beha-

viors observed in such experiments.

Stress relaxation is an alternative procedure. Here an instantaneous, fixed

deformation is imposed on a sample, and the stress decay is followed with time.

A very useful modification of these two basic techniques involves the use of a

periodically varying stress or deformation instead of a constant load or strain. The

dynamic responses of the body are measured under such conditions.

4.7.1 Phenomenological Viscoelasticity
Consider the tensile experiment of Fig. 4.14a as a creep study in which a steady

stress τ0 is suddenly applied to the polymer specimen. In general, the resulting

strain ε(t) will be a function of time starting from the imposition of the load. The

results of creep experiments are often expressed in terms of compliances rather

than moduli. The tensile creep compliance D(t) is

DðtÞ5 εðtÞ=σ0 (4-40)

The shear creep compliance J(t) (see Fig. 4.14b) is similarly defined as

JðtÞ5 γðtÞ=τ0 (4-41)

where ε0 is the constant shear stress and γ(t) is the resulting time-dependent

strain.

Stress relaxation experiments correspond to the situations in which the defor-

mations sketched in Fig. 4.14 are imposed suddenly and held fixed while the

resulting stresses are followed with time. The tensile relaxation modulus Y(t) is

then obtained as

YðtÞ5σðtÞ=ε0 (4-42)

with ε0 being the constant strain. Similarly, a shear relaxation experiment mea-

sures the shear relaxation modulus G(t):

GðtÞ5 τðtÞ=γ0 (4-43)

where γ0 is the constant strain.
Although a compliance is the inverse of a modulus for an ideal elastic body,

this is not true for viscoelastic materials. That is,

YðtÞ5 σðtÞ=ε0 6¼ εðtÞ=σ0 5DðtÞ (4-44)
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and

GðtÞ5 τðtÞ=γ0 6¼ γðtÞ=τ0 5 JðtÞ (4-45)

Consider two experiments carried out with identical samples of a viscoelastic

material. In experiment (a) the sample is subjected to a stress σ1 for a time t. The

resulting strain at t is ε1, and the creep compliance measured at that time is

D1(t)5 e1/σ1. In experiment (b) a sample is stressed to a level s2 such that strain

e1 is achieved immediately. The stress is then gradually decreased so that the

strain remains at e1 for time t (i.e., the sample does not creep further). The stress

on the material at time t will be σ3, and the corresponding relaxation modulus

will be Y2(t)5σ3/e1. In measurements of this type, it can be expected that

σ2.σ1.σ3 and Y(t) 6¼(D(t))21, as indicated in Eq. (4-44). G(t) and Y(t) are

obtained directly only from stress relaxation measurements, while D(t) and J(t)

require creep experiments for their direct observation. These various parameters

can be related in the linear viscoelastic region described in Section 4.7.2.

4.7.1.1 Terminology of Dynamic Mechanical Experiments
A complete description of the viscoelastic properties of a material requires infor-

mation over very long times. Creep and stress relaxation measurements are lim-

ited by inertial and experimental limitations at short times and by the patience of

the investigator and structural changes in the test material at very long times. To

supplement these methods, the stress or the strain can be varied sinusoidally in a

dynamic mechanical experiment. The frequency of this alternation is ν cycles/sec

or ω (5 2πν) rad/sec. An alternating experiment at frequency ω is qualitatively

equivalent to a creep or stress relaxation measurement at a time t5 (1/ω) sec.
In a dynamic experiment, the stress will be directly proportional to the strain

if the magnitude of the strain is small enough. Then, if the stress is applied sinu-

soidally the resulting strain will also vary sinusoidally. In special cases the stress

and the strain will be in phase. A cross-linked amorphous polymer, for example,

will behave elastically at sufficiently high frequencies. This is the situation

depicted in Fig. 4.15a where the stress and strain are in phase and the strain is

small. At sufficiently low frequencies, the strain will be 90� out of phase with the

stress as shown in Fig. 4.15c. In the general case, however, stress and strain will

be out of phase (Fig. 4.15b).

In the last instance, the stress can be factored into two components, one of

which is in phase with the strain and the other of which leads the strain by

π/2 rad. (Alternatively, the strain could be decomposed into a component in phase

with the stress and one which lagged behind the stress by 90�.) This is accom-

plished by use of a rotating vector scheme, as shown in Fig. 4.16. The magnitude

of the stress at any time is represented by the projection OC of the vector OA on

the vertical axis. Vector OA rotates counterclockwise in this representation with a

frequency ω equal to that of the sinusoidally varying stress. The length of OA is

the stress amplitude (maximum stress) involved in the experiment. The strain is

represented by the projection OD of vector OB on the vertical axis. The strain
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vector OB also rotates counterclockwise with frequency ω but it lags OA by an

angle δ. The loss tangent is defined as tan δ.
The strain vector OB can be resolved into vector OE along the direction of

OA and OF perpendicular to OA. Then the projection OH of OE on the vertical

axis is the magnitude of the strain, which is in phase with the stress at any time.

Similarly, projection OI of vector OF is the magnitude of the strain, which is 90�

(one-quarter cycle) out of phase with the stress. The stress can be similarly

resolved into two components with one along the direction of OB and one leading

the strain vector by π/2 rad.

When the stress is decomposed into two components the ratio of the in-phase

stress to the strain amplitude (γa, maximum strain) is called the storage modulus.

This quantity is labeled G0(ω) in a shear deformation experiment. The ratio of

the out-of-phase stress to the strain amplitude is the loss modulus Gv(ω).
Alternatively, if the strain vector is resolved into its components, the ratio of the

FIGURE 4.15

Effect of frequency on dynamic response of an amorphous, lightly cross-linked polymer:

(a) elastic behavior at high frequency—stress and strain are in phase, (b) liquid-like

behavior at low frequency—stress and strain are 90� out of phase, and (c) general case—

stress and strain are out of phase.
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in-phase strain to the stress amplitude τa is the storage compliance J0(ω), and the

ratio of the out-of-phase strain to the stress amplitude is the loss compliance Jv
(ω). G0(ω) and J0(ω) are associated with the periodic storage and complete release

of energy in the sinusoidal deformation process. The loss parameters Gv(ω) and Jv
(ω) on the other hand reflect the nonrecoverable use of applied mechanical energy

to cause flow in the specimen. At a specified frequency and temperature, the

dynamic response of a polymer can be summarized by any one of the following

pairs of parameters: G0(ω) and Gv(ω), J0(ω) and Jv(ω), or τa/γa (the absolute mod-

ulus jGj) and tan δ.
An alternative set of terms is best introduced by noting that a complex number

can be represented as in Fig. 4.17 by a point P (with coordinates x and y) or by a

vector OP in a plane. Since dynamic mechanical behavior can be represented by

a rotating vector in Fig. 4.15, this vector and hence the dynamic mechanical

response is equivalent to a single complex quantity such as G� (complex modu-

lus) or J� (complex compliance). Thus, in shear deformation,

G�ðωÞ5G0ðωÞ1 iGvðωÞ (4-46)

J�ðωÞ5 1

G�ðωÞ 5
1

G0ðωÞ1GvðωÞ 5 J0ðωÞ2 iJvðωÞ (4-47)

[Equation (4-47) can be derived from Eq. (4-46) by comparing the expressions

for z and z21 in Fig. 4.17.] It will also be apparent that

jG�j5 ½ðG0Þ21ðGvÞ2�1=2 (4-48)

FIGURE 4.16

Decomposition of strain vector into two components in a dynamic experiment.
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and

tanδ5GvðωÞ=G0ðωÞ5 JvðωÞ=J0ðωÞ (4-49)

The real and imaginary parts of the complex numbers used here have no phys-

ical significance. This is simply a convenient way to represent the component

vectors of stress and strain in a dynamic mechanical experiment.

Tan δ measures the ratio of the work dissipated as heat to the maximum

energy stored in the specimen during one cycle of a periodic deformation. The

conversion of applied work to thermal energy in the sample is called damping. It

occurs because of flow of macromolecular segments past each other in the sam-

ple. The energy dissipated per cycle due to such viscoelastic losses is πγ2aGv.
For low strains and damping the dynamic modulus G0 will have the same mag-

nitude as that obtained from other methods like stress relaxation or tensile tests,

provided the time scales are similar in these experiments.

Viscosity is the ratio of a stress to a strain rate [Eq. (4-39)]. Since the complex

modulus G� has the units of stress, it is possible to define a complex viscosity η�

as the ratio of G� to a complex rate of strain:

η�ðωÞ5 G�ðωÞ
iω

5
G0ðωÞ1 iGvðωÞ

iω
5 η0ðωÞ2 iηvðωÞ (4-50)

Then it follows that

η0ðωÞ5GvðωÞ=ω (4-51)

and

ηvðωÞ5G0ðωÞ=ω (4-52)

FIGURE 4.17

Representation of a complex number z5 x1 iy by a vector on the xy plane (i5O2 1).

z5 x1 iy5 re iθ5 r (cos θ1 i sin θ); r5 jzj5 jx1 yj5 (x21 y2)1/2; 1/z5 e iθ/r5 (1/r). (cos

θ2 i sin θ).
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The η0(ω) term is often called the dynamic viscosity. It is an energetic dissipation

term related to Gv(ω) and has a value approaching that of the steady flow viscos-

ity η in very low frequency measurements on polymers that are not cross-linked.

4.7.2 Linear Viscoelasticity
In linear viscoelastic behavior the stress and strain both vary sinusoidally,

although they may not be in phase with each other. Also, the stress amplitude is

linearly proportional to the strain amplitude at given temperature and frequency.

Then mechanical responses observed under different test conditions can be inter-

related readily. The behavior of a material in one condition can be predicted from

measurement made under different circumstances.

Linear viscoelastic behavior is actually observed with polymers only in

very restricted circumstances involving homogeneous, isotropic, amorphous

specimens subjected to small strains at temperatures near or above Tg and

under test conditions that are far removed from those in which the sample

may be broken. Linear viscoelasticity theory is of limited use in predicting

the service behavior of polymeric articles, because such applications often

involve large strains, anisotropic objects, fracture phenomena, and other effects

that result in nonlinear behavior. The theory is nevertheless valuable as a ref-

erence frame for a wide range of applications, just as the thermodynamic

equations for ideal solutions help organize the observed behavior of real

solutions.

The major features of linear viscoelastic behavior that will be reviewed here

are the superposition principle and time�temperature equivalence. Where

they are valid, both make it possible to calculate the mechanical response of a

material under a wide range of conditions from a limited store of experimental

information.

4.7.2.1 Boltzmann Superposition Principle
The Boltzmann principle states that the effects of mechanical history of a sample

are linearly additive. This applies when the stress depends on the strain or rate of

strain or, alternatively, where the strain is considered a function of the stress or

rate of change of stress.

In a tensile test, for example, Eq. (4-40) relates the strain and stress in a creep

experiment when the stress τ0 is applied instantaneously at time zero. If this load-

ing were followed by application of a stress σ1 at time u1, then the time-

dependent strain resulting from this event alone would be

εðtÞ5σ1Dðt2 u1Þ (4-53)

The total strain from the imposition of stress σ0 at t5 0 and σ1 at t5 u1 is

εðtÞ5 σ0DðtÞ1σ1Dðt2 u1Þ (4-54)
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In general, for an experiment in which stresses σ0, σ1, σ2, . . . , σn were

applied at times t5 0, u1, u2, . . . , un,

εðtÞ5 σ0DðtÞ1
Xn
i51

σnDðt2 unÞ (4-55)

If the loaded specimen is allowed to elongate for some time and the stress is

then removed, creep recovery will be observed. An uncross-linked amorphous

polymer approximates a highly viscous fluid in such a mechanical test. Hence the

elongation-time curve of Fig. 1-3c is fitted by an equation of the form

εðtÞ5σ0½DðtÞ2Dðt2 u1Þ� (4-56)

Here a stress σ0 is applied at t5 0 and removed at t5 u1. (This is equivalent

to the application of an additional stress equal to 2σ0.)

EXAMPLE 4-2
A particular grade of polypropylene has the following tensile creep compliance when mea-
sured at 35 �C: D(t)51.2 t0.1 GPa21, where t is in seconds. The polymer is subjected to the
following time sequence of tensile stresses at 35 �C.

σ50 t , 0
σ51 MPa (1023 GPa) 0# t,2000 s
σ51.5 MPa (1.531023 GPa) 1000# t,2000 s
σ50 t$2000

Find the tensile strain at 1500 s and 2500 s using the Boltzmann superposition
principle.

At t51500 s, the total tensile strain ε(1500)5 ε0(1500)1 ε1(1500) (Eq. 4-54).
Here, ε0(1500)5102331.23 (1500)0.1 and ε1(1500)51.53102331.23 (1500�

1000)0.1.
Therefore, ε(1500)55.8431023.
At t52500 s, the total tensile strain ε(2500)5 ε0(2500)1 ε1(2500)2 ε2(2500)

(Eqs. 4-55 and 4-56).
Here, ε0(2500)5102331.23 (2500)0.1, ε1(2500)5102331.23 (2500�

1000)0.1 and ε2(2500)5 (111.5)3102331.23 (2500�2000)0.1.
Therefore, ε(2500)50.7831023.

4.7.2.2 Use of Mechanical Models
Equation (4-36) summarized purely elastic response in tension. The analogous

expression for shear deformation (Fig. 4.14) is

τ5Gγ (4-57)

This equation can be combined conceptually with the viscous behavior of

Eq. (4-39) in either of two ways. If the stresses causing elastic extension and vis-

cous flow are considered to be additive, then

τ5 τelastic 1 τviscous 5Gγ1 ηdγ=dt (4-58)
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A mechanical model for such response would include a parallel arrangement

of a spring for elastic behavior and a dashpot for the viscous component. (A dash-

pot is a piston inside a container filled with a viscous liquid.) This model, shown

in Fig. 4.18a, is called a Kelvin or a Voigt element. When a force is applied

across such a model, the stress is divided between the two components and the

elongation of each is equal.

Another way to combine the responses of Eqs. (4-39) and (4-57) is to add the

strains. Then

γ5 γelastic 1 γviscous
dγ
dt

5
dγelastic

kt
1

dγelastic
dt

5
1

G

dτ
dt

1
τ
η

(4-59)

The mechanical analog for this behavior is a spring and dashpot in series. This

body, called a Maxwell element, is shown in Fig. 4.18b.

Mechanical models are useful tools for selecting appropriate mathematical

functions to describe particular phenomena. The models have no physical relation

to real materials, and it should be realized that an infinite number of different

models can be used to represent a given phenomenon. Two models are mentioned

here to introduce the reader to such concepts, which are widely used in studies of

viscoelastic behavior.

The Maxwell body is appropriate for the description of stress relaxation, while

the Voigt element is more suitable for creep deformation. It is worth noting that

(a) (b)

FIGURE 4.18

Simple mechanical models of viscoelastic behavior. (a) Voigt or Kelvin element and (b)

Maxwell element.
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the Maxwell element can also be solved (Eq. 4-59) for creep deformation.

However, the resultant equations do not describe creep deformation well.

Therefore, they are seldom used in practice. On the other hand, the Voigt element

cannot be solved (Eq. 4-58) in a meaningful way for stress relaxation (an instanta-

neous strain is applied at t5 0) because the dashpot cannot be deformed instan-

taneously. In a stress relaxation experiment, a strain γ0 is imposed at t5 0 and

held constant thereafter (dγ/dt5 0) while τ is monitored as a function of t. Under

these conditions, Eq. (4-59) for a Maxwell body behavior becomes

05
1

G

dτ
dt

1
τ
η

(4-60)

This is a first-order homogeneous differential equation and its solution is

τ5 τ0expð2Gt=ηÞ (4-61)

where τ0 is the initial value of stress at γ5 γ0.
Another way of writing Eq. (4-59) is

dy

dt
5

1

G

dτ
dt

1
τ
ζG

(4-62)

where ζ (zeta) is a relaxation time defined as

ζ � η=G (4-63)

An alternative form of Eq. (4-61) is then

τ5 τ0expð2 t=ζÞ (4-64)

The relaxation time is the time needed for the initial stress to decay to 1/e of

its initial value.

If a constant stress τ0 were applied to a Maxwell element, the strain would be

γ5 τ0=G1 τ0t=η (4-65)

This equation is derived by integrating Eq. (4-59) with boundary condition

γ5 0, τ5 τ0 at t5 0. Although the model has some elastic character the viscous

response dominates at all but short times. For this reason, the element is known

as a Maxwell fluid.

A simple creep experiment involves application of a stress τ0 at time t5 0

and measurement of the strain while the stress is held constant. The Voigt model

(Eq. 4-58) is then

τ0 5Gγ 1 η dy=dt (4-66)

or

τ0
η

5
Gγ
η

1
dγ
dt

5
γ
ζ
1

dγ
dt

(4-67)
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where ζ5G/η is called a retardation time in a creep experiment. Equation (4-67)

can be made exact by using the multiplying factor et/ζ. Integration from τ5 τ0,
γ5 0 at t5 0 gives

Gγ=τ0 5 12 expð2Gt=ηÞ5 12 expð2 t=ζÞ (4-68)

If the creep experiment is extended to infinite times, the strain in this element

does not grow indefinitely but approaches an asymptotic value equal to τ0/G.
This is almost the behavior of an ideal elastic solid as described in Eq. (4-36) or

(4-57). The difference is that the strain does not assume its final value immedi-

ately on imposition of the stress but approaches its limiting value gradually. This

mechanical model exhibits delayed elasticity and is sometimes known as a Kelvin

solid. Similarly, in creep recovery the Maxwell body will retract instantaneously,

but not completely, whereas the Voigt model recovery is gradual but complete.

Neither simple mechanical model approximates the behavior of real polymeric

materials very well. The Kelvin element does not display stress relaxation under

constant strain conditions and the Maxwell model does not exhibit full recovery

of strain when the stress is removed. A combination of the two mechanical mod-

els can be used, however, to represent both the creep and stress relaxation beha-

viors of polymers. This is the standard linear solid, or Zener model, comprising

either a spring in series with a Kelvin element or a spring in parallel with a

Maxwell model. Details of this construction are outside the scope of this introduc-

tory text.

Limitations to the effectiveness of mechanical models occur because actual

polymers are characterized by many relaxation times instead of single values and

because use of the models mentioned assumes linear viscoelastic behavior which

is observed only at small levels of stress and strain. The linear elements are nev-

ertheless useful in constructing appropriate mathematical expressions for visco-

elastic behavior and for understanding such phenomena.

4.7.2.3 Time�Temperature Correspondence
The left-hand panel of Fig. 4.19 contains sketches of typical stress relaxation

curves for an amorphous polymer at a fixed initial strain and a series of tempera-

tures. Such data can be obtained much more conveniently than those in the exper-

iment summarized in Fig. 4.8, where the modulus was measured at a given time

and a series of temperatures. It is found that the stress relaxation curves can be

caused to coincide by shifting them along the time axis. This is shown in the

right-hand panel of Fig. 4.19 where all the curves except that for temperature T8
have been shifted horizontally to form a continuous “master curve” at temperature

T8. The glass transition temperature is shown here to be T5 at a time of 1022 min.

The polymer behaves in a glassy manner at this temperature when a strain is

imposed within 1022 min or less.

Similar curves can be constructed for creep or dynamic mechanical test data

of amorphous polymers. Because of the equivalence of time and temperature, the
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temperature scale in dynamic mechanical experiments can be replaced by an

inverse log frequency scale.

Master curves permit the evaluation of mechanical responses at very long

times by increasing the test temperature instead of prolonging the experiment. A

complete picture of the behavior of the material is obtained in principle by operat-

ing in experimentally accessible time scales and varying temperatures.

Time�temperature superposition can be expressed mathematically as

GðT1; tÞ5GðT2; t=aT Þ (4-69)

for a shear stress relaxation experiment. The effect of changing the temperature is

the same as multiplying the time scale by shift factor aT. A minor correction is

required to the formulation of Eq. (4-69) to make the procedure complete. The

elastic modulus of a rubber is proportional to the absolute temperature T and to

the density ρ of the material, as summarized in Eq. (4-31). It is therefore proper

to divide through by T and ρ to compensate for these effects of changing the test

temperature. The final expression is then

GðT1; tÞ
ρðT1ÞT1

5
GðT2; t=aTÞ
ρðT2ÞT2

(4-70)

S
T
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T9

−1 0 1 −6

LOG TIME
(min)

LOG TIME (min)

−4 −2 0 2

VISCOUS

MASTER CURVEDATA

FIGURE 4.19

Left panel: Stress decay at various temperatures T1 , T2 , . . ., T9. right panel: Master

curve for stress decay at temperatureT8.
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If a compliance were being measured at a series of temperatures T, the data

could be reduced to a reference temperature T by

JðT1; tÞ5
ρðTÞT
ρðT1ÞT1

J
T ; t

aT

� �
(4-71)

where ρ(T1) is the material density at temperature T1.

It is common practice now to use the glass transition temperature measured by

a very slow rate method as the reference temperature for master curve construc-

tion. Then the shift factor for most amorphous polymers is given fairly well by

log10aT 52
C1ðT 2 TgÞ
C2 1 T 2 Tg

(4-72)

where the temperatures are in Kelvin. Equation (4-72) is known as the WLF equa-

tion, after the initials of the researchers who proposed it [7]. The constants C1 and

C2 depend on the material. “Universal” values are C15 17.4 and C25 51.6 �C.
The expression given holds between Tg and Tg1 100 �C. If a different reference

temperature is chosen, an equation with the same form as Eq. (4-72) can be used,

but the constants on the right-hand side must be reevaluated.

Accumulation of long-term data for design with plastics can be very inconve-

nient and expensive. The equivalence of time and temperature allows information

about mechanical behavior at one temperature to be extended to longer times by

using data from shorter time studies at higher temperature. It should be used with

caution, however, because the increase of temperature may promote changes in

the material, such as crystallization or relaxation of fabrication stresses that affect

mechanical behavior in an irreversible and unexpected manner. Note also that the

master curve in the previous figure is a semilog representation. Data such as that

in the left-hand panel is usually readily shifted into a common relation but it is

not always easy to recover accurate stress level values from the master curve

when the time scale is so compressed.

The following simple calculation illustrates the very significant temperature

and time dependence of viscoelastic properties of polymers. It serves as a conve-

nient, but less accurate, substitute for the accumulation of the large amount of

data needed for generation of master curves.

EXAMPLE 4-3
Suppose that a value is needed for the compliance (or modulus) of a plastic article for 10
years’ service at 25 �C. What measurement time at 80 �C will produce an equivalent figure?
We rely here on the use of a shift factor, aT, and Eq. (4-69). Assume that the temperature
dependence of the shift factor can be approximated by an Arrhenius expression of the form

aT 5 exp
ΔH

R

1

T
2

1

T0

� �
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where the activation energy, ΔH, may be taken as 0.12 MJ/mol, which is a typical value for
relaxations in semicrystalline polymers and in glassy polymers at temperatures below Tg.
(The shift factor could also have been calculated from the WLF relation if the temperatures
had been around Tg of the polymer.) In the present case:

aT 5 exp
0:123106

8:31

" #
1

353
2

1

298

� �
50:5331023

The measurement time required at 80 �C is [0.5331020] [10 years] [365 days/year]
[24 hours/day]545.3 hours, to approximate 10 years’ service at 25 �C.

4.8 Dynamic Mechanical Behavior at Thermal Transitions
The storage modulus G0(ω) behaves like a modulus measured in a static test and

decreases in the glass transition region (cf. Fig. 4.8). The loss modulus Gv(ω) and tan
δ go through a maximum under the same conditions, however. Figure 4.20 shows

some typical experimental data. Tg can be identified as the peak in the tan δ or the

loss modulus trace. These maxima do not coincide exactly. The maximum in tan δ is
at a higher temperature than that in Gv(ω), because tan δ is the ratio of G0(ω) and Gv
(ω) (Eq. 4-49) and both these moduli are changing in the transition region. At low

frequencies (about 1 Hz) the peak in tan δ is about 5 �C warmer than Tg from static

measurements or the maximum in the loss modulus�temperature curve.

The development of a maximum in tan δ or the loss modulus at the glass-to-

rubber transition is explained as follows. At temperatures below Tg the polymer

behaves elastically, and there is little or no flow to convert the applied energy

into internal work in the material. Now h, the energy dissipated as heat per unit

volume of material per unit time because of flow in shear deformation, is

h5 τdγ=dt5 ηðdγ=dtÞ2 (4-73)

[To check this equation by dimensional analysis in terms of the fundamental

units mass (m), length (l), and time (t):

τ5ml21t22; dγ=dt5 t21; η5ml21t21; force5mlt22;

work5ml2t22; work=volume=time5ml21t23 5Eq: ð4-73Þ:�
Thus the work dissipated is proportional to the viscosity of the material at

fixed straining rate dγ/dt. At low temperatures, η is very high but γ and dγ/dt are
vanishingly small and h is negligible. As the structure is loosened in the transition

region, η decreases but dγ/dt becomes much more significant so that h (and the

loss modulus and tan δ) increases. The effective straining rate of polymer seg-

ments continues to increase somewhat with temperature above Tg but η, which
measures the resistance to flow, decreases at the same time. The net result is a

diminution of damping and a fall-off of the magnitudes of the storage modulus

and tan δ.
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EXAMPLE 4-4
An interesting application of dynamic mechanical data is in blends of rubbers for tire treads.
Rolling is at low frequencies, while skidding is at high frequencies. (Compare the hum of
tires on the pavement with the screech of a skid.) Therefore, low rolling friction requires low
damping (i.e., little dissipation of mechanical energy) at low frequencies while skid resis-
tance implies high damping at higher frequencies. One way to achieve the desired property
balance is to blend elastomers with the respective properties.

1011

1010

S
TO

R
A

G
E

 M
O

D
U

LU
S

 (
dy

ne
s

/c
m

2 )
LO

S
S

 M
O

D
U

LU
S

 (
dy

ne
s

/c
m

2 )

109

1010

109

108

20 40 60 80 100
TEMPERATURE (ºC)

120 140 160 180 200

0.01

0.1

ta
n 

δ

(a)

20 40 60 80 100

TEMPERATURE (ºC)

120 140 160 180 200

(b)

FIGURE 4.20

(a) Storage modulus and tan δ of an oriented poly(ethylene terephthalate) fiber. 11-Hz

frequency. (b) Loss modulus of the same fiber.
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4.8.1 Relaxations at Temperatures below Tg
In the glass transition region, the storage modulus of an amorphous polymer drops

by a factor of B1000, and tan δ is generally one or more. (The tan δ in

Fig. 4.20a is less than this because the polymer is oriented and partially crystal-

line.) In addition to Tg, minor transitions are often observed at lower tempera-

tures, where the modulus may decrease by a factor of B2 and tan δ has maxima

of 0.1 or less. These so-called secondary transitions arise from the motions of

side groups or segments of the main chain that are smaller than those involved in

the displacements associated with Tg. Secondary transitions increase in tempera-

ture with increasing frequency in a manner similar to the main glass transition.

They can be detected by dynamic mechanical and also by dielectric loss factor

and nuclear magnetic resonance measurements.

Some amorphous polymers are not brittle at temperatures below Tg. Nearly all

these tough glasses have pronounced secondary transitions. Figure 4.21 is a sketch

of the temperature dependence of the shear storage and loss moduli for polycar-

bonate [8], which is one such polymer. The molecular motions that are responsi-

ble for the ductile behavior of some glassy polymers are probably associated with

limited range motions of main chain segments. Polymers like poly(methyl meth-

acrylate) that exhibit secondary transitions due to side group motions are not par-

ticularly tough.
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Storage (G0) and loss (Gv) moduli of polycarbonate polymer [8]. The broad low-

temperature peak is probably composed of several overlapping maxima.
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4.9 Stress�Strain Tests
Stress-strain tests were mentioned in Section 1.8 and in Fig. 4.14. In such a ten-

sile test a parallel-sided strip is held in two clamps that are separated at a constant

speed, and the force needed to effect this is recorded as a function of clamp sepa-

ration. The test specimens are usually dogbone shaped to promote deformation

between the clamps and deter flow in the clamped portions of the material. The

load-elongation data are converted to a stress�strain curve using the relations

mentioned in Section 1.8. These are probably the most widely used of all mechan-

ical tests on polymers. They provide useful information on the behavior of isotro-

pic specimens, but their relation to the use of articles fabricated from the same

polymer as the test specimens is generally not straightforward. This is because

such articles are anisotropic, their properties may depend strongly on the fabrica-

tion history, and the use conditions may vary from those in the tensile test.

Stress�strain tests are discussed here, with the above cautions, because workers

in the field often develop an intuitive feeling for the value of such data with par-

ticular polymers and because they provide useful general examples of the effects

of testing rate and temperature in mechanical testing.

Dynamic mechanical measurements are performed at very small strains in

order to ensure that linear viscoelasticity relations can be applied to the data.

Stress�strain data involve large strain behavior and are accumulated in the non-

linear region. In other words, the tensile test itself alters the structure of the test

specimen, which usually cannot be cycled back to its initial state. (Similarly,

dynamic deformations at large strains test the fatigue resistance of the material.)

Figure 1.2 records some typical stress�strain curves for different polymer

types. Some polymers exhibit a yield maximum in the nominal stress, as shown in

part (c) of the figure. At stresses lower than the yield value, the sample deforms

homogeneously. It begins to neck down at the yield stress, however, as sketched in

Fig. 4.22. The necked region in some polymers stabilizes at a particular reduced

diameter, and deformation continues at a more or less constant nominal stress until

the neck has propagated across the whole gauge length. The cross-section of the

necking portion of the specimen decreases with increasing extension, so the true

stress may be increasing while the total force and the nominal stress (Section 1.8)

are constant or even decreasing. The process described is variously called yielding,

necking, cold flow, and cold-drawing. It is involved in the orientation processes

used to confer high strengths on thermoplastic fibers. Tough plastics always exhibit

significant amounts of yielding when they are deformed. This process absorbs

impact energy without causing fracture of the article. Brittle plastics have a

stress�strain curve like that in Fig. 1.2b and do not cold flow to any noticeable

extent under impact conditions. Many partially crystalline plastics yield in tensile

tests at room temperature but this behavior is not confined to such materials.

The yield stress of amorphous polymers is found to decrease linearly with

temperature until it becomes almost zero near Tg. Similarly, the yield stress of
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partially crystalline materials becomes vanishingly small near Tm, as the crystal-

lites that hold the macromolecules in position are melted out. Yield stresses are

rate dependent and increase at faster deformation rates.

The shear component of the applied stress appears to be the major factor in

causing yielding. The uniaxial tensile stress in a conventional stress�strain exper-

iment can be resolved into a shear stress and a dilational (negative compressive)

stress normal to the parallel sides of test specimens of the type shown in

Fig. 4.22. Yielding occurs when the shear strain energy reaches a critical value

that depends on the material, according to the von Mises yield criterion, which

applies fairly well to polymers.

Yield and necking phenomena can be envisioned usefully with the Considèere

construction shown in Fig. 4.23. Here the initial conditions are initial gauge

length and cross-sectional area li and Ai, respectively, and the conditions at any

instant in the tensile deformation are length l and cross-sectional area A, when the

force applied is F. The true stress, σt, defined as the force divided by the corre-

sponding instantaneous cross-sectional area Ai, is plotted against the extension

ratio, Λ (Λ5 1/105A2 1, as defined in Fig. 4.14). If the deformation takes

place at constant volume then:

Aili 5Al (4-74)
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FIGURE 4.22

Tensile stress�strain curve and test specimen appearance for a polymer which yields and

cold draws.
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The nominal stress (engineering stress)5 σ5F/Ai, and therefore:

σ5σt=Λ (4-75)

dσ
dΛ

5
1

Λ
dσt

dΛ
2

σt

Λ2
(4-76)

Since dA5 dΛ, then at yield

dσ
dε

5 05
dσ
dΛ

(4-77)

and the yield condition is characterized by:

dσt

dΛ
5

σt

Λ
(4-78)

A maximum in the plot of engineering stress against strain occurs only if a

tangent can be drawn from λ5 0 to touch the curve of true stress against the

extension ratio at a point, labeled α in Fig. 4.23. In this figure a second tangent

through the origin touches the curve at point β. This defines a minimum in the

usual plot of nominal stress against extension ratio where the orientation induced

by the deformation stiffens the polymer in the necked region. This phenomenon

is called strain hardening. The neck stabilizes and travels through the specimen

by incorporating more material from the neighboring tapered regions. As the ten-

sile deformation proceeds, the whole parallel gauge length of the specimen will

yield. If the true stress-extension ratio relation is such that a second tangent can-

not be drawn, the material will continue to thin until it breaks. Molten glass exhi-

bits this behavior.

The phenomenon of strain hardening in polymers is a consequence of orienta-

tion of molecular chains in the stretch direction. If the necked material is a
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FIGURE 4.23

Sketch of conditions for yielding in tensile deformation.
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semicrystalline polymer, like polyethylene or a crystallizable polyester or nylon,

the crystallite structure will change during yielding. Initial spherulitic or row

nucleated structures will be disrupted by sliding of crystallites and lamellae, to

yield morphologies like that shown in Fig. 4.7.

Yielding and strain hardening are characteristic of some metals as well as

polymers. Polymer behavior differs, however, in two features. One is the tempera-

ture rise that can occur in the necked region as a result of the viscous dissipation

of mechanical energy and orientation-induced crystallization. The other feature is

an increase of the yield stress at higher strain rates. These opposing effects can be

quite significant, especially at the high strain rates characteristic of industrial ori-

entation processes for fibers and films.

4.9.1 Rate and Temperature Effects
Most polymers tend to become more rigid and brittle with increasing straining

rates. In tensile tests, the modulus (initial slope of the stress�strain curve) and

yield stress rise and the elongation at fracture drops as the rate of elongation is

increased. Figure 4.24 shows typical curves for a polymer that yields. The work

to rupture, which is the area under the stress�strain curve, is a measure of the

toughness of the specimen under the testing conditions. This parameter decreases

at faster extension rates.
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FIGURE 4.24

Effect of strain rate on the tensile stress�strain curve of a polymer which yields at low

straining rates.
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The influence of temperature on the stress�strain behavior of polymers is

generally opposite to that of straining rates. This is not surprising in view of the

correspondence of time and temperature in the linear viscoelastic region

(Section 4.7.2.3). The curves in Fig. 4.25 are representative of the behavior of a

partially crystalline plastic.

4.10 Crazing in Glassy Polymers
When a polymer sample is deformed, some of the applied energy can be dissi-

pated by movement of sections of polymer molecules past each other. This yield-

ing process uses energy that might otherwise be available to enlarge preexisting

micro cracks into new fracture surfaces. The two major mechanisms for energy

dissipation in glassy polymers are crazing and shear yielding.

Crazes are pseudocracks that form at right angles to the applied load and

that are traversed by many microfibrils of polymer that has been oriented in

the stress direction. This orientation itself is due to shear flow. Energy is

absorbed during the crazing process by the creation of new surfaces and by
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FIGURE 4.25

Tensile stress�strain behavior for a molded sample of a nylon-6,6 at the indicated

temperatures (�C). The arrows indicate the yield points which become more diffuse at

higher temperatures.
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viscous flow of polymer segments. Although crazes appear to be a fine network

of cracks, the surfaces of each craze are connected by oriented polymeric struc-

tures and a completely crazed specimen can continue to sustain appreciable

stresses without failure. Crazing detracts from clarity, as in poly(methyl meth-

acrylate) signage or windows, and enhances permeability in products such as

plastic pipe. Mainly, however, it functions as an energy sink to inhibit or retard

fracture.

The term crazing is apparently derived from an Anglo-Saxon verb krasen,

meaning “to break.” In this process polymer segments are drawn out of the

adjoining bulk material to form cavitated regions in which the uncrazed surfaces

are joined by oriented polymer fibrils, as depicted in Fig. 4.26. Material cohesive-

ness in amorphous glassy polymers, like polystyrene, arises mainly through entan-

glements between macromolecules and entanglements are indeed essential for

craze formation and craze fibril strength in such polymers [9].

Glassy polymers with higher cohesiveness, like polycarbonate and cross-

linked epoxies, preferentially exhibit shear yielding [10], and some materials,

such as rubber-modified polypropylene, can either craze or shear yield, depending

on the deformation conditions [11]. Application of a stress imparts energy to a

voids fibrils

FIGURE 4.26

Sketch of a craze in polystyrene [9]. The upper figure shows a craze, with connecting

fibrils between the two surfaces. The lower figure is a magnification of a section of the

craze showing voids and fibrils. Actual crazes in this polymer are about 0.1�2 μm thick;

this figure is not to scale.
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body which can be dissipated either by complete recovery (on removal of the

load), by catastrophic rupture, or by polymer flow in the stress application region.

The latter process, called shear yielding, or shear banding, is a useful mechanism

for absorbing impact forces.

A few comments on the distinction between crazing and shear yielding may

be appropriate here. A material which undergoes shear yielding is essentially elas-

tic at stresses up to the yield point. Then it suffers a permanent deformation.

There is effectively no change in the volume of the material in this process. In

crazing, the first craze initiates at a local stress less than the shear stress of the

bulk material. The stress required to initiate a craze depends primarily on the

presence of stress-raising imperfections, such as crack tips or inclusions, in the

stressed substance, whereas the yield stress in shear is not sensitive to such influ-

ences. Permanent deformation in crazing results from fibrillation of the polymer

in the stress direction.

Craze formation is a dominant mechanism in the toughening of glassy poly-

mers by elastomers in “polyblends.” Examples are high-impact polystyrene

(HIPS), impact poly(vinyl chloride), and ABS (acrylonitrile-butadiene-styrene)

polymers. Polystyrene and styrene-acrylonitrile (SAN) copolymers fracture at

strains of B1022, whereas rubber-modified grades of these polymers (e.g.,

HIPS and ABS) form many crazes before breaking at strains around 0.5.

Rubbery particles in polyblends act as stress concentrators to produce many

craze cracks and to induce orientation of the adjacent rigid polymer matrix.

Good adhesion between the glassy polymer and rubbery inclusion is important

so that cracks do not form and run between the rubber particles. Crazes and

yielding are usually initiated at the equators of rubber particles, which are the

loci of maximum stress concentration in stressed specimens, because of their

modulus difference from the matrix polymer. Crazes grow outward from rubber

particles until they terminate on reaching other particles. The rubber particles

and crazes will be able to hold the matrix polymer together, preventing forma-

tion of a crack, as long as the applied stress is not catastrophic. The main fac-

tors that promote craze formation are a high rubber particle phase volume, good

rubber-matrix polymer adhesion, and an appropriate rubber particle diameter

[12,13]. The latter factor varies with the matrix polymer, being about 2 μm for

polystyrene and about one-tenth of that value for unplasticized PVC. It is intui-

tively obvious that good adhesion between rubber and matrix polymer is

required for transmission of stresses across phase boundaries. Another interest-

ing result stems from the differences in thermal expansion coefficients of the

rubber and glassy matrix polymer. For the latter polymers the coefficient of lin-

ear expansion (as defined by ASTM method D696) is B1026 K21, while the

corresponding value for elastomers is B1022 K21. When molded samples of

rubber-modified polymers are cooled from the melt state the elastomer phase

will undergo volume dilation. This increases the openness of the rubber struc-

ture and causes a shift of the Tg of the rubber to lower values than that of unat-

tached elastomer [14].
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4.11 Fracture Mechanics
This discipline is based on the premise that all materials contain flaws and that

fracture occurs by stress-induced extension of these defects. The theory derives

from the work of A. E. Griffith [15], who attempted to explain the observation

that the tensile strengths (defined as breaking force 4 initial cross-sectional

area) of fine glass filaments were inversely proportional to the sample diameter.

He assumed that every object contained flaws, that failure is more likely the

larger the defect, and that larger bodies would break at lower tensile stresses

because they contained larger cracks. The basic concept is that a crack will

grow only if the total energy of the body is lowered thereby. That is to say,

the elastic strain energy which is relieved by crack growth must exceed the

energy of the newly created surfaces. It is important to note also that the pres-

ence of a crack or inclusion changes the stress distribution around it, and the

stress may be amplified greatly around the tips of sharp cracks. The relation

that was derived between crack size and failure stress is known as the Griffith

criterion:

σf 5
2γY
πa

� �1=2
(4-79)

where σf5 failure stress, based on the initial cross-section, a5 crack depth,

Y5 tensile (Young’s) modulus, and γ5 surface energy of the solid material (the

factor 2 is inserted because fracture generates two new surfaces). This equation

applies to completely elastic fractures; all the applied energy is consumed in gen-

erating the fracture surfaces. Real materials are very seldom completely elastic,

however, and a more general application of this concept allows for additional

energy dissipation in a small plastic deformation region near the crack tip. With

this amendment, Eq. (4-79) is applicable with the 2γ term replaced by G, the

strain energy release rate, which includes both plastic and elastic surface work

done in extending a preexisting crack [15]:

σf 5
YG

πa

� �1=2
(4-80)

The general equation to describe the applied stress field around a crack tip

is [16]:

σ5
K

½πa�1=2
(4-81)

where K is the stress intensity factor and σ is the local stress. Equation (4-81)

applies at all stresses, but the stress intensity reaches a critical value, Kc, at the

stress level where the crack begins to grow. Kc is a material property, called the

fracture toughness, and the corresponding strain energy release rate becomes the

critical strain energy release rate, Gc.
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The equations cited above are for an ideal semi-infinite plate, with no bound-

ary effects. Application to real specimens requires calibration factors, so that the

fracture toughness of Eq. (4-81), at the critical point is given by:

Kc 5σfΓ ½πa�1=2 (4-82)

where Γ (gamma) is a calibration factor which is itself a function of specimen

geometry and crack size. The Γ values have been tabulated (mainly for metals)

for a variety of shapes [17]. The independent variable in Eq. (4-82) is the crack

depth, a. To measure Kc, sharp cracks of various known depths are made in spe-

cimens with fixed geometry and plots of Oa versus σfΓ are linear with slope

Kc. Instrumented impact tests yield values for the specimen fracture energy, Uf.

With such data, the critical strain energy release rate can be calculated accord-

ing to [18]:

Gc 5
Uf

BDφ
(4-83)

where B and D are the specimen depth and width, respectively, and the calibration

factor φ is a function of the specimen geometry and the ratio of the crack depth

and specimen width. Here again, the independent variable is the crack depth, a,

as manifested in parameter φ.
The total work of crack formation equals Gc 3 the crack area.

Catastrophic failure is predicted to occur when σ[πa]1/25 [YGc]
1/2, or when

Kc5 [YGc]
1/2. Kc and Gc are the parameters used in linear elastic fracture

mechanics (LEFM). Both factors are implicitly defined to this point for plane

stress conditions. To understand the term plane stress, imagine that the applied

stress is resolved into three components along Cartesian coordinates; plane

stress occurs when one component is equal to 0 (the stress in the direction nor-

mal to the plane of the specimen). Such conditions are most likely to occur

when the specimen is thin.

This reference to specimen thickness leads to a consideration of the question

of why a polymer that is able to yield will be less brittle in thin than in thicker

sections. Polycarbonate is an example of such behavior. Recall that yielding

occurs at constant volume (tensile specimens neck down on extension). In thin

objects the surfaces are load-free and can be drawn inward as a yield zone grows

ahead of a crack tip. In a thick specimen the material surrounding the yield zone

is at a lower stress than that in the crack region. It is not free to be drawn into the

yield zone and acts as a restraint on plastic flow of the region near the crack tip.

As a consequence, fracture occurs with a lower level of energy absorption in a

thick specimen. The crack tip in a thin specimen will be in a state of plane stress

while the corresponding condition in a thick specimen will be plane strain. Plane

strain is the more dangerous condition.

The parameters that apply to plane strain fracture are GIc and KIc, where the

subscript I indicates that the crack opening is due to tensile forces. KIc is
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measured by applying Eq. (4-82) to data obtained with thick specimens. To illus-

trate the differences between plane stress and plane strain fracture modes, thin

polycarbonate specimens with thicknesses # 3 mm are reported to have Gc values

of 10 kJ/m2, while the GIc of thick specimens is 1.5 kJ/m2. It will be useful to

consider a practical application of LEFM here.

EXAMPLE 4-5
Consider a study of the effect of preexisting flaws on the ability of PVC pipe to hold pressure
[19]. The critical stress intensity factor, KIc, is reported to be 1.08 MPa � m1/2 for PVC under
static load at 20 �C. The stress (σ) in a pipe5 the internal pressure, P,1 the hoop stress at
the inner surface:

σ5P 1
P ½D 2 t�

2t
(4-84)

where D is the outside diameter and t is the pipe wall thickness. In this case, D5250 mm
and t517 mm. For pipe of this type Γ (in Eq. 4-82) is about 1.12 [20]. Assuming that the
presence of 1 mm flaws will give a conservative estimate of pipe service life, we take
a51 mm in Eq. (4-82). The critical stress for failure is

σf 5
KIc

Γ ½πa�1=2
5

1:08 MPa m1=2

1:12½1023πm�1=2
517:2 MPa

σf 5P 1
P ½D 2 t �

2t
57:85 Pc

where Pc is the critical pressure for brittle fracture of the pipe. Hence,

Pc 5
17:2 MPa

7:85
52:19 MPa5318 psi

An otherwise well-made pipe will sustain steady pressures up to 2.19 MPa (318 psi)
without failing by brittle fracture if it contains initial flaws as large as 1 mm. Similar calcula-
tions show that initial flaws or inclusions smaller than 4.5 mm permit steady operation at
150 psi (1.03 MPa).

LEFM discussed to this point refers to the resistance of bodies to crack growth

under static loads. Crack growth under cyclic loading is faster than under static

loads at the same stress amplitudes, because the rate of loading and the damage

both increase with higher frequencies.

Polymers which yield extensively under stress exhibit nonlinear stress�strain

behavior. This invalidates the application of linear elastic fracture mechanics. It is

usually assumed that the LEFM approach can be used if the size of the plastic

zone is small compared to the dimensions of the object. Alternative concepts

have been proposed for rating the fracture resistance of tougher polymers, like

polyolefins, but empirical pendulum impact or dart drop tests are deeply

entrenched for judging such behavior.
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4.12 Toughness and Brittleness
Many polymers that yield and exhibit tough, ductile behavior under the conditions

of normal tensile tests prove to be brittle when impacted. This is particularly true

when the sample contains notches or other stress concentrators. Fracture behavior

is characterized by a variety of empirical tests. None of these can be expected to

correlate very closely with service performance, because it is very difficult to ana-

lyze stress and deformation behavior of complex real articles under the variety of

loads that may be encountered in practice. Impact tests aim to rate the fracture

resistance of materials by measuring the energy required to break specimens with

standard dimensions. The values obtained relate to the experimental conditions

and the geometry and history of the specimen. A single figure for impact strength

is of limited value in itself but such data can be useful for predicting serviceabil-

ity of materials for different applications if they are obtained, say, from a series

of impact tests at various temperatures and sample shapes and are combined with

experience of the performance of similar materials and part shapes under related

service conditions.

Impact tests are often used to locate the brittle-ductile temperature or brittle-

ness temperature. This parameter is generally defined as the temperature at which

half the specimens tested fail in a given test. Because of the nature of most of

these impact tests, this approximates the temperature range in which yielding pro-

cesses begin to absorb substantial portions of the applied energy. As the test tem-

perature is increased through the brittle-to-tough transition region, the measured

impact energies increase substantially and the specimens exhibit more evidence

of having flowed before fracturing.

Ductile�brittle transitions are more accurately located by variable temperature

tests than by altering impact speed in an experiment at a fixed temperature. This

is because a linear fall in temperature is equivalent to a logarithmic increase in

straining rate. The ductile�brittle transition concept can be clarified by sketches

such as that in Fig. 4.27 [21]. In the brittle region, the impact resistance of a

material is related to its LEFM properties, as described above. In the mixed mode

failure region, fracture resistance is proportional to the size of the yield zone that

develops at a crack tip during impact. If the yield zone (also sometimes called a

plastic zone) is small, fracture tends to be brittle and can be described by LEFM

concepts. If yielding takes place on a large scale, then the material will absorb

considerable energy before fracturing and its behavior will be described as tough.

The relative importance of the yield zone can be estimated, for a given prod-

uct, by comparing its yield stress and fracture toughness. The parameter proposed

for this purpose is [KIc/σy]
2, where σy is the yield stress [22]. This ratio has units

of length and has been suggested to be proportional to the size of the yield zone.

Higher values indicate tougher materials. In the third region of Fig. 4.27, impact

resistance is determined by the capacity of the product to absorb energy by local-

ized necking and related mechanisms, after yielding.
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Notches act as stress raisers and redistribute the applied stress so as to favor

brittle fracture over plastic flow. Some polymers are much more notch sensitive

than others, but the brittleness temperature depends in general on the test speci-

men width and notch radius. Polymers with low Poisson ratios tend to be notch

sensitive. Comparisons of impact strengths of unnotched and notched specimens

are often used as indicators of the relative danger of service failures with compli-

cated articles made from notch sensitive materials.

Weld lines (also known as knit lines) are a potential source of weakness in

molded and extruded plastic products. These occur when separate polymer melt

flows meet and weld more or less into each other. Knit lines arise from flows

around barriers, as in double or multigating and use of inserts in injection mold-

ing. The primary source of weld lines in extrusion is flow around spiders (multi-

armed devices that hold the extrusion die). The melt temperature and melt

elasticity (which is mentioned in the next section of this chapter) have major

influences on the mechanical properties of weld lines. The tensile and impact

strength of plastics that fail without appreciable yielding may be reduced consid-

erably by double-gated moldings, compared to that of samples without weld lines.

Polystyrene and SAN copolymers are typical of such materials. The effects of
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Ductile�brittle behavior in impact resistance [21]. The transition between the zones varies

with the rate of impact and type of test.
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weld lines are relatively minor with ductile amorphous plastics like ABS and

polycarbonate and with semicrystalline polymers such as polyoxymethylene. This

is because these materials can reduce stress concentrations by yielding [23].

Semicrystalline polymers are impact resistant if their glass transition tempera-

tures are much lower than the test temperature. The impact strength of such mate-

rials decreases with increasing degree of crystallinity and particularly with

increased size of supercrystalline structures like spherulites. This is because these

changes are tantamount to the progressive decrease in the numbers of tie mole-

cules between such structures.

The impact strength of highly cross-linked thermoset polymers is little

affected by temperature since their behavior is generally glassy in any case.

4.13 Rheology
Rheology is the study of the deformation and flow of matter. The processing of

polymers involves rheological phenomena. They cannot be evaded. It is important,

therefore, that practitioners have at least some basic knowledge of this esoteric sub-

ject. This section is a very brief review, with the aim of guiding the perplexed to at

least ask the right questions when confronted with a rheological problem.

Following is a summary of the major points, which are elaborated below.

1. The rheological behavior of materials is generally very complex, and

polymers are usually more complex than alternative materials of construction.

2. A complete rheological characterization of a material is very time consuming

and expensive and much of the data will be irrelevant to any particular

process or problem.

3. Rheological measurements must be tailored to the particular process and

problem of interest. This is the key to successful solution of rheological and

processing problems. Relevant rheological experiments are best made at the

same temperatures, flow rates, and deformation modes that prevail in the

process of interest.

4. Following are some important questions that should be asked in the initial

stages of enquiry:

a. Is the process isothermal? Most standard rheological measurements are

isothermal; many processes are not.

b. Is the material behavior entirely viscous or does it also comprise elastic

components?

c. Does processing itself change the rheological properties of the material?

d. Do the material purchase specifications ensure rheological behavior?

e. Do steady-state rheological measurements characterize the material in a

particular process?

f. Is it best to look to rheological measurements or to process simulations for

answers to a particular problem?
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The coefficient of viscosity concept, η, was introduced in connection with

Eq. (3-59) as the quotient of the shearing force per unit area divided by the veloc-

ity gradient. The numerator here is the shearing stress, τ, and the denominator is

termed the shear rate, _γ (γ is the strain and _γ � dγ=dt). With these changes,

Eq. (3-59) reads:

η5
ðF=AÞ
ðdν=drÞ 5 τ _γ (4-85)

The viscosity of water at room temperature is 1023 Pa � sec [5 1 centipoise

(cP)], while that of molten thermoplastics at their processing temperatures is in

the neighborhood of 103�104 Pa � sec. Lubricating oils are characterized by η
values up to about 1 Pa � sec. In SI units, the dimensions of viscosity are N �
sec/m25 Pa � sec.

If η is independent of shear history, the material is said to be time indepen-

dent. Such liquids can exhibit different behavior patterns, however, if, as is fre-

quently the case with polymers, η varies with shear rate. A material whose

viscosity is independent of shear rate, e.g., water, is a Newtonian fluid.

Figure 4.28 illustrates shear-thickening, Newtonian, and shear-thinning η2 _γ rela-

tions. Most polymer melts and solutions are shear-thinning. (Low-molecular-

weight polymers and dilute solutions often exhibit Newtonian characteristics.)

Wet sand is a familiar example of a shear-thickening substance. It feels hard if

you run on it, but you can sink down while standing still.
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FIGURE 4.28

Time-independent fluids.
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A single figure for η is not appropriate for non-Newtonian substances, and it

is common practice to plot “flow curves” of such materials in terms of ηa (appar-
ent viscosity) against corresponding values of _γ. Many equations have been pro-

posed to describe non-Newtonian behavior. Generally, however, the mathematics

involved is not worth the effort except for the simplest problems. It is most effi-

cient to read the required viscosity values from experimental ηa 2 _γ plots. These

relations can usually be described over limited shear rate ranges by power law

expressions of the form:

τ5Cð _γÞn (4-86)

where n is the power law index. If n, 1 the material is shear-thinning; if n. 1, it

is shear-thickening. The constant C has no real physical significance because its

units will vary with n. Equation (4-86) indicates that a log�log plot of τ vs. γ is

linear over the shear rate range of applicability. An alternative expression is

ηa 5μð _γÞn21 (4-87)

where μ, sometimes called the consistency, has limited significance since its units

also are dependent on n. This problem can be circumvented by referencing the

apparent viscosity to that at a specified shear rate, _γaref , which is conveniently

taken as 1 sec21. Then

ηa 5 ηaref j _γa= _γaref jn21 (4-88)

Substances that do not flow at shear stresses less than a certain level exhibit

yield properties. Then

_γ5
τ2 τy

η
(4-89)

where τy is the yield stress. The yield stress may be of no significance, as in

high-speed extrusion of plastics, or it could be an important property of materials,

as in the application of architectural paints and in rotational molding.

Most polymeric substances are time dependent to some extent and η5 ηð _γ; tÞ,
where t here refers to the time under shear. If shearing causes a decrease in vis-

cosity the material is said to be thixotropic; the opposite behavior characterizes a

rheopectic substance. These patterns are sketched in Fig. 4.29. After shearing has

been stopped, time-dependent fluids recover their original condition in due

course. PVC plastisols [mixtures of poly(vinyl chloride) emulsion polymers and

plasticizers] and some mineral suspensions often exhibit rheopexy. Thixotropy is

a necessary feature of house paints, which must be reasonably fluid when they

are applied by brushing or rolling, but have to be viscous in the can and shortly

after application, in order to minimize pigment settling and sagging, respectively.

A variety of laboratory instruments have been used to measure the viscosity of

polymer melts and solutions. The most common types are the coaxial cylinder,

cone-and-plate, and capillary viscometers. Figure 4.30 shows a typical flow curve

for a thermoplastic melt of a moderate-molecular-weight polymer, along with
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Viscosity�time relations for time-dependent fluids.
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Typical rheometer shear rate ranges and polymer melt flow curve. The lower shear rate

region of the flow curve exhibits viscosities that appear to be independent of _γ. This is the

lower Newtonian region.
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representative shear rate ranges for cone-and-plate and capillary rheometers. The

last viscometer type, which bears a superficial resemblance to the orifice in an

extruder or injection molder, is the most widely used and will be the only type

considered in this nonspecialized text.

Equation (4-90) [cf. Eq. (3-87)] gives the relation between flow rate and vis-

cosity for a fluid under pressure P in a tube with radius r and length l. In such a

device the apparent shear stress, τa5Pr/2l; and the apparent shear rate,

_γa 5 4Q=πr3, where Q, the volumetric flow rate, is simply the Q/t term of Eq. (3-

87). That is,

η5
πPr4t
8Ql

5
Pr=2l

4Q=πr3
5

τa
_γa

(4-90)

The shear stress and shear rate here are termed apparent, as distinguished

from the respective true values at the capillary wall, τw and _γw. The Bagley cor-

rection to the shear stress allows for pressure losses incurred primarily by acceler-

ating the polymer from the wider rheometer barrel into the narrower capillary

entrance [24]. It is measured by using a minimum of two dies, with identical radii

and different lengths. The pressure drop, at a given apparent shear rate, is plotted

against the l/r ratio of the dies, as shown in Fig. 4.31. The absolute values of the

negative intercepts on the l/r axis are the Bagley end-corrections, e. The true

shear stress at each shear rate is given by

τw 5
P

2 l
r
1 e

� � (4-91)

Alternatively, τw can be measured directly by using a single long capillary with

l/r about 40. The velocity gradient in Fig. 3�6 is assumed to be parabolic, but this

is true strictly only for Newtonian fluids. The Rabinowitsch equation [25] corrects

for this discrepancy in non-Newtonian flow, such as that of most polymer melts:

_γw 5
3n1 1

4n

� �
4Q

πr3
(4-92)

l L/R
Bagley correction

Pressure
At fixed γ

.

FIGURE 4.31

Bagley end correction plot.
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where n is the power law index mentioned earlier. Application of the Bagley and

Rabinowitsch corrections (in that order) converts the apparent flow curve from

capillary rheometer measurements to a true viscous flow curve such as would be

obtained from a cone-and-plate rheometer. However, this manipulation has sacri-

ficed all information on elastic properties of the polymer fluid and is not useful

for prediction of the onset of many processing phenomena, which we will now

consider.

Measurements made under standardized temperature and pressure conditions

from a simple capillary rheometer and orifice of stipulated dimensions provide

melt flow index (MFI) or melt index characteristics of many thermoplastics. The

units of MFI are grams output/10 min extrusion time. The procedure, which

amounts to a measurement of flow rate at a standardized value of τa, is very widely

used for quality and production control of polyolefins, styrenics, and other com-

modity polymers. A lower MFI shows that the polymer is more viscous under the

conditions of the measurement. This parameter can be shown to be inversely

related to a power of an average molecular weight of the material [26]

½MFIÞ21 ~M3:424:7
w �. MFI, which is easy to measure, is often taken to be an inverse

token of polymer molecular size. The problem with this assumption is that MFI, or

ηa for that matter, scales with average molecular weight only so long as the molec-

ular weight distribution shape is invariant. This assumption is useful then for con-

sideration of the effects of variations in a particular polymerization process but

may be prone to error when comparing products from different sources.

A more serious deficiency resides in reliance on MFI to characterize different

polymers. No single rheological property can be expected to provide a complete

prediction of the properties of a complex material like a thermoplastic polymer.

Figure 4.32 shows log ηa 2 log τa flow curves for polymers having the same melt

index, at the intersection of the curves, but very different viscosities at higher shear

stress where the materials are extruded or molded. This is the main reason why

MFI is repeatedly condemned by purer practitioners of our profession. The parame-

ter is locked into industrial practice, however, and is unlikely to be displaced.

Log shear stress

common τ  a

Lo
g 

vi
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ity

FIGURE 4.32

Apparent flow curves of different polymers with the same MFI (at the intersection point).
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Viscoelasticity was introduced in Section 4.7. A polymer example may be use-

ful by way of recapitulation. Imagine a polymer melt or solution confined in the

aperture between two parallel plates to which it adheres. One plate is rotated at a

constant rate, while the other is held stationary. Figure 4.33a shows the time

dependence of the shear stress after the rotation has been stopped. τ decays

immediately to zero for an inelastic fluid but the decrease in stress is much more

gradual if the material is viscoelastic. In some cases, the residual stresses may not

reach zero, as in molded or extruded thermoplastics that have been quenched

from the molten state. Such articles contain molded-in stresses that are relieved

Viscoelasticity

Shearing stopped
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Time

Inelastic
fluid

Steady
shear

τ

Steady shear

γ 
 s

he
ar
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n

Time

Inelastic fluid

Elastic
recoil

Viscoelastic
fluid

FIGURE 4.33

Comparisons of inelastic and viscoelastic behavior on the cessation of steady shearing.
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by gradual decay over time, resulting in warpage of the part. Figure 4.33b

sketches the dependence of the deformation once the steady shearing has stopped.

An inelastic fluid maintains the final strain level, while a viscoelastic substance

will undergo some elastic recoil.

Whether a polymer exhibits elastic as well as viscous behavior depends in part

on the time scale of the imposition of a load or deformation compared to the char-

acteristic response time of the material. This concept is expressed in the dimen-

sionless Deborah number:

NDeb 5
response time of material

time scale of process

(This parameter was named after the prophetess Deborah to whom Psalm 114 has

been ascribed. This song states correctly that even mountains flow during the infi-

nite observation time of the Lord, viz., “The mountains skipped like rams, The

hills like lambs.”) The process is primarily elastic if NDeb. 1 and essentially vis-

cous if NDeb, 1. The response time of the polymer, and its tendency to behave

elastically, will increase with higher molecular weight and skewing of the molec-

ular weight distribution toward larger species.

A number of polymer melt phenomena reveal elastic performance [27]. A

common example is extrudate swell (or die swell), in which the cross section of

an extruded profile is observed to be larger than that of the orifice from which it

was produced. Melt elasticity is required during extrusion coating operations

where the molten polymer sheet is pulled out of the sheet die of the extruder by a

moving substrate of paper or metal foil. Since the final laminate must be edge-

trimmed it is highly desirable that the edges of the polymer match those of the

substrate without excessive edge waviness or tearing. This requires a good degree

of melt cohesion provided by intermolecular entanglements which also promote

elasticity. Other elasticity-related phenomena include undesirable extrudate sur-

face defects, called melt fracture and sharkskin, which appear with some poly-

mers as extrusion speeds are increased.

A number of modern devices provide accurate measurements of both viscous

and elastic properties (although some have limited shear rate ranges). An inexact

but very convenient indicator of relative elasticity is extrudate swell which is

inferred from the ratio of the diameter of the leading edge of a circular extrudate

to that of the corresponding orifice. Since MFI is routinely measured, its limited

value can be augmented by concurrent die swell data. As an example, polyethy-

lenes intended for extrusion coating should be monitored for minimum die swell,

at given melt index, while polymers for high-speed wire covering require maxi-

mum die swell values, which can be set by experience.

The emphasis to this point has been on viscous behavior in shearing modes of

deformation. However, any operation that reduces the thickness of a polymeric

liquid must do so through deformations that are partly extensional and partly

shear. In many cases polymers respond very differently to shear and to extension.

A prime industrial example involves low-density and linear low-density
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polyethylenes, i.e., LDPE and LLDPE, respectively (Section 11.5.3). LDPE grades

intended for extrusion into packaging film have relatively low shear viscosities and

high elongational viscosities. As a result, extrusion of tubular film involves reason-

able power requirements and stable inflated film “bubbles” between the die and

film take-off. LLDPEs of comparable MFIs require much more power to extrude.

Their melts can, however, be drawn down to much thinner gauges (an advantage),

but the tubular film bubbles are more prone to wobble and tear (a disadvantage).

The best of both worlds can be realized by blending minor proportions of selected

LDPEs into LLDPEs.

When problems occur during polymer processing it is necessary to perform at

least a preliminary analysis of the particular fabrication process. Experiments on

production equipment are time-consuming, difficult to control and expensive.

Therefore, equivalent laboratory experiments are very desirable. Ideally, one

would be able to analyze the production process in terms of fundamental physical

quantities and measure these with rheological equipment. It is necessary to make

sure that the laboratory measurements correspond to the actual production process

and to select the rheological characteristics that bear on the particular problem.

That is to say, do not measure viscosity to try to get information about a phenom-

enon that is affected mainly by the elastic character of the material. Note in this

connection that most laboratory data are obtained from steady-state measure-

ments, while the polymers in some processes never reach equilibrium condition.

(The ink in a high-speed printing operation is a good example.) If this rheological

analysis is not feasible the production process can sometimes be simulated on a

small, simplified scale, while paying attention to the features that are critical in

the simulation.

There are a number of fine recent rheological references [28�30] that should

be consulted for more details than can be considered in an introductory text.

4.14 Effects of Fabrication Processes
An important difference between thermoplastics and other materials of construc-

tion lies in the strong influence of fabrication details on the mechanical properties

of plastic articles. This is exhibited in the pattern of frozen-in orientation and fab-

rication stresses. The manufacturing process can also have marked effects on

crystalline texture and qualities of products made from semicrystalline polymers.

Orientation generally produces enhanced stiffness and strength in the stretch

direction and weakness in the transverse direction. In semi-crystalline polymers,

the final structure is sensitive to the temperature�time sequence of the forming

and subsequent cooling operations and to the presence or absence of orientation

during cooling. Different properties are produced by stretching a crystallized sam-

ple at temperatures between Tg and Tm, or by orienting the molten polymer before

crystallizing the product.
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In summary, the final properties of thermoplastic articles depend both on the

molecular structure of the polymer and on the details of the fabrication opera-

tions. This is a disadvantage, in one sense, since it makes product design more

complicated than with other materials that are less history-dependent. On the

other hand, this feature confers an important advantage on plastics because fabri-

cation particulars are additional parameters that can be exploited to vary the costs

or balance of properties of the products.

PROBLEMS
4-1 Nylon-6,6 can be made into articles with tensile strengths around

12,000 psi or into other articles with tensile strengths around 120,000 psi.

What is the basic difference in the processes used to form these two differ-

ent articles? Why do polyisobutene properties not respond in the same

manner to different forming operations?

4-2 Suggest a chemical change and/or a process to raise the softening tempera-

ture of articles.

CH2 C

H

x( )

4-3 (a) Calculate the fraction of crystallinity of polythylene samples with den-

sities at 20 �C of 926, 940, and 955 kg/m3. Take the specific volume of

crystalline polyethylene as 0.989 3 1023 m3/kg and that of amorphous

polyethylene as 1.160 3 1023 m3/kg. (b) What assumption did you make

in this calculation?

4-4 The melting points of linear CnH2n12 molecules can be fitted to the empir-

ical equation

TmðKÞ5 1000=ð2:41 17n21Þ
Plot the graph of Tm against n using the equation and compare the

observed values of Tm listed below with the curve. Determine the equilib-

rium melting point Tm
0 for high-density polyethylene.

n 8 10 12 14 16 24 32
Tm (�C) 2 56.8 2 29.7 2 9.7 2.5 14.7 47.6 67
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Given that Tm 5 T0
m 12 2γe

ΔHl

� 	
, determine Tm for the high-density poly-

ethylene containing lamella with an average thickness (l) of 12.0 nm. Take

γe5 0.0874 J/m2 and ΔH5 279 MJ/m3.

4-5 The Clausius�Clapeyron equation for the effects of pressure on an equi-

librium temperature is

dP=dT 5ΔH=T ΔV

where ΔH is the enthalpy change and ΔV is the volume change associated

with a phase change. Calculate the melting temperature for polyethylene

in an injection molding operation under a hydrostatic pressure of 80 MPa.

Take ΔH5 7.79 kJ/mol of ethylene repeat units and Tm5 143.5 �C at

1 atm.

4-6 Which of the following polymers would you expect to have a lower glass

transition temperature? Which would have a higher melting point? Explain

why. (Assume equal degrees of polymerization.)

(a)

OCH2CH2 O C

O

CH2( ( 4) C x)

O

(b)

OCH2 OCCH2( n)

O O

C

4-7 Estimate the glass transition temperature of a copolymer of vinyl chloride

and vinyl acetate containing 10 wt% vinyl acetate. The Tg’s of the homo-

polymers are listed in Table 4.2.

4-8 According to the Arrhenius equation, ln aT and temperature T are related

as follows:

ln aT 5
E

R

1

T
2

1

T0

� �

where E is the activation energy for the viscoelastic relaxation and R is

the gas constant (8.314 J/mol K).

(a) Obtain an analytical expression for the activation energy for materials

exhibiting viscoelastic behavior that can be described by the WLF

equation in terms of constants C1 and C2 and T05 Tg.
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(b) Given that C15 17.4 and C25 51.6, determine the activation energy

(kJ/mol) at Tg for Tg5 200 K.

(c) If the viscosity of the polymer at Tg is around 1013 poise (10

poise5 1 Pa � s), estimate the shift factor and viscosity (poise) 50 �C
above Tg.

4-9 If we consider a polymer to be made of only chain ends and chain mid-

dles, show that the following equation may be obtained from the

Flory�Fox equation (Tg5 Tg
N2 u/Mn):

Tg 5 TN
g 2

uwe

Me

where we is the mass fraction of the chain ends and Me is the mass of

chain ends per mole of chains. One of the equations used to predict glass

transition temperature depression due to the incorporation of a small

amount of solvent in a polymer is

Tg 5 Tg;pwp 1 Tg;sws 1Kwpws

where subscripts p and s refer to the polymer and the solvent, respectively,

and K is a constant. Rearrange the above equation into the following form

by considering chain ends as solvent

Tg 5 Tg;p 2
uwe

Me

where Me is the mass of the polymer per mole of the polymer solution.

Note that u here and u that appeared in the Flory�Fox equation and in the

equation that relates Tg and the mass fraction of chain ends are not the

same constant.

4-10 A rubber has a shear modulus of 107 dyn/cm2 and a Poisson’s ratio of 0.49

at room temperature. A load of 5 kg is applied to a strip of this material

which is 10 cm long, 0.5 cm wide, and 0.25 cm thick. How much will the

specimen elongate?

4-11 If a bar of elastic material is held at constant length L while temperature T

is raised, show that the force changes at the rate given by

@f

@T

� �
L

52
@S

@L

� �
T

where S is the entropy of the bar, if it is assumed that the stress-free length

is independent of temperature (i.e., free thermal expansion is ignored). In

practice, when this experiment is conducted on polymers in the rubbery

state, it is found that (@f/@T)L is negative at small extensions but is positive

at large extensions. Explain this.
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4-12 An ideal rubber band is stretched to a length of 15.0 cm from its original

length of 6.00 cm. It is found that the stress at this length increases by an

increment of 1.53 105 Pa when the temperature is raised 5 �C (from 27 �C
up to 32 �C). What modulus (E5 σ/ε) should we expect to measure at 1%

elongation at 27 �C? Neglect any changes in volume with temperature. Do

all the calculations using the engineering tensile stress equation.

4-13 About one out of every 150 chain carbon atoms is cross-linked in a typical

natural rubber (cis-polyisoprene) compound with good properties. The

density of such a vulcanizate is 0.97 g cm23 at 25 �C. The gas constant

R5 8.33 107 ergs mol K215 1.987 cal mol K21. Estimate the modulus of

the sample at low extensions.

4-14 The work done by an external force applied on a piece of ideal rubber con-

taining ν network chains is given by

w5
νkBT
2

hr2ii
hr2i0

ðΛ2
x 1Λ2

y 1Λ2
z 2 3Þ

where kB is the Boltzmann constant (1.383 10223 J/K); ,r2. i and ,r2. o

are the mean square end-to-end distances of the network chains in and out of

the network; and Λx, Λy, and Λz are the extension ratios in the x, y, and z

directions. A bar of ideal rubber with square in cross-section containing

63 1020 network chains is extended uniaxially at 20 �C until its length is

double the initial length. Assuming that ,r2. i5 0.8 ,r2. o and

ΛxΛyΛz5 1,

(a) Calculate the heat gained or lost;

(b) Determine the entropy change of the process;

(c) Comment on the result you obtained in part (b).

4-15 The raw data from a tensile test are obtained in terms of force and correspond-

ing elongation for a test specimen of given dimensions. The area under such

a force�elongation curve can be equated to the impact strength of an isotro-

pic polymer specimen if the tensile test is performed at impact speeds. Show

that this area is proportional to the work necessary to rupture the sample.

4-16 The stress relaxation modulus for a polyisobutene sample at 0 �C is

2.53 105 N/m2. The stress here is measured 10 min after imposition of a

fixed deformation. Use the WLF equation (Eq. 4-72) to estimate the tem-

perature at which the relaxation modulus is 2.53 105 N/m2 for a measur-

ing time of 1 min.

4-17 The stress relaxation behavior of a particular grade of polymer under con-

stant strain is given by the following expression:

τðtÞ5Gγ0e
2t=λ 1 τ0
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where G is a constant, γ0 is the initial strain imposed on the polymer, τ0 is
the residue stress that is related to γ0 in the form of τ05 γ0

2, and λ is the

relaxation time.

(a) What is the relaxation modulus of the polymer?

(b) What are the initial and final stresses?

(c) Given that G5 0.8 MPa and γ05 0.15, calculate the percentage of the

original stress that has decayed when t5λ.
(d) It has been found that the above model is a better model than the

Maxwell model to describe the stress of the polymer, especially at

long times. Why?

4-18 The complex shear strain γ� and complex shear stress τ� are given by the

following expressions:

γ
�
5 γ0e

iωt; τ
�
5 τ0eiðωt1δÞ

Based upon the above expressions, show that the real and imaginary parts

of the complex shear compliance J� are given by the following equations:

J0 5
γ0
τ0

cos δ; Jv5
γ0
τ0

sin δ

Also show that J00/J0 5 tan δ. If the magnitudes of γ� and τ� are 10%

and 105 Pa and the phase angle of the material is 45�, calculate the amount

of energy that is dissipated per full cycle of deformation (J/m3).

4-19 Consider a sinusoidal shear strain with angular frequency ω and strain

amplitude γ0 (i.e., γðtÞ5 γ0sinðωtÞ).
(a) What is the corresponding time dependent shear stress for a perfectly

elastic material that has a shear modulus of G and is subjected to the

above sinusoidal shear strain?

(b) Show that the shear stress of a Newtonian liquid with a viscosity of η
still oscillates with the same angular frequency but is out-of-phase

with the sinusoidal shear strain by π/2.
(c) What is the time-dependent shear stress of a viscoelastic material with

a stress amplitude σ0 and in which stress leads the strain by a phase

angle δ?
(d) What is the corresponding expression of the above described sinusoi-

dal shear strain written in the complex number form?

(e) If a sinusoidal shear strain is in the form of γ(t)5 γ0e
iωt, determine

the magnitudes of the shear strains and the corresponding shear

stresses for a viscoelastic material when ωt5 0, π/2, π, 3π/2, and 2π.
Note that the time-dependent shear stress has a stress amplitude σ0
and that its stress leads the strain by a phase angle δ.

(f) The following expression shows the complex compliance of a visco-

elastic material which is subjected to a sinusoidal shear strain in the
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form of γ(t)5 γ0e
iωt. Comment on the viscoelastic behavior of the

material as a function of angular frequency.

J
�
5 J0 2 iJv5

G

G2 1 η2ω2
2 i

ηω
G2 1 η2ω2

4-20 A Maxwell model (Eq. 4-59, Fig. 4.18b) is being deformed at a constant

rate dγ/dt5C. What is the stress on the element [σ(t)] at a time t after the

imposition of the fixed straining rate? Express your answer in terms of the

constants G and η of the Maxwell element and the strain γ(t) which corre-

sponds to σ(t).

4-21 Commercial polymer films are usually produced with some orientation.

The orientation is generally different in the longitudinal (machine) direc-

tion than in the transverse direction. How could you tell which is the

machine direction from a stress�strain test? (Hint: Refer back to the

effects of orientation mentioned in Section 1.8.)

4-22 The hoop stress, σh, at the outer surface of a pipe with internal pressure P,

outside diameter d1, and inside diameter d2 is

σh 5
2Pd22
d21 2 d21

A well-made PVC pipe has outside diameter 150 mm and wall thick-

ness 15 mm. Measurements on this pipe give KIc5 2.4 MPa � m1/2 and

yield stress, σy5 50 MN � m22. Assume that the largest flaws are 100-

μm cracks and that the calibration factor for the specimens used to mea-

sure fracture toughness is 1.12. The pipe is subjected to a test in which the

internal pressure is gradually raised until the pipe fails. Will the pipe fail

by yielding or brittle fracture in this burst test? At what pressure will the

pipe rupture?
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