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ABSTRACT 

In accordance with experience concerning the behavior of glass a t  tcmpcratures 
within its annealing range, an equation is proposed which relates the various extraordi- 
nary heat effects to the inelastic deformability and to the degree of superheating or under- 
cooling. By using this equation in connection with the thermal-expansion curves of a 
glass within its annealing range, certain constants that are related to the coefficient of vis- 
cosity and its changes with temperature and the degree of superheating or undercooling 
have been determined with reasonable results. Such results make it possible to estimate 
the inelastic deformability of a glass in its various conditions at  all annealing tempera- 
tures and are therefore valuable in connection with problems that are encountered in the 
process of annealing glass. The apparent success achieved- in applying the proposed 
equat:on to experimental data suggests that the concepts underlying this cquatiori are 
fundamental and must be considered in any theory concerning the constitution of glass 
or that of any other extremely viscousliquid. 

I .  Introduction 

(I) Superheating and Undercooling with Accom- 
panying Extraordinary Effects in Viscous Liquids 
As already pointed out,’ there is a possibility that  the 

extraordinary heat effects (including the rapid expan- 
sion) of glass in  its annealing range result because the 
high viscosity, which increases rapidly as the tempera- 
ture decreases, causes glass to  become considerably 
superheated or undercooled even when the rates of 
heating or cooling are very low. Although the phe- 
nomena are related in some respects, the superheating 
and undercooling of glass are not those experienced 
when melting and crystallization, respectively, are de- 
layed. Rather, they are effects that  may be envisioned 
as possible even in  the most fluid liquid at temperatures 
far above its freezing point if unattainably high heating 
and cooling rates could be employed. When a liquid is 
in equilibrium a t  any given temperature, there is an 
average statistical relation between its molecules that  
is unique because any change in temperature, even 
if infinitesimal, will change i t  accordingly. Such a 
change in  the average statistical relation, which corre- 
sponds to an equilibrium condition, presumably requires 
many processes or readjustments involving the mol- 
ecules of the liquid. Although some of these adjust- 

* Presented a t  the Forty-Eighth Annual Meeting, The 
American Ceramic Society, Ihffalo, N. Y . ,  May 1, 1946 
(Glass Division, No. 15). 

This paper is alo being published in the Journal o j  Re- 
search, National Bureau of Standards. 

1 (a )  A. Q. Tool and C. G. Eichlin, “Variations Caused 
in Heating Curves of Glass by Heat-Treatment,” Jour. 
Amer. Ceram. SOG., 14 [4] 270-308 (1931); Bur. Stand. 
Jour. Research, 6 14) 523-52 (1931); R .  P. 292. 

( b )  A. Q. Tool, “Analytical Representation Coucerning 
Glass in I ts  Glass Annealing Range.” Extended abstract 
in Forty-Fourth Annual Meeting Program, The American 
Ceramic Society, Cincinnati, Ohio, Glass Division Program, 
p. 13 (April 15,1942). 

( c )  A. Q. Tool, “Molecular Strains arid Extraordinary 
Thermal Effects in Glasses.” Abstracted in Forty-Fifth 
Annual Meeting Program, The American Ceramic Society, 
Pittsburgh, Pa., Glass Division Program, p. 92 (April 15, 
1943). 

Received May 21, 1046. 

ments are completed almost instantaneously, time is 
undoubtedly a n  important factor in the development 
of many others, especially if their progress is affected 
by viscosity. If the time required for the full develop- 
ment of the sluggish readjustments, that are demanded 
by a given change in temperature, exceeds the time re- 
quired to accomplish the teinperature change, the 
liquid can he brought to a temperature in a state of non- 
equilihrium. Moreover, if the cooling increases the 
viscosity so greatly that  the development of the lagging 
processes ceases altogether, the liquid (unless reheated) 
will remain indefinitely in  the undercooled state. I t  
may even attain the amorphous solid condition if 
cooled sufficiently. 

IVhen aliquid glass reaches any temperature in a state 
of nonequilibrium, i t  might seem iniprohable that this 
undercooled or superheated state corresponds closely 
to an ecluilibrium condition at some intermediate tem- 
perature between the temperature reached and that  a t  
which the liquid was in equilihrium when the cooling or 
heating was initiated. .Doubtless there are many cases 
in which such a correspondence is wanting, hut it ap- 
pears to exist in most glasses if the tests are not too 
searching. Considerable discussion of this point has 
been included in a previous 

(2) Equilibrium Curve of a Viscous Liquid 
n‘hen almost any glass is cooled and heated through 

its annealing range a t  a low enough rate, i t  is always 
practicallv in equilibrium on reaching any tempera- 
ture in that  range. By determilling the changes in 
various properties as these treatments proceed, equilib- 
rium curves can be established. A rapid heating or 
cooling from any temperaturc at which a glass is in 
ecluilihrium causes departures from these curves. If 
such departures are caused by sufficiently high rates 
of heating or cooling arid if the glass is returned to  the 
initial temperature with equal rapidity and no other 
lapse of time, the glass is still in practical equilibrium 
a t  that temperature. If, however, the initial heating or 
cooling i s  comparatively slow, the departures will he 
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less marked and a rapid return of the glass to  its initial 
temperature will show that  i t  is no longer in equilibrium 
there. After a few trials in which the same departure is 
always produced, the glass can be brought rap:dly to 
some other temperature a t  which it is in  practical 
equilibrium. This temperature will be higher or lower 
than the initial equilibrium temperature, depending on 
whelher the departure was caused by heating or cooling. 
It appears, therefore, that  in certain respects there 
has been no marked departure of the glass from the 
equilibrium sequence that i t  follows on slow heating and 
cooling. 

(3) Equilibrium Temperature 
In view of experiences just discussed, i t  has been coil- 

jectured that glass, when cooled or heated rapidly in 
the annealing rauge: behaves in many respects as  a 
solid material, whereas i t  behaves as a liquid when the 
rate of teml)crature cliange is low enough. Further- 
more, it  is inferred that the physirocheiiiical condition 
or state of a glass is reasonably well known only when 
both the actuaI temperature aiid that  other tempera- 
ture at which the glass would be in equilibriuni, if 
heated or cooled very rapidly to it, are known. This 
latter teniperature has been termed the “equilibriuin or 
fictive teniperature” of the glass, and a glass is under- 
cooled or superheated according as the fictive tempera 
lure  is reached hy  the actual temperature through heat- 
ing or cooling, respectively. The difference between 
these temperatures is obviously a measure of the de- 
parture of the glass from equilibriuin. I n  the following 
discussion, the equilibrium temperature will be desig- 
nated by 7 in order to differentiate it from the actual 
temperature, T.  

As stated earlier,2 the rate at which ec1uilil)riuni is 
approached whenever a superheated or undercooled 
glass is held a t  a constant teinperature in the anneal- 
ing range is roughly proportional to  the departure of the 
glass from equililxium. Moreover, if the departures 
are of the same magnitude and the teinl)eratures are 
different, the rates o f  apl)roach seem to he inversely 
proportional to the viscosity (which iucreases exponeii- 
tially with decreasing tem1)erature). Thus, although 
equilihriuni may he approximated in a few minutes a t  
the upl)er limit o f  the annealing range, t o  attain a 
similar degree of al)j)roxiiiiatio~i, even when the initial 
departure is no Kreater, may require irlany months if 
the treating temperatures are near the lower limit of 
the  range. 

(4) Changes in Equilibrium Temperature and Their 
Relation to Inelastic Deformability Under Elastic 
Molecular Strains 
Glass is still inelastically deformable to ail appreci- 

able extent a t  teinperatures far helow its annealing 
range, esl)ccially whcri it  is suhjected to considerahle 
loads. At such teinperatures and also a t  temperatures 
withill the lower part of the aiinealiug range, there are 

2 A. Q. Tool, “Relaxation of Stresses in Annealing 
Glass,” Jour. Resenrck Nut .  Bur. Standards, 34 121 199-211 
(1945); R.P. 1637; Ceram. Abs., 24 [5] 88 (1945). 
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indications that  glass has ceased to  be a truly viscous 
liquid and possibly has assumed a plastic nature.” 
That  is, whether the loads are of a purely mechanical 
or a physicochemical character, the number of flow 
planes appears to decrease rapidly with the temperature 
unless the loads exceed “minimum” limits which pre- 
sumably also vary with the temperature and condition 
of the glass. When flow in a plasticoviscous material 
is being maintained by stresses of a mechanical or a 
molecular nature, the viscous flow that  has been pro- 
ceeding unhampered along certain localized flow planes 
may become conipletely blocked a t  any time hecause of 
changed molecular relations or i t  may stagnate in a 
limited locality because conditions in the immediate or 
surrounding neighborhood have reduced or eliminated 
the load, at least temporarily. The resistance in a flow 
plane that has been blocked may likewise break down 
because the flow in neighboring planes has unkeyed the 
hlork or developed stresses that exceed the hreakdown 
limit. Some readjustments and molecular processes 
in a glass approaching equilihriuni corisecluently may 
not only develop much more rapidly than others but 
may also become completely hlocked at low annealing 
temperatures. The discussion’(n) of some peculiarities 
observed in  the exothermic effects yielded by samples 
of a chilled glass that  were only partially annealed at 
low annealing temperatures was based on this concept 
of the behavior of glass at low annealing temperatures. 
Furthermore, according to  this concept, any theory 
based on the assumption that  glass is a purely viscous 
liquid ohviously will not he applicable a t  temperatures 
helow the annealing range. The effects caused fly the 
development of a plastic condition are demonstrated in  
the following sections. Such effects, however, are 
simply modifications of the heat effects and density 
changes that  would have occurred if the elastic molecu- 
lar strains had relaxed because of viscous flow alone. 

It. Approach to Equilibrium 

(1) Differential Equations for Rate of Approaching 
Equilibrium 
According t o  introductory statements relative to  the 

(1) 

rate of approaching equilibrium, equation (I) is valid. 

KT = factor inversely proportional to viscosity (as long 
as little change occurs in coefficient of elasticity). 

dT/dt and T - T = time rate of change in equilibrium 
temp., T ,  and departure of this fictive temp. from 
actual temp., T ,  respectively. 

Assuming the empirical relation suggested by Twy- 
man4 for the dependence of viscosity on temperature 
in the case of a glass in its annealing range, equation 
(2) may be used with equation (I). 

k = Twyman’s constant. 
K = (obviously) value of KT when T = 0. 

3 A. Q. Tool and J. Valasek, “Concerning Annealing and 
Characteristics of Glass,” Bur. Stand. Sci. Paper, No. 
358, 35 pp. (Jan. 31, 1920). 

See also footnote 2. 
4 F. Twyman, “Annealing of Glass,” Jour. Soc. Glass. 

Tech., 1, 61-74 (1917). 

&/ l i t  = KT(T  - T )  

KT = KeTIk (2) 
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Thus, X is an extrapolated coefficient that relates to 
the inelastic deformability a t  0°C. Experience indi- 
cates that KT is approximately the reciprocal of the 
Maxwellian relaxation time for mechanical stresses and 
it is consequently extremely small for glass at ordinary 
temperatures. This apparent similarity between the 
approach to equilibriqm and the relaxation of ordinary 
elastic strains first suggested that the relaxation of cer- 
tain elastic molecular strains effects the approach to 
equilibrium. 

On combining equations (1) and (2), expression (3) 
results, 

dT/dt = K ( T  - T ) e T / k  (3) 

Even in the annealing range, equations (2) and (3) 
yield only a rough fit when they are applied to data 
procured on an annealing glass. For example, dr /d t  
will decrease somewhat more slowly with time in an 
undercooled glass and a little more rapidly in a super- 
heated glass than equation (3) allows. One purpose of 
this paper is to demonstrate this inadequacy of equa- 
tion (3) when it is applied to the extraordinary con- 
traction and expansion and to the exothermic and 
endothermic effects of a glass that is being heated 
through its annealing range. 

That equation (2) and, consequently, equation (3) 
are inadequate is not surprising since the effect of a 
changing r on the viscosity is ignored. From experi- 
ence, the manner in which a property seems to be 
affected by a change in r is similar to that in which it is 
affected by a change in T. It has therefore been as- 
sumed in previous cases* that equation ( 2 )  would be 
more nearly adequate if it had the form of equation (4) 

KT = KeTIop / h  (4) 

and if g and h were analogous to Twyman's constant k .  
Equation (3) then becomes (5) .  

(5) 
By this means, the inadequacies in expressing the 

change in r at all ordinary annealing temperatures seem 
to be removed. More precise data, however, on the 
changes that are caused in various properties and effects 
must be procured before a final decision on this point 
is reached. In any case, equations (4) and ( 5 )  obvi- 
ously are also inadequate as soon as glass ceases to be 
a purely viscous liquid and assumes a definite plastico- 
viscous nature; that is, equation (4) does not take into 
account the possibility that the coefficient of inelastic 
deformability may depend on the load. Equation (4), 
moreover, may not be adequate to express the changes 
in viscosity over wide temperature ranges. 

(9) Equations Modified for Linear Heating or 

dT/dt = R(T - r ) e T / o e r  / h  

Cooling 
In many heating tests, T is increased at a constant 

rate, which considerably exceeds that a t  which r de- 
creases at  temperatures below the annealing range even 
if the initial r value is high. Thus, in the plastico- 
viscous range of a glass, the relation between T - r and 
T diverges comparatively little from a linear one dur- 

* See footnotes l(c) and 2. 

ing any given test in which the heating rate is relatively 
high and constant. The absolute value of the factor 
T - r as it appears in equations (3) and (5) may be 
thought of as possessing some of the qualities of a 
mechanical load, especially in its relation to the in- 
elastic deformability of a plasticoviscous glass; that is, 
as this factor increases, the deformability increases. 
If the change in the plastic deformability is an expo- 
nential function of the load and if the special heating 
condition mentioned previously is met in any test, then 
equation (5)  should be modified for the plasticoviscous 
range by introducing the factor, e (T ' -T) /O' .  In  this 
exponential factor, T' is presumably near the upper 
limit of the range in which the glass is appreciably 
plastic. 

When a glass is being heated or cooled at  a constant 
rate ( d T / d t  = f R, respectively} instead of being held 
at a constant annealing temperature, equations (3) 
and ( 5 )  become (6) and (7). 

dT/dT = * ( (K/R)(T - r)e7*P (6) 

dT/dT = * ( K / R ) ( T  - r)eT/ger/h (7) 

If T and d r / d T  are given, T - r is definitely deter- 
mined according to equation (6) and the equation is 
also easily solved in terms of exponential integrals 
(equation (8)). If y = (T - r ) / k  and f x = 
(K/R)keTIk, then d r / d T  = *try and 

Ei(*x)  - Ei(+xo) = ye*x  (8) 

ax 
because dy =t ydx = -. In this equation, xo is the 

value of x for some particular temperature, To, at which 
glass was in equilibrium. For the condition that 
equilibrium does not exist a t  TO, the right-hand mem- 
ber becomes ye *# - yoe '"0). The negative sign before 
x is obviously used in the case of cooling, and y is 
positive or negative, depending on whether the glass is 
superheated or undercooled. 

With respect to equation (7),  assigning values to T 
and d r / d T  leaves T - r indeterminate since, under 
certain conditions, r may have (from a physical as well 
as from a theoretical standpoint) either of two values,? 

X 

t When y (or ( T  - r ) / h )  has the value +1, the product, 
cT lk ds/d T, has only one value, the maximum possible. 
If, in addition, dr/dT = +1, then y is at a maximum and 
e T l k  = Re/Kh.  Furthermore, T = kln(Re/Kh) is the 
minimum temperature, T,, for which dT/dT can be +l. 
That is, ye-# < e-l, if positive y is either greater or less 
than unity, and T > kln(Re/Kh) if dT/dT = 1 at the same 
time. 

When ye-u has a positive value less than e-l, y obviously 
has a pair of possible values, one greater and one less than 
unity. If T is the same in both cases, dr/dT will also be 
identical and the values of y, under such conditions, ob- 
viously correspond to different heating curves; that is, 
the larger value corresponds to a curve procured on a com- 
paratively well-annealed sample of glass (TO < Tm) while 
the lesser corresponds to a curve oDtained, under the same 
standard conditions of test, on a less well-annealed sample 
of the same glass ( T O  > T,,,). Furthermore, if &/dT = 1 
for these values of y, it follows that the common ternpera- 
ture, T, for the two cases is greater than T,. When the 
usual heating rate (3' to 6°C. per minute) is employed, con- 
dition y = 1 and dT/dT = 1 will usually occur only if the 
sample has been moderately well annealed. Since the heat 
effect (endothermic effect, for instance) is just getting 
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depending on T ~ ,  the ihitial value of r .  Although no 
simple solution for this relation is available, the course 
followed by T - r during any heating or cooling is 
quite definite for any given set of initial conditions. 
Since (l/g) + ( l / h )  = I / k ,  as previously shown,2 
equation (7) becomes l/x - (R /k )dy /dx  = *ye-u  if 
substitutions* y = ( T  - r) /h  and *x: = ( K / R )  heTIk,  
are made. From a practical standpoint, however, 
neither this nor any of the numerous other forms that  
can be obtained by various substitutions and trans- 
formations seem to possess advantages over equation 
(T). Although a solution of this equation is lacking, 
equation (7) as well as equation (8) can be tested by 
the use of therinal-expatisioii data  and also by a study 
of their significance with respect to the endothermic and 
exothermic effects observed in glass. 

(3) Relation of Equilibrium Temperature to Changes 
in Length 
When r ,  that is, T - k y ,  has been computed by 

means of equation (8)  for various temperatures through 
the use of assumed or determined values for k ,  K ,  Nu, 

and R, the computed results may be compared with ex- 
perimental data  obtained on any ~ ~ r o p e r t y  that  is sub- 
ject to  the extraordinary changes observed when a glass 
is heated or cooled through its annealing range. The 
linear ther i i~~l -ex i~~i i s ion  curves may be used, for ex- 
ample, although it is difficult to  determine precisely 
the expansi\~ities lor those values of T and r that  are 
in that  part of the practical annealing range where 
softening begins. Apparently, no great errors are 
introduced by assuming that the linear expansivities 
(a  for varying 7' and constant r ,  and ct  for varying T 

and constant T )  arc approximately constant through- 
out  the annealing raiige aiid have values that can be 
determined with reasonable ~recisioti near the lower 
limit aud sometimes even throughout the lower lialf 
of that  range. Thus, it a1)l)ears that the linear expaii- 

( t  foottiote conr-iiided ~ ' Y O I I Z  p u p  ?#.1') 

under way when t / ~ / d 7 '  is unity, the beginning of the eti- 
dothermic (or rapid expansion) effect in a moderately ail- 
iiealed sample api)arcntly often occurs at a sornewhat 
lower temj)eraturc than in the less or the more thoroughly 
aiirica1e.d sanil)les. ISsaniples of series of ciirves that 
present this appearatice are found it1 Figs. 1 arid 8 of a pre- 
vious publication .'(,') 

For t :e chille 1 an 1 aiineale.l sa:iiple.; t:iat were use 1 
i n  t '  c expanhu t e i t s  de.;cribe!l in tiiis paper, the te!ii- 
peratures a t  w'1ic.h d r / d T  eq,iale!l unity were estitiiatetl to 
be 586" and 578°C.. rcspc.tively. \ti :en T,,, was con-  
puted by rising the valitei foiin(l for k, h ,  an:l k' (or K/k-), 
the value 5i7.5"C. was obt <ine 1. 

If equation (8) were appli a Ie, there s1:oul;l lie no l',,, 
above w;iicli the ttiaxirna of t:;e etitlothertiii: effects niust 
be reached ant1 cortsequently they woul-1 not be confine 1 to 
a 1iniite:i range. Bxpcriencc shows that tlie te i:per.*tu;-e 
range in  which these tilaxima occur i, liniite 1 even if t ' x  
treatment of :I g l ~ s s  is v irietl 'greitly. 

'Ii = 
eT Ike(r - Wheti appearing, however, in an ex- 
ponent as in this case, 7' - r (although its magnitude is 
presumably proportional to certain tnolecular ztraiiis) 
catitiot be considered as necessarily having ail effect anal- 
ogous to that of a mechanical load i t i  its relation to iii- 
elastic deformations. 

* In making these substitutions, the identity '* is used. 

( 1946) 

sion per unit length through the annealing range is ex- 
pressed approximately by equation (9), 

(L - Lo)/Lo = a ( T  - 7'") - m ( ~  - ru) ($1) 

if Lo is the length of the glass sample wlien T = 7'0 (a 
temperature usually chosen at some point within or 
just below the annealing range that  may or may not be 
the  one for which x: =- xg and r = 70). The use of 
equation (9) in conjunction with equation (7) is con- 
sidered in section 111. 

111. 
sion Data 

(1) Thermal-Expansion Curves 
In a progress report, the writer'"" showed the in- 

adequacy of equations (6) and ( 8 )  by applying them to 
experimental expansion data. Although not indicated 
definitely, much of the discrepancy between experi- 
mental and-computed results could be eliminated by 
assuming that  the viscosity of glass is affected by 
changes in T much as it is by changes in T. A resume of 
that report and a fuller discussion of the effect of changes 
in T are presented here. 

The expansion data  used were obtained on two 
sainples of a borosilicate crown of the usual kind etn- 
ployed in thermometers that  are graduated to tempera- 
tures exceeding 500°C. One of the samples was treated 
a t  a high temperature (approximately 850 "C.) and 
cooled rapidly in  moving air in order to prevent r from 
falling Ixlow 650°C. The cooling rate of this treatniei?t 
in fact was such that the red glow of the small sample 
in a comparatively dark room disap1)eared in ahout 5 
seconds. The other sample was, treated for several 
weeks a t  T,OO°C. in order to reduce r to that teinprra- 
ture. Each saml)le consisted o f  three small pyramids 
of a t y l ~ e  that is suitable for exI)ansioti measurements 
by the interferometric method and that makes very 
rapid cooling possible after trcatincnts at high tcinIm-a- 
tures. The expansion measurements extended from 
room temperature to the softening point near (?20°C. 
and were made by Saunders according to the weightetl- 
spacer method which he has descrilied. 

T h c  portions of the resulting expansion curves he- 
tween %iO0 and W0"C. are shown iii Figs. I mid 2 
(curves ( I )  and (1')). The  relative I)lacetnent of the 
two cximision curves (curve of the chilled sample above 
that of the annealed) was deteriiiined by  making them 
liractic-all\ coincide at about (il5"C. where both 
sam1)les were just entering the range of slight 1)ut 
noticea1)le softening. The r values of the two samples 
in this range were ~)resuiu:il~ly almost eclual, and the 
values o f  T - r were doubtless not much greater than 
a degree siuce the heating rate used in these tests was 
onl>- :i"C. 1)er minute; that is, within the range o f  a"- 
1)recial)le sciftening, it is difficult to maintain T - r a t  
values exceeding I degree unless the rates of heatiiig or 
cooling are exceptioiially high. I11 other words, if de- 
f(irmatioii of the samples had not taken ~~lzicc, the ex- 

J. 13. Saunders, "Improved Interferorneti ic Procedure 
with Application to Expansion Measurements," Jour. 
Research .L7ut. Bur. Standards, 23 [ I  I 179 95 (1939); XI'. 
1227; Cerunz. <4bs.,  18 1111 306 (11139). 

Application of Equations to Thermal Expan- 

~~ ~~ 
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FIG. 1.- Coniparison of computed and experimentally 

y10 .I,>" 5 d S  G I ,  't 
TENPER4TURF 

deteniiined theriiial-expaiisioii curv 
thermoinelcr glass; 1 a d  1 I ,  

for aiiriealctl .;aniplc. (circles) anti chilled sample (dots), 
respectively; .,I aii t l  f j ,  tailgents to curves 1' and 1, re- 
spectively, at poiiits nrar 300 "C. ; E E ' ,  approxitnate 
therii~al-espaiisic~~i CUI-ve of glass when i t  does i ~ o t  depart 
from cquilil)riuiii Iwcause heating aud cooling rates are 
very low; C aiitl C', coniputcd thertnal~esparisiorl curves 
(broken hies)  corrcsponding to 1 and 1'. Thesc curves 
were coniputcd i i i  accord n.ith equatioii ( i i ,  aiict the 
departure of C' from 1 ' below 500°C. results presun1al)ly 
because equatioii is iiiapplirahlc while a glasb is iu i ts  
viscoplastic stag?. 

pansion curves presumably would have practically co- 
incided with the equilibrium curve from this point up- 
ward. This curve, represented by the line EE',  inter- 
sects the expansion curve of the annealed sample a t  
500°C. because up to  that  point there was no appre- 
ciable change in the T value of that  sample. If the 
heating rate from this point had been made xyery low, 
the resulting expansion curve on the annealed sample 
would have coincided approximately with EE' from 
500 "C. until the temperature of appreciable deforma- 
tion was reached. A line (such as EE') representing the 
sequence of equilibrium conditions in terms of change 
in length undoubtedly should be somewhat curved, hut,  
in  this purely demonstrational presentation, relatively 
minor details of this nature will lie ignored for the pur- 
pose of simplicity. 

(9 )  Method of Estimating Expansivities 
Between 300" and 500°C., the expansivity of the 

annealed sample was found to be about O.O(i0 ( p  per 
cm. per "C.); below this range, the average was less 
than 0.063. The expansivity of a severely chilled glass 
usually increases a few percent at atmospheric tem- 
peratures, but  the expansivity of the chilled sample a t  
300°C. was also about o.O~i(i in the same units. If a 
line coinciding with the expansion curve of the chilled 
glass an? having this slope (().OM p per degree) is ex- 
tended to  high teiul)eratures, i t  intersects EB' at Ci;i:%"C., 
which is presuniably the initial value of T in the chilled 
sample and also its value during the earlier steps of the 
expansion test and until the ecpilibriuin condition of 

the sample begins t o  change appreciably as i t  appears 
to  have done immediately above 340°C. This teni- 
perature is about 150' below the lower limit of the 
practical annealing range of this glass and is, therefore, 
far below the range in which purely viscous flow is 
presumed to be possible. 

If the relative placement of the two curves is ap- 
proximately correct, the difference (653 " to  500 ") be- 
tween the initial T values of the two samples produces a 
difference in length of 38.4 p per cm. This corresponds 
to  a linear expansivity of 0.251 p per cm. per degree 
change in T. In the usual units, this value also corre- 
sponds to  a volume expansivity of 0.75 X for a 
change of one degree in T, and i t  is about 0.7 as large as 
the value found by testing a borosilicate optical glass. 
The sum, 0.251 + 0.066 = 0.317, is presumably lo4 
times one third the volume expansivity of the glass 
wheii it behaves as a liquid within its annealing range, 
that is, when this particular glass follows i t s  equilih- 
rium curve (line BE').  

(3) Determination of Equilibrium Temperatures 
Knowing the expansivities and the initial r values, 

it is a simple matter to  compute the T value a t  any tein- 
perature, T ,  from the expansion curves. Thus, for the 
chilled glass, T = 653" - [O.OCiCi(T - :300°) - (I,, - 
I,30~),'1,300]/  0.2551 (see equation (9)) and, for the annealed 
glass, the expression is the same excel)t that  ,500" re- 
places (i53OC. In Fig. :% (curve ( I ) ,  circles, annealed; 
c-urve (1 '), dots, chilled glass), the T values so obtained 
are plotted against T.  

(4) Insufficiency of Equation (8) Which Relates 
Viscosity to Actual Temperature O n l y  
In view of the temperature range involved and the 

form of the T curve for the annealed glass, it  is com- 
1):trativcly easy to  select values for K and k that  make 
it 1)ossible to compute, by  means of equation (8),  a 
curve that follows the experimental curve moderately 
well. introducing the T values so computed into 
equation (9) and thus transforini~ig to ex~)ansitrns 
again, the computed results shown in Fig. 2 (curve 
(2)) were procured. To  delay the Iieginniiig of the 
rapid expansion to the point indicated by the experi- 
mental curve, it  was necessary in computing these 
r values and expansions to  assume that  KT possessed 
the value unity (reciprocal of one hour) a t  a rather high 
temperature (560°C.). It was then necessary to as- 
sign a rather high value (15 degrees) to  k in order 
to  prevent the expansion from developing too r a p  
idly when T - T reached the rather large values indi- 
cated by the experimental results. As a result, when 
this difference became comparatively small a t  high 
temperatures, the rate of expansion was too low as a 
comparison of curves ( 2 )  and ( I )  in Fig. 2 indicates. 
N'hen the values assigned to K and k were used to c o n -  
pute (?') for the chilled saniple, the contraction effect 
that accompanies a dtcreasing T was disj)' ,iced to t e n -  
Ijeratures that were far too high, since its raiige al- 
most coincided with that of the rapid expansion of the 
annealed sample. As a matter of fact, such a result is 
to lie expected because, in the developnient of equa- 
tion (x), the viscosity a t  any temperature was always 
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FIG. 2. -Cnniparison of thertnal-espallsiotl curve5 t1ctc.i - 
mined cswri!iicritally aiid coniputed i n  accord with equa- 
tion ( % ) ;  curics l ,  l ' ,  .-I, 13,  anti EE'  reproduced froln 
Fig. I ; 2 :md 2'  (large circles aiid large dots, respectivelyj, 
correspond to curves 1 and l ' ,  cornputed on assumption 
that nccessary coi~stants were k = 15 degrees, K = e 3 7 . a ,  

and 7', = 5f?l)'C and also that initial 7 values mere 500°C.  
aiid I X 3  "C. for annealed and chilled samples, respectively; 
3 and :3' (small circles aiid S:II 111 dots, respcactivclyi, 
similarly computed except constants were k = Ii3.5i dc-  
grees, A- = ( 8  I(i.I, and Ti = 544.1 "C. This comparison of 
expcriniental and computed curves indicates that equation 
(8) is unsatisfactory, prohal)ly hecause viscosity varies 
as rquilil~riuni tcniperai ure changes. 

I I I I .' 100 

PIG. 3 .   curves relating to changes in equilibrium 
temperature as glass is heated or cooled; curves 1 and 1' 
(circles and dots, respectively), equilibrium temperatures 
computed in accord with equation (9) from corresponding 
experimental curves 1 and 1 ' of Fig. 1 ; C arid C' (brokcii 
lines), equilibrium temperatures that correspond to curves 
C and C' of Fig. 1 and computed by a step-by-step 
method based on equatioti (5); H ,  A ,  antl D ,  tangents 
(d7 /d9 '  = 0) to equilibrium temperature curves 1 and C, 
l' ,  and C', respectively, a t  points near :30OoC.; E E ' ,  
trend of equilibrium temperature (slope d 7 / d T  = 1 ) whcn 
glass remains in  constant equilibrium because rate of 
heatiug (or cooling) is very low; r (parallel to E E ' ) ,  
tangent to curves 1 and C whet; degree of superheating 
(or T - 7 )  reaches niaxiniuni ; 1 , one of family of curves 
indicating conditions for constant viscosity; F ,  G ,  and / I ,  
approximate courses that would be followed by equilibrium 
temperature during cooling if cooling rates (30  O, 37.5 ', 
and 40°C. pcr sccond, respectively) from conlparatively 
high temperatures prevented equilibriurn temperature 
from falling hrlow fi5:3"C. wheii 7' Iwcamr zero. 

( t ~ t i f  

FIG. 4.-Slopes of equilibrium tenipcratre ucurces 1 arid 1 ' 
(Pig. 3) at  various actual temperatures. 

100 I 

.I_ 

TEMPE R A I ~ ~ R E  
FIG. S.--l>egrees of undercoding anti superheating ( 7  - T )  

indicated by curve5 1 anti 1 '  i n  Figs 1 and 3. 

presumed to be the same regardless of the value of 7. 

Consequently, unless there is a large difference in the 
absolute magnitude of the values of I' - T in the two 
cases, the contraction of the chilled sample and the 
rapid expansion of the annealed sample will begin at 
about the same temperature. The maximum rates of 
contraction and expansion in these cases will also be 
attained a t  temperatures tha t  are not niaterially dif- 
ferent. 

(5) Determination of Constants in Equation (7) 
Which Relates Viscosity to Actual end Equilib- 
rium Temperatures 
Since differential equation (T) has not been solved 

explicitly for T (except in the form of series suitable only 
for relatively narrow ranges in T/g ) ,  the foregoing simple 
procedure cannot be used in applying this equation to 
experimental data. If, the slopes, (h /dT,  are suf- 
ficiently well known at three well-separated points in 
the annealing range, the constants, g, h ,  and K / R ,  can 
he determined. Having made such determinations, it 
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is possible to  coinpare computed values for the ratio 
(dr /dT) / (T  - T )  at various temperatures with the 
similar ratios that  can be obtained by using the slopes 
(Fig. 4) and departures froni ecjuilibriuin (Fig. 5 )  that  
are both obtained from ciirves I and 1 '  in Fig. ;$. The 
relative error in the slope determinations from these 
curves unfortunately is large over much o f  the range of 
the extraordinary heat effects and, in some cases (es- 
pecially throughout the range of the superheatii~g of 
chilled specimens), the relative errors in determining 
T - r are also rather large. The data  olltained for 
dr/dT and T - r (Figs. 4 and 5) are considered to  be 
adequate for the purpose since this paper is purely a 
demonstrational presentation without Ilretense of high 
precision. 

The three ranges in which these data seemed to  be 
comparativelv good were near the respective tempera- 
tures ( l ) ,  that  at which (lr/dT = 1 ;  (2) that ,  at 
which this ~ I < J ~ ) C  attained a maximum in the case of 
the superheated anilealed sanil)le; aiid (;$), that near 
the temperature at which the ~ l ~ p e  reaches a miniinurn 
(maximum negativc value) in the case of the under- 
cooled chilled san~l)le. Letting p and d symbolize 
slope (dr/dT) and departure from equili1)rium ( T  - r )  
and the sulxcri1)ts c and a indicate the chilled and 
annealed saniIiles, respectively, data in tlie lirst two 
cases were ( I ) ,  p ,  = 1.00, I, = 3i8.OoC., r ,  = 51;$,OoC., 
and d, = (i5.0 degrees; and (2), pa = 5 . 3 i ,  T,, = 
(iO:{.O°C., r,, = 5i8.(I°C., and (1, = 23.0 degrees. 
I n  the third caw, data at a ])oint choseii near that 
of the ininiiiiuiii were (:O, p <  = -0.i2, T ,  = .X?..!)"C., 
r ,  = 58!I.iaC., a id  (1, = -40.8 degrees. I!se t h e  
first and third o f  these sets of data  with equation ( i )  
gives the result h / , g  = (7, - ra) / (Tm - T,) = ?.183.* 
On using this ratio iii coiinection with the second set 
o f  data, it follows that  g = I ! I . T X ,  Iz = U . 2 ,  and k = 
l:%.X. 'This value o f  Iz is rather high, hut it is by no 
means so cxtrenie as the value I3 that appeared neces- 
sary in tlie case of equation ( 8 ) .  

In using the value found for A / g  in connection with 
the second sct of data, advantage was taken of the fact 
that  p ,  = 5.3i was presumal)ly a inaximum. At such a 
point, dp/dT = 0 ,  and thus, on difierentiating equa- 
tion ( i ) ,  it follows that for this condition II = ( p  + 
I z / n ) d / ( p  - 1) and that p = (I + (i ,g),'( I - d / I ) .  

These ecjuatioris also hold for a mitiimum in p. The 
fourth set of data  was chosen at a point where such a 
minimum appeared to be and was as follows: (4), p, = 

degrees, and it was found that the expression relating 
p and d was reasonably well satisfied by these data  
without changing / I  and g. 

Having determined g and 11,  any of these sets of data  
can be used to  determine K / K  and also Tl/'k if TI 
symbolizes the temperature for which the gl 

-().it$, T,  = 540.0°C., r ,  = 591.(i°C., and = - > I , ( i  

* By iutroducing two sets of da ta  (such as the  first antl 
third presciitctl atiovc into cquatiori (7)) aid by equating 
the  logarithms of t tie ratios of the correspocidiiig members 
of the  two resulting equations, a rcarrarigcment of thc re-  
sult yields h/g = (T: ,  - T I ) / ( ' / . ]  - 7:1) + ( h  / ( 7 ' ] -  7':1)) 
In(plds/psdl). In this case, the  third set of da ta  was taken 
at a poitit such that pl/dl = pS!d:, approxiniately. The 
logarithmic term coiiscqueiitly tlisapi~rared. 

temperature satisfy equation ( i )  : curveX,  tvsts-of results 
(curves 1 and 1' in Figs. 3 ,  4, aiicl 5) dcrivetl from tlicrnial- 
expansion da ta  (curves 1 aiitl I ' i i i  Iiig. l ) ,  ortlinatcs oii 
right; curve C, tests of da ta  tlcrivetl froin ctirvc.25 C' and C' 
iu Fig. 3 (displaced ordiiiates o i i  l e f t ) ;  circles aiid dcts, 
annealcti and chilled glass, rcq)cctivcly. i i i  I)oth cases. 

in equililxium ( T  = T ) ,  has a relaxation time, 
eclualing 1 hour. That is, h' = (p / i / d )e -T  'I1e r/' '  = 
eP7'i / ' .  Since R = 180" per hour (:So per min.), thc 
two values for K are K ,  = c;"" 2o and h', = e 40.05 i f  
the second and fourth sets of  data are usrd. The cor- 
responding values for I', are 345.0" and :i4:',.n0C. 'l'wo 
such sets o f  data  should gix-e the same values for K and 
also for TI if equation ( 7 )  is apl)lical)le regardless of the 
treatment received by the glass; the fair agreement 
found here exceeds what should be expected in view o f  
the unreliability of the 0 arid p determinations. There 
is the probability, moreover, that R varied more than 
was apparent during the tests. 

After these constants are determined for a glass, the 
relaxation times, l / K T .  can lie ohtaiiied for all condi- 
tions and temperatures in the annealing range. Even 
the viscosity coefficients, 7, can be estimated if the clas- 
tic modulus, E ,  is known within reasonal)le limits, 
that is, 9 = L;/KT. 

(6) Testing Applicability of Equation (7) 
(.4) First Method: From equation (7), it  is al)l)arent 

that a straight line should result if In(d/p) - d / h  is 
plotted against In(R/K) - TI/<. That  is, as long as the 
viscosity varies approximately as 
provided tHe relation between it and the extraordinary 
expansion and contraction is that assumed), there 
should lie within the annealing range no departures 
from this straight line that are not ascribable to  uncer- 
tainties in t h e  data. For this test, the p antl d values 
from Figs. 4 and 3 and the /?. k ,  and K (average) values 
given in section ( 5 )  were used. (Since the rate o f  heat - 
ing was 180°C. per hour, li = (,5.i!':1 and In(!<, K )  = 
45.:i20.) 

The results of this test are shown b y  curve (/<) i r i  
Fig. (i. Between OOO" and 500°C., the de1)artures 
from a straight line are reasona1)ly sinall except in it 
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few cases in the range where the chilled glass became 
superheated and the  procurement of data  without very 
large relative errors was impossible. Beginning, how- 
ever, near 500°C. and extending to  lower temperatures, 
there is a steadily increasing departure from a straight 
line by the results for the chilled glass. The  sense of 
the departure indicates that (lr/dt a t  temperatures below 
the annealing range has ahsolute values (at least when 
7 - T is large) that  are greater than they would have 
been if the deformability had continued to  decrease 
with decreasing temperature according to its manner 
of decrease within the annealing range. 'That is, the 
relatively distended glass of the chilled saiiiple collapses 
under heavy loads more readily at these relatively loiv 
temperatures than would have occurred i f  it  had re- 
tained an almost purely viscous character with a vis- 
cosity coefficient that continued to  decrease with T and 
7 as in the annealing range. This result was expected 
because experience in attempts at estal~lishing eyuili1)- 
rium conditions a t  such relatively low temperatures 
led t o  the conclusion that  the rate of  collapse a t  these 
temperatures is no longer roughly 1)rol)ortional to the 
load, as in  the annealing range, hut decreases so much 
more rapidly as the collapse progresses that  (in the case 
of a glass approaching ec~~~il i l~r i i i in  at a constant tein- 
perature) the product of e ( T  - 7) '" / (T  - T)/& decreases 
rapidly (instead of remaining constant as it would if the 
glass were purely viscous) as (T - T )  hecoines small. 
That  is, when a glass is at a temperature such that  i t  is 
definitely plastic, this product exceeds or falls short of 
Key'/k in  iiiagnit ude according as the I)lipsicocheiiiical 
"load" (as represented b y  7' - 7) is large or sinall. 

Since 1;ig. 0 indicates that  the 
chilled sample did r i o t  heha s required Iiy equation 
(7)  until 500°C. was exceeded, it I)econies a matter of 
interest to  determine approxiiiiately how inuch lower 
than ci5:l"C. the initial T value would have been if the 
glass had behavetl according to  that equation througli- 
out the heating. Such a determinaticiri can be made 1))- 
laborious stcli-I)y-step comptitations. 

If the tenilwrature is constant, ecluation (5) can be 
written in the forin e 'dc /z  = - K e T W ,  in which z = 
(7 - ? ) / i t .  'I'he solutioii of this for m y  interval of 
time, At, for instaiicc, is I<i(-sl) - ! < i ( - zo )  = 
-Kc'"/kAt, i n  which c,) and r, are the v:tlues of c a t  the 
l)egirlning antl erid of the time interval. Consequently, 
tlie T value r e a c h d  I)y a treatment at 7.0 is T ]  = Iirl + 
Ti). Assuming the teinl)craturc t o  I)c changed so 
sharply from T,, to  T,, + AT at  the cnd of this first 
stel) that r1 is unchanged, it follows that ~ T ' f l ' k  is changed 
to  4 ' ~ ~ l  ' ' 7 ) ' k  a n c ~  that cIl is changed from (TO - T,,):h 
to :.I - A T / h  for thc scc.oiid step in wliich t he  glass is 
treated for a i i  interval, . ~ t ,  a t  :in increased tempera- 
ture. If s.' is tlie s value reached at thc erid of the 
second tinic iriterva~, tlic T valuca rcaclietl is 7 2  = lira + 
?'I] + AY', and after I I  siicli ste1)..l)y-htq) treatments, 
7, = IIC,, + Ti, + ( / I  - l ) A 7 . .  

I3y making AT',) . ~ t  T I< the rate of Iicatiiig i n  de- 
grees per hottr, tliis csl)onential intcxral cquation 
1)econies ecluatioii (10). 

Jli ( -z l )  = E:i( - z,,) - ( K / R ) < " '  "17 '  (10) 

[;sing equatioii ( i t ) )  i i i  the  stc~)-I)y-s tc~i  coinl)utation 

( l l l l l i )  

( B )  .%ca??tl Afcthod: 

and choosing some point (To, T ~ )  on the experimental 
curve as the initial condition produces a computed curve 
which passes through this initial point and approximates 
a curve that  satisfies equation ( 7 ) ,  and the smaller A T  
is made the closer will be the approximation. Inter- 
vals ranging from 0.5 to  (i degrees were tried. I n  some 
ranges, large intervals can I)e used without developing 
the progressively increasing error too much, hut when 
T is changing rapidly, intervals smaller than the least 
used would have improved the results ohtained. The 
intervals used in coml'uting curves (C) and (C') in 
Fig. :I were 0 . 5  and 1 degrees, and TO and 7" were ,516" 
arid 003.4"C., for the chilled saniple, and 5:!Oo and 
.50(1 "C. for the annealed sample. 'The coiiiputed cu'rves 
and the T curves derived directly from the experimental 
data  therefore intersect at these points. These com- 
puted curves, (C') and (C'), iiidicatc in both cases that 
the glass at temperatures aliove 5 i (i"C. 1)chavcd very 
nearly as eciuation (5) requires. 

ii'hen tlie pre\iously einl)loyetl t cs t  (made l)y 1)lot- 
ti I ig 1 n ( ( d / p )  e - - ' I  1") agai ii s t Iri ( (I</K ) e jk) was applied 
to  these coniputcd curves, thc results sliown 1)y curvc 
(C') i l l  Fig. (i were obtained. In view of tlie fact that 
intervals no smaller than onc-half degree were used, 
these results are as satisfactory as could he expected, 
and they indicate that  the computed curves, (C) and 
(C") (Fig. 3 ) ,  throughout most o f  their courses arc not 
far from curves that  fully satisfy kpation (7). 

(7) Evidences of Plasticity 
In  Fig. :$, the  trend of curve (("), conipared with 

that of curve ( I  ') at temperatures I)elow the annealing 
range, suggests that 853 "C. is ahout 28" higher than the 
initial r \ d u e  required i f  equatioli (7) had expressed 
reasomlily well the behavior of the chilled sample a t  
teiriperatures below as well a 4  within tlic annealing 
range. In accord with Ixeviously expressed surniises, 
this difference between the actual and required initial 
r values is presumably the result o f  the failure of q u a -  
tion (;) to take into account the iricrcascd moldi ty  
o f  plastic glass when subjected t o  very large loads. 
In ,  this connection, curve (/i) of Fig. (i iiidicates 
that those points obtained below 5 I O'C., where 
T - T is almost proportional to Z', would have heen 
aligned approximately with those olitained a h v e  that 
point if the abscissas for the lower of these rariges had 
been computed by means o f  tlic expression lii(I</K) - 
T,'k - (:I:$ - T)/5?.li, I t  is t o  be presurned that the 
values of the constants 1" antl g' o f  this added term 
(G1;io antl >t'.(io in this Ilarticular case) tlepend, at 
least, 011 the initial T value arid the ratc of heating. In 
\-iew of previous mention that iin atldcd term cotitairi- 
ing such constants might I)c intlicntcd untler certain 
conditions, tlie manner i n  n.1iic.h tlie rcsults 1)elow 
,-)11i"C, del)art from the basic straight line suggests that 
thc dcfortiia1)ility of glass iri its s~l)l)oseedly plastico- 
viscous condition is actually an rxl)onential function 
of the load as  well as of the tcwiperaturc. 'I'his 1)ossi- 
l)ility.nierits further investigation. 

'l-liis discussion of the possi1)le chracteristics of this 
I'articular glass at temperatures I~clow .-) 1 (i"C. must not 
i)e taken as a suggestion tliat it iindcrgocs sonic' sritldc~i 
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and definite change at that  point. I t  is more probable 
that all changes that take place in ordinary glasses 
while heating or cooling do so gradually over a con- 
siderable temperature range. That  is, this point for 
the upper limit of the plastic range has about the same 
significance as the softening point or the point chosen 
as the beginning of the rapid expansion range. 

(8) Use of Equation (7) in Determining Cooling 
Curves 
The magnitude of the cooling rate that  produced 

a n  initial T value of 653°C. was a matter of some 
curiosity. Approximations to cooling curves (as shown 
in-Fig. 3) were therefore computed by the step-by- 
step method,* and it was assumed that  T had fallen to 
653°C. by the time T had fallen to  550°C.,'below 
which there had been no further appreciable change 
in T. It was thought that  the cooling rate might have 
been about 40" per second, since it appeared that the 
sample in cooling from 850°C. had lost all redness in 
about 5 seconds. The cooling curve procured for 
that rate suggests, however, a lower rate since it indi- 
cates a crossing of the equilibrium curve at a tempera- 
ture slightly above G70°C. rather than a t  850°C. When 
a rate of 30' per second was used in the computation, 
the resulting curve began at about 655°C. t o  diverge 
from the equilibrium curve instead of continuing to 

* Equation (8) can'be used to  determine directly a rate 
of cooling that is definitely lower than the required rate to  
produce a given T valbe ( T ' )  when T bec'omes zero. When 
T reaches zero, x = K k / R  and is very small unless R has 
a very low value. Consequently, ez = 1 and Ei(- x) = 
In(Kk/R) + y approximately. (Euler's constant = y = 
0.5772+.) Thus, equation (8), for cooling from an 
equilibrium temperature, TU, to zero degrees becomes 
-T ' /k  = I n ( K k / K )  + y - E i ( - x o )  which, since xo = 
(Xk/H)eTu/k, may be changed so as to become [(To - 
~ ' ) / k ]  - y = lnxu - Ez(--xo). From this equation, xu 
is easily determitied approximately when the left-hand 
member is known and adequate tables of exponential 
functions and integrals are available Thus, R is known 
if To and the necessary constants of the glass are known. 
Moreover, XU is so large, when the starting temperature, 
To, is high and R is not too great, that Ei( -XU) is negli- 
gible. Consequently, for such cases, H = KkeYfr ' /k .  
Using the values previously found for K and k and as- 
suming that equilibrium was established when cooling 
began at a starting point near 850°C.. it is apparent that 
xu is large for this case and that R = 19 9' per second ap- 
proximately. Thus, a rate computed in this manner and 
known to be too low, is about one half that indicated by 
the step-by-step computation described previously. 

I t  is desirable occasionally to estimate a minimum for 
the rate at which a glass in equilibrium a t  some tempera- 
ture, To, can be cooled to room temperature without ma- 
terial change in T from ru = To. In such a case, R must be 
so large that xo becomes very small. I t  then becomes ob- 
vious, on expanding E~(-xo)  in the above equation for de- 
termining XU, that TO - T' = kxu approximately and that 
R = KkzeTu'k((To - 7'); That is, if equation (8) were 
applicable, R is the mmunum rate necessary to prevent 
T~ - T' from exceeding some small assigned value. If k is 
replaced by g, and K by Kerolh, the result is that which 
would have been obtained if equation (7) had been used 
for the same purpose and on the assumption that 7 varied 
so little that e r l h  could be treated as a constant The 
ratio of these results for R is g 2 / k 2  and the smaller result, 
at least, is much lower than required, but such computa- 
tions aid in estimating the cooling rates required to ob- 
tain desired 7 values. 

approach it.  That  is, this rate was much too low un- 
less, a higher rate preceded it, for example, from 850" 
to  about 66OOC. Without using very small intervals in 
the computation, it also appears that  a rate of 37.5" 
per second is somewhat too low. Thus, i t  seems that 
the probable average rate of cooling in the chilling 
treatment was slightly under 40" per second (see curves 
( F ) ,  (G), and (11) in Fig. 3). 

IV. Application of Equations to Endothermic and 
Exothermic Effects 

(1) Relation of Heat Effects to Inelastic Deform- 
ability 
As previously stated,+ the manner in which strain is 

dissipated in annealing glass and the character of the 
exothermic and endothermic effects, ohserved when 
chilled and annealed glasses are heated, suggest the 
gradual development and disappearance of a degree of 
plasticity in glass as cooling and heating, respectively, 
proceed within and especially below the practical an- 
nealing range. As in the case of the expansion effects, 
so also in that  of the endothermic effect, the degree of 
plasticity that  develops within the useful annealing 
range can apparently be ignored. At  unusually low and, 
for most purposes, impractical annealing temperatures, 
i t  seems necessary to assume the existence of a con- 
siderable degree of plasticity in seeking a n  explanation 
for the progressive changes which appear in the exo- 
thermic effect of samples of a glass that, subsequent to 
a severe chilling from a high temperature, have been 
annealed for different periods of time at a very low 
annealing temperature. Curves showing such effects 
have previously been presented,l(") and the progressive 
changes are believed to indicate that  some molecular 
readjustments leading to equilibrium conditions de- 
velop rather readily a t  low treating temperatures 
while others develop very slowly or not at all until 
the glass is subjected to higher treating temperatures. 
Such differences in the rates of development are easily 
explained if i t  i s  assumed that  only a portion of the 
flow surfaces normally available at temperatures in  the 
annealing range are still open at lower temperatures for 
viscous flow while other portions are either entirely 
closed or are practically so unless exceptional loads are 
applied. 

Careful consideration will show that the heat gener- 
ated by the flow, as the elastic molecular strains (which 
are excessive because of superheating or undercooling) 
are relaxed, is probably negligible compared with the 
observed heat effects. These considerations then lead 
t o  the conclusion that the observed heat effects are the 
result of a rapidly changing specific heat as  the equili- 
brium temperature changes. 

(9)  Experimental Conditions in Determining Heat 
Eff ects 
For understandable reasons, the actual conditions 

that exist in obtaining curves which show exothermic 
and endothermic effects are always different from the 
idealized conditions aqsumed in discussing the methods 

t See Tool, footnote 2 ,  and Tool and Valasek, footnote 
3 .  
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of test. Generally, the test sample is assumed t o  be so 
small that  any temperature gradients within i t  while 
heating or cooling at a considerable rate can be neg- 
lected. Actually, this condition is seldom approxi- 
mated and, as a result, the observed heat effects are 
blunted and spread over a temperature range that is 
somewhat too broad. 

In tests of this kind, the well-known differential-ther- 
mocouple method is commonly used. One hot junc- 
tion of this couple is in the test sample, while the other is 
either in the wall that  supplies the heat to  the heating 
sample and that  supposedly conforms t o  an isothermal 
surface or it is in a so-called neutral Ilodv tha t  is eri- 
closed, in contact with the  sample, by the same iso- 
thermal wall. There is also, supposedly, no transfer of 
heat from one of these junctions to the other that would 
appreciably affect the magnitude of  the heat effects 
that  are sought. These ideal conditions at best are 
only approximated and, as a result, any improvement 
in the  test conditions usually accentuates the effects 
as they are shown by heating curves. 

(3) Relation Between Heat Effects and Changes 
in Equilibrium Temperature 
If T is the temperature of the test saiuple at any iri- 

stant and if the simultaneous temperature of the iso- 
thermal wall is T,, the  rate of heat (TI)  supply to  the 
sample is dfI/dt = A (T,” - T ) .  [Jnder idealized con- 
ditions, the factor A is the product of the area and the 
so-called external conductivity of contact between 
sample and wall. If the sample weighs 1 gni., the rate 
of its heat a1)sorption equals this rate of supply and is 
s“dT/dt + udr/dt in the case of glass. In  this expres- 
sion, CT is the heat absorbed per dep-ee increase in r and 
S” is the normal specific heat. Both o f  these coefi- 
cients, like the expansivities, are functions of  r and T.  
Thus, s” = s( I + bT + or) = S’ + S ~ T  serves as a first 
approximation for the change in the specific heat  with 
these temperatures. In  the  second form of this a p  
proximation, s’ is presumably independent of T and is, 
consequently, the same for all samples of a glass whe- 
ther chilled or annealed. The normal specific heat of a 
material represents (i.n the case of heating) both the 
energy required t o  increase the thermal agitation and 
that  t o  expand the material against the  so-called in- 
trinsic pressure that results from the molecular attrac- 
tions. Increases in T d o  not affect the thermal agita- 
tion but  are nornially accompanied by expansions which 
generally reduce the intrinsic pressure somewhat, since 
a separation of the molecules usually reduces their 
mutual attraction. Consequently, u represents only 
an energy of separation and p is normally negative. 

By equating the heat supplied to  that  absorbed and 
by introducing the first approximation for s”, the re- 
lation, T,  - T = (R/A)(s’ + sbr + u d T / d T ) ,  is ob- 
tained and, for the neutral body, which presumably 
has no peculiar characteristics in the temperature 
range of the  tests, the corresponding equation is T,. - 
T, = if R and R, are the heating rates of the 
sample and neutral body, respectively. It is helpful 
in practice if s,’’ = s’, and A,  = A ,  al)proxiniately. In  
such a case, equation (11) results. 

I n  this equation, T,, the  r value for a very well- 
annealed sample, is introduced because r never can 
be reduced to zero in  ordinary glasses. 

In  the following discussion, G represents the experi- 
mental results found for T - r,. Ordinarily these ex- 
perimental results are greatly affected by gradients 
and consequently seldom approximate the values that  
T - T, should have under ideal conditions. For ex- 
ample, in testing a well-annealed sample, T - T, 
should approximate zero throughout the range between. 
the temperature at which a steady heating condition 
is first established and that  a t  which the endothermic 
effect begins. This is obvious because K ,  = K, r = T ~ ,  

and dT/dT = 0. However, G may have a fairly large 
value that  is either positive or negative, depending on 
the characteristics of the heating furnace and the 
manner of packing the simple and neutral body. 
Il’hen proper care is taken, the disturbing gradients 
do not change materially between the time a steady 
condition is ’first developed and that  a t  which granular 
samples show a considerable degree of sintering. Since 
a disturbing degree of sintering seldom takes place be- 
low temperatures that are well above those required for 
the completion of the endotherrnic effect, a second 
steady condition of heating is usually developed. In 
these ranges of steady heating, the G values change 
slowly and only because A ,  s’, and u change slightly 
as T (and also r ,  when the second steady condition is 
reached) increases. Thus, when the results for G are 
plotted against T ,  the  curves show two distinct levels, 
one preceding and the other following the heat effects. 
If these levels are represented by GI and G2, repeated 
tests on identical samples show that  GI - Gn does not 
vary greatly if proper precautions are taken. For this 
reason, G will be considered to  represent properly T - 
T, plus an error that is practically constant and can 
be neglected at least as long as only differences in the 
determinations of G for a single test are considered. 

When several samples of a glass are tested, they will 
ail have attained approximate equilibrium when the 
second level is reached and the several curves can 
properly be made t o  coincide approximately in this 
region, although the GP values may be quite different 
because of the errors mentioned. Because the variation 
in GI - G2 is usually small in  the case of identical 
samples, the initial levels of the curves will then almost 
coincide unless there is a wide spread in the initial T 

values of the several samples. That  is, when the 
spread is not large, the effect of the differences in the 
initial r values is often masked by the errors ‘in deter- 
mining GI - GB, but this masking is insufficient to  hide 
the effect of differences as  large as those fourid be- 
tween the r values of severely chilled and well-annealed 
samples (Fig. 7, curves ( 2 i )  and (:B), see also Tool 
and Eichlin, Fig. 8, footnote 1 (a ) ) .  

The significance of the difference between the initial 
levels of these curves is at once apparent from equation 
( I  I)  when i t  is considered that  dr/dT is approximately 
zero and unity in the ranges of the first and second 
levels, respectively, T o  make this significance more 
apparent, it  will be assumed that  the change i n  i l  with 

1’ - T, = (R/ . l )  (s’ i- 1 + R,,/R) - S@ (T - ra)  - u dr’d7‘) G i l l )  

(1946) 
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TEMPERATURE OF GLASS 
FIG. i.-Exother~nic and endothermic effects; curves 27 

and 38, ohserved effects 011 heating chilled and annealed 
samples, respectively, of borosilicate optical glass; curves 
1 and 1' indicate approximately the heat effects which; 
according to curves 1 and 1' in Fig. 1 and curves 1 and 1 
in Fig. 4, should be fopnd for annealed arid chilled samples 
of borosilicate thermometer glass if decrease in specific 
heat with increasing equilibrium temperature were in- 
significant. Separation between curves 27 and 38 below 
400 "C. is mairily the result of comparatively low specific 
heat when 7 is high. 

temperature is negligible. In that  case, GI - Gz = 
( R / A ) ( s ~ ( T ~  - T ~ )  + u), since R,/R = 1 a t  both levels. 
Thus by neglectirig the relatively small- p term, the dif- 
ference between the leve!s is al)proxirnate:y Ku/A, but 
since p is negative, there is sonie increase in GI - G? as 
the initial T value, T ~ ,  is increased and thereby cadses 
the p term t o  decrease. The T value, T?, is that  of the 
temperature a t  which all of the various curves, when 
plotted t o  shnw the results of a series of tests, are 
brought into coincidence i n  the range of the second 
level. Unless R is very low or the glass has been chilled 
severely, 7 2  is greater than 71. 

When d T / d T  reaches its inaxirnuni negative and posi- 
tive values in the teniperature range between the first 
and second levels, the heating curves (as plotted) 
attain, respectively, their maxima (exothermic ef- 
fects), which are observed in chilled glasses only, and 
their minima (endothermic effects), which are very 
pronounced in  all annealed glasses. During the exo- 
thermic and endothermic effects, (R,,/R) - I takes on 
small negative and positive values, respectively. Con- 
sequently, in both cases, the effect of the s' term (equa- 
t i p  (11)) is t o  detract somewhat from the effect of the 
u term. The s' and p terms, again being relatively 
small, may be neglected for simplicity. Then, if the 
values obtained for T - T, a t  the peaks of the exo- 
thermic and endothermic effects are designated by 
Ga and G4, respectively, it  follows that  G, - GI = 

- ( R u / A ) ( ~ ~ T / ~ ~ ~ ) , , , ~ "  and G4 - GI = - ( R  u/"l) 

I I I I I 1 , L  
400 500 600 
TEMPERATURE 

FIG. 8.---Comparison of computed exothcrniic atid endo- 
thermic effects; curves 1 and 1', (large and small circles, 
respectively) sanic as 1 and 1 ' of Fig. 7 ;  curves C and C', 
coiiiputed effects in  accord wi th  coniputctl curves C and 
C' of Figs. 1 and 3 ;  failure of equation (7) to account for 
plasticity of glass below atiiicaling raiige presutiiably 
causes divergciirc between C' awl 1 ' below 500°C.; 
cxirves 2 attci 2' (broken liiics) cotiiptitcstl heat effrcts in  
accord with curves 2 and 2' i l l  Fig. I .  Witlc (livergelice 
between these curves and 1 and 1' presuiiial)ly caused I)y 
failurr of equation (8) to account for 110th plasticity o f  
glass bclow 500°C. and decrease in viscosity as eqtiilil)riut~i 
telnperaturc iiicrcases. 

( d ~ / d T ) , , , ? ~  roughly apl)roxiniate actual conditions. 
.As estimated from curves ( 2 i )  and (:38) in Fig. 7, i t  
appears that  the three differences, GI - G?, G3 - GI, 
and G, - GI are about 1.8, 1.0, and -8.0°C., fespec- 
tivelv Consequently, (d~/dT),,, , ,  = -0.k5, and 
( d ~ / d T ) , , , , ,  = 4.1. When compared with the respec- 
tive values - O . i : $  and 5.37 found from the expansion 
curves of the thermometer glass, the values obtained 
from the  differential heating curves of the horosilicate 
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optical glass appear rather low. This result, however, 
is t o  be expected since experimental conditions pre- 
vent the heating curves from showing the  full magni- 
tude of the heat effects. 

If the magnitude of the endothermic effect and the 
corresponding change in  7 could be accurately deter- 
p i n e d  (especially in a thoroughly annealed glass), it  
should be possible t o  determine the ratio s"/u, since 
the relation between the relative cooling of the glass 
and the change in 7 should be expressed approximately 
by s"(GI - C,) = u(7q - T ~ ) ,  in which 74 is the mag- 
nitude of T when the relative cooling reaches its peak. 
A rough estimate which could be : $ O ~ o  or more in error 
gave the result s"/u = 140/8. In  arriving at the esti 
mate of 140 degrees as the value of T~ - T , ,  the  initial 
equilibrium temperature, 7], of the sample that  yielded 
curve (38) was considered probably to  be somewhat 
below 41iOOC. and 7 4  not far below ( i O O O C . ,  since the 
difference between the actual and equilibrium tem- 
peratures is not great when the endothermic effect 
reaches its maximum. 

Since the rate of temperature increase in obtaining 
the heating curves under consideration was about (i 
degrees per minute, it  follows that  u / A  = (GI - 
Gz) /R  = 1.8/0.1 and, from this result and the foregoing 
ratio, that s" /A  = 315. Thus, for any probable value 
of S" at temperatures in the annealing range, A appears 
to be in the order of lW3.  This value is a n  approxi- 
mation only but  is within reasonable limits, since 
the  conduction of heat from an undetermined surface 
in the furnace through a wall of uncertain area com- 
posed of a thin layer of burned asbestos paper and a n  
undetermined thickness of granular glass or Alunduni 
must he considered in evaluating A .  This uncer- 
tainty is of minor significance, however, since the 
chief purpose of introducing the rough approxima- 
tions is t o  give a clearer picture of the significance 
of the curves resulting from this rather complicated type 
of test which, although excellent in a qualitative sense, 
does not lend itself to precise determinations. 

(4) Estimated Heat Effects Based on Equilibrium 
Temperatures Obtained from Thermal-Expansion 
Curves 
In  addition to the reproduced curves ( 2 i )  and (38) 

(which were obtained by  tests in which R = 0" per 
minute), Fig. 7 also contains curves obtained for coni- 
parison by plotting the data, shown in Fig. 5 for 
d.r/dT, according t o  the manner and scale used in 
the  experimentally determined differential heating 
curves. Although the two glasses were unlike, the treat- 
ments were not too dissimilar. Consequently, it  seemed 
that  their observed exothermic and endothermic ef- 
fects should have had about the same magnitude if 
the heating rates had been the same. To make Ga - 
GI and G4 - GI approximate 1 O and -H0, respectively, 
for the synthetic curves (right-hand scale of Fig. f ) ,  it  
was necessary to multiply the values of d ~ / d T  by 1.48. 
This factor corresponds to  R u / A ,  since d ~ / d T  is zero 
in the range of the first and unity in that  of the second 
level. When the difference in the heating rates is con- 
sidered, the factor in this case has little definite sig- 

(1946) 

nificance, since halving the heating rate changes the 
magnitude of the heat effects appreciably. Neverthe- 
less, a survey of the  heating curves obtained on a num- 
ber of ordinary glasses indicates tha t  the average 
magnitude of GI - Gz is near 1.Fio. 

In preparing curve (l'), the s @ ( T ~  - T ~ )  term was  
neglected. As a result, GI - Gz is the same for both 
synthetic curves, (1) and (1') (Fig. 7); that  is, the de- 
crease in sH (at low temperatures) as T~ is increased 
was ignored. In  all other respects, the two sets of 
curves, experimental and synthetic, are quite similar 
in form. 

In  Fig. 8, the synthetic differential heating curves. 
(2) and (2') (for chilled and annealed samples, respec- 
tively) correspond t o  the curves with similar designa- 
tions in Fig. 2, and are replicas of those shown before 
the Glass Division in 1942."@) As then, these curves 
are now presented to  show that  the form of the exo- 
thermic effect, if the viscosity of glass depended only 
on the actual temperature, would not be that of the ex- 
perimentally determined effect. It is also apparent 
that  the exothermic and endothermic effects of a chilled 
sample would then occur, contrary to experience, ex- 
actly within the temperature range of the endothermic 
effect of a well-annealed sample. In  plotting these 
curves, d.r/dT= * x y  (see equation (8)) was also multi- 
plied by the  factor 1.48 t o  hring them into conformity 
with the other curves of Fig. 7. 

Curves (C) and (C') correspond to the similarly des- 
ignated curves in Figs. 1 and 3 .  These curves were 
obtained from the values of dr/dT that  were procured 
by the previously descrihed step-by-step computations, 
and they show a definite approach t o  the form and 
relative placement of the experimental curves. They 
also closely resemble the  synthetic heating curves 
(Fig. '7) that  were derived more directly from the ex- 
pansion data, except that  much of the heat developed in 
the plastic range is not represented. That  is, the  de- 
pendence of the viscosity on 7 both hroadens the exo- 
thermic effect and displaces it somewhat toward tem- 
peratures below those of the endothermic effects of 
annealed glasses, even if plasticity is not taken into 
account, 

V. Speculative Discussion 
I n  addition to  the external pressure which is compara- 

tively small, two pressures to  be considered in  relation 
t o  liquids are (1) the thermal pressure arising from the  
collisions of the thermally agitated molecules and (2) 
the so-called "intrinsic pressure" arising from the 
mutual attraction of the molecules. On the average, 
these opposed pressures are equal when a liquid is in a n  
equilibrium condition at any temperature. Cooling 
or heating a viscous liquid rapidly from a temperature 
at which equilibrium has been reached disturbs the 
balance between these pressures because the liquid is 
then no longer in  an equilibrium condition at the tem- 
perature reached and may be  said t o  be in  a condition of 
"distension" or "compaction," respectively. If the 
change in thermal pressure during a heating or. cool- 
ing is always greater than tha t  in  the intrinsic pres- 
sure, it follows that  (until a balance is reached between 
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the pressures) the intrinsic pressure will gradually com- 
press the relatively distended liquid after an undercool- 
ing and the thermal pressure will gradually expand the 
relatively compacted liquid after a superheating. 

The work expended when such a compacted liquid 
with a density, D ,  expands a t  a constant temperature 
and against the intrinsic pressure, P, equals the me- 
chanical equivalent of the heat absorbed because of the 
expansion; thus, Pdv = JDudr. From the previous 
discussion of expansion tests, the result, dv /dr  = 0.75 X 
lop4, was obtained for the glass tested. For the same 
glass, D = 2.5 approximately, and according to the pre- 
vious very rough estimate, u = s"/17.5. Although S" 

for this glass is unknown, i t  appears from a summary6 
of the results of a number of investigations that the 
specific heat for the average glass a t  temperatures in its 
annealing range is somewhat in excess of 0.2. On the 
basis of these rough values, P = 1.6 X 10'" dynes per 
sq. crn.; that is the intrinsic pressure of glass in its 
annealing range ,appears to exceed 1.5 X lo4 atmos- 
pheres and, as previously pointed this is the 
same order of magnitude as that of values that have 
been mentioned as possible for the intrinsic pressure of 
water.? If it becomes possible to obtain really de- 
pendable values for the intrinsic pressure of glasses and 
other viscous liquids by this or other means, the values 
will be of considerable interest since this theoretical 
pressure is closely related to surface tension and to cer- 
tain other properties. It is also to be hoped that 
speculations of this sort may help in those theories that 
are based on X-ray studies of glass. This hope rests on 
the assumption that the excessive compaCtions.and dis- 
tensions found in extremely viscous liquids when super- 
heated and undercooled are in some comparatively 
simple manner concerned with the character and size 
of the larger molecules in these liquids. 

Such molecules not only add to the viscosity and 
thus hamper the readjustments of smaller molecules to 
temperature chsylges but, when present in relatively 
large numbers, probably form comparatively extended 
frameworks8 (supermolecules) that also become too 
compacted (or distended) whenever the temperature 
is rapidly raised (or lowered) and that are delayed in 
correcting this incompatibility by the viscosity and 
plasticity to which they presumably contribute so 
greatly. As previously pointed chain- or ring- 
like moleculesg and some other forms of extended 
molecular structures that often have been discussed 
as possibilities*'might easily be subject to such incom- 
patibilities whenever there is a temperature change. 

Within the annealing range, these extended lattice- 
- 

6 G. W. Morey, Properties of Glass, pp. 212-18 and 531- 
39. Amer. Chem. Soc. Monograph Series, Reinhold 
Publishing Corp., New York, N. Y. ,  1938. 501 pp.; 
Ceranz. A h . ,  18 121 48-49 (1939). 

7 H. S. Taylor, Treatise on Physical Chemistry, Vol. I, 
pp. 141-43. 

8 A .  Q. Tool and C. G. Eichlin, Variations in Glass 
Caused by Heat-Treatment," Jour. Amer. Ceram. Soc., 

I>. Van Nostrand Co., NFW York, 192.5. 

8 [ l ]  1-17-(1925); P.  13. 
9 E. Preston, "Structure and Constitution of Glass," 

Ceram. Tnur. Soc.'Glass. Tech., 26 1141 82-107T (1942); >is., 21 [ l l ]  233 (1942). 
* See Morey, footnote 6, and Preston, footnote 9. 

like structures formed from simpler molecules are pre- 
sumably unstable in the sense that they (individually 
but not on the average if equilibrium exists) are being 
continually altered in form and size by the thermal 
agitation of the components. The rate of alteration, 
however, is presumably so low that the structures not 
only chqnge comparatively little during a rapid heat-. 
ing or cooling over even considerable temperature in- 
tervals but also persist in a compacted or distended 
state for appreciable periods after the end of the heat- 
ing or cooling. 

As the thernial agitation decreases in a cooling liquid, 
the persistence of such structures presumably increases 
rapidly and the rate of increase doubtless parallels that 
at which the viscosity increases. The structures, 
moreover, gradually become permanent and probably 
attain a considerable elasticity of form if the cooling 
is extended to temperatures considerably below the 
practical annealing range. The liquid is overly dis- 
tended a t  this stage and the intrinsic pressure exceeds 
considerably the thermal pressure. Consequently, 
much of the contraction on cooling consists of some- 
thing akin to an elastic compression in which the struc- 
tural members suffer various excessive elastic distor- 
tions or molecular strains. 

As the thermal pressure decreases toward zero on 
continued cooling, the elastic resistance of the struc- 
tures becomes a greater and greater factor in balancing 
the intrinsic pressure. I t  seems, however, that their 
elastic coefficients ahould also be increasing quite rap- 
idly at very low temperatures. In  that case, the in- 
crease in compression per degree decrease in tempera- 
ture decreases, and the increase in the elastic coefficients 
may even be sufficient a t  low temperatures to cause the 
strains, that have been building up, to diminish. The 
expansivity of the vitreous solid, furthermore, may he- 
come negative if the expansion caused by this diminu- 
tion in strain more than offsets the contraction which 
accompanies the decreasing thermal pressure. That is, 
many, if not all, vitreous materials may yield expansiv- 
it? curves that, in this respect, resemble the expansivity 
curve of vitreous silica a t  very low temperatures.10 

The compacted condition as caused by rapid heating 
can be produced to an appreciable degree only in the 
annealing range. In  this condition, the excessive 
thermal pressure may also be regarded as the cause of 
elastic molecular strains; that is, the excess of the 
thermal over the intrinsic pressure is balanced 1157 the 
elastic resistance of molecular structures to distortion. 
Even after equilibrium is estal)lished, molecular strains 
are doubtless present and continually varying about 
an average as one after another of the pressures be- 
come temporarily the greater in limited element< of 
the whole volume of liquid 

VI. Conclusions 
Practically speaking, glass at temperatures within 

and above its annealing range I S  a purely viscous liquid 
that is easilv undercooled or superheated because its 

lo R. B. Sosman, Properties of Silica, pp. 35247.  
Ceram. Abs. ,  7 
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Chemical Catalog CO., New York, 1927; 
[ 7 ] 505-506 61928). 
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viscosity is so very high. At temperatures far below 
its annealing range, glass behaves as an elastic solid 
although there is an  intermediate range in which it 
possesses thecharacteristicsof a plasticoviscousmaterial. 

While the condition of an undercooled glass is not one 
of equilibrium at the actual temperature of that glass, it 
usually corresponds to  one of equilibrium at some tem- 
perature within the annealing range and, if the actual 
temperature is raised quickly enough to that point, the 
glass will be practically in equilibrium there. A corre- 
sponding relation exists between the condition of a 
superheated glass and some equilibrium temperature 
within the annealing range. The degree of undercool- 
ing (or superheating) is measured by the difference be- 
tween the actual and equilibrium temperatures. 

The properties of a glass are affected not only by 
changes in the actual temperature but also by changes 
in the equilibrium temperature. Thus, the expansion 
of a glass increases when the equilibrium temperature 
is increased as well as when the actual temperature 
rises, and lowering either temperature increases the 
viscosity very rapidly. 

The equilibrium temperature ordinarily changes a t  
a perceptible rate only when the actual temperature 
exceeds the lower limit of the annealing range, but, if 
the degree of undercooling is very high as in quenched 
glasses, it decreases a t  appreciable rates even when the 
actual temperature is in the, temperature interval im- 
mediately below the annealing range and within which 
glasses take on a plastic character. 

The rate a t  which the equilibrium temperature 
changes is proportional to  the degree of undercooling 
(or superheating) and also to the inelastic deformability 
For the same departure from equilibrium, the rate also 
increases very rapidly as the inelastic deformability is 
increased by raising the actual temperature. Since 
this deformability also increases as the equilibrium 
temperature is increased, the manner of change in 
properties is somewhat different when equilibrium is 
approached from an undercooled condition than when 
it is approached from a superheated condition at the 
same actual temperature. 

A glass contracts and evolves heat when equilibrium 

is approached from an undercooled condition, but it ex- 
pands and absorbs heat when equilibrium is approached 
from a superheated condition. The rates at which these 
heat effects develop depend on the rate at which the 
difference between actual and equilibrium temperatures 
is decreased and they are therefore controlled by the 
inelastic deformability. 

In view of the foregoing conclusions, an equation has 
been proposed that relates these various rates to the in- 
elastic deformability. This equation is applicable to ex- 
perimental data on the extraordinary expansion and 
contraction effects and on the exothermic and endo- 
thermic effects of glass in its annealing range. , S' ince 
it is based on the concept that glass is a purely viscous 
liquid, it  is not applicable to data on changes taking 
place while a glass is within its plasticoviscous stage 
in which the inelastic deformability increases with the 
load. 

By using this equation in connection with the usual 
expansion curves that are obtained by heating a glass 
to temperatures just above its annealing range, rea- 
sonable results are found for constants that are related 
to the coefficient of viscosity and its changes with the 
actual and equilibrium temperatures. These constants 
would mate it possible to  determine this coefficient 
if the modulus of elasticity were known for the glass at 
these high temperatures. 

The behavior of glass at temperatures -within and 
immediately below its annealing range indicates that 
the various heat effects appear because the balance be- 
tween the average intrinsic pressure (which arises from 
the molecular attractions) and the average thermal 
pressure (which arises from the thermal agitation) is 
disturbed during superheating and undercooling. This 
disturbance of the normal balance of the pressures in 
a liquid causes elastic molecular strains that are ab- 
normal. When such abnormal elastic strains exist in a 
glass within its annealing range, they relax gradually at 
rates that are governed .by the inelastic deformability 
which also governs the rates of relaxation of ordinary 
strains in annealing glass. 
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