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The analysis of the interfacial wave properties is an important point in understanding of many aspects of
separated-flow patterns (annular and stratified). One may cite flow pattern stability, pressure drop and
heat transfer as characteristics affected by the wave properties. Previous studies have shown that the
phenomenon of flow pattern transition in stratified flow can be related to the interfacial wave structure
(problem of hydrodynamic instability). The study of the wavy stratified flow pattern requires the charac-
terization of the interface, i.e., average wave shape, wave speed, amplitude and wavelength as a function
of flow properties. Studies on waves in stratified liquid–liquid flow are scanty, even more when related to
viscous oils. This article offers new experimental data on interfacial waves collected in a glass test line of
12 m and 0.026 m i.d., oil (density and viscosity of 854 kg/m3 and 0.3 Pa s at 20 �C, respectively) and tap
water as the working fluids; the stratified flow was filmed with a high speed video camera at several
inclinations from horizontal (�5�, 0�, 5�, 10�). New experimental data and available literature data of
interfacial waves in oil–water flow were collected, analyzed and correlated to the flow properties by
dimensionless numbers of Reynolds, Froude and Weber. A second-order Fourier series is proposed to
model the wave shape. The correlations can be used to predict the average wave geometry and wave
speed of typical oil–water interfacial waves within a significant range of superficial velocities and pipe
inclinations. Considering the simplicity of the proposed correlation, the agreement between data and pre-
dicted wave is encouraging.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

In industrial processes the presence of multiphase flows is very
common. In multiphase flows, the way that the immiscible phases
are geometrically arranged in a pipe, i.e. the flow pattern, is impor-
tant in defining the way that each flow should be modeled. For
example, dispersion should be analyzed by the homogeneous
model, vertical slug flow by the drift flux model and stratified
and annular flows via the separated flow model. If the longitudinal
dimension of a pipe is relatively larger than the others the one-
dimensional approach is usually applicable. Important characteris-
tics of flow, as pressure drop, heat transfer, corrosion and struc-
tural vibration, are examples of topics that depend on the
geometrical configuration of the immiscible phases, or flow pat-
terns [1]. The interest in liquid–liquid flow has increased since off-
shore oil production is on the rise over the last years, although
investigations on such flows are not as common as those on gas–
liquid flow. The stratified liquid–liquid flow is present in direc-
tional oil wells and pipelines and is characterized by the heavier
and lighter phases located at the bottom and top part of the pipe,
respectively, divided by an interface that can be smooth, wavy or
present droplets of one phase into the other. The understanding
and characterization of the interfacial wavy structure allow for
the correct modeling of the flow; as already pointed out by Wallis
[2] and his equivalent-sand-roughness concept for annular gas–
liquid flow. Recently, it was extended to stratified liquid–liquid
flow by Rodriguez and Baldani [3]. According to those authors
the wavy structure impacts on the interfacial friction factor and,
consequently, on the pressure drop and in-situ holdup predictions.

The interfacial-wavy structure was studied in gas–liquid flow
by Bontozoglou and Hanratty [4] and Bontozoglou [5]. One of the
findings was that the two-phase friction factor of wavy stratified
flow can be about fifty times as high as the friction factor of smooth
stratified flow. Li et al. [6] also studied the gas–liquid stratified
flow pattern and showed that the interfacial waves have significant
influence on heat transfer and pressure drop. The interfacial wavy
structure of separated flows in gas–liquid systems and its influence
on the flow have been further studied by a few researches [7]. The
effect of interfacial waves on the friction factor with or without
gravity in annular flow, the role played by stratified-flow parame-
ters on slug flow formation and a numerical solution for stratified
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Nomenclature

Uws water superficial velocity, m/s
Uos oil superficial velocity, m/s
Vw water in-situ velocity, m/s
Vo oil in-situ velocity, m/s
D pipe’s internal diameter, m
Dh hydraulic diameter, m
g gravitational acceleration, m/s2

Froude (Fr⁄) modified two-phase Froude number, dimensionless
Weber (We⁄) modified two-phase Weber number, dimensionless
Reynolds (Re) Reynolds number, dimensionless
c wave’s speed, m/s
y ordinate, mm
x abscissa, mm
QCV quick-closing-valves technique
hw water height
S standard deviation

Greek
h inclination of the pipeline, rad
e volumetric fraction, dimensionless
a wave amplitude, mm
k wavelength, mm
r interfacial tension, N/m

Subscript
w water-phase
o oil-phase
m mean
a relative to the wave amplitude
k relative to the wavelength
c relative to the wave speed

Superscript
⁄ normalized coordinates
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flow that considers an effective roughness due to the waves have
been the research subject of, respectively, Wang et al. [8,9],
Dyment and Boudlal [10] and Berthelsen and Ytrehus [11]. Also,
Andritsos and Hanratty [12,13] and Andritsos [14] had the interfa-
cial wave in horizontal gas–liquid stratified (water and glycerin)
flows as subject of research. Those authors measured the interfa-
cial wave amplitude and speed via conductive probes; they found
that the interfacial friction factor increases rapidly with the rise of
high amplitude interfacial waves. In flows with low viscosity liq-
uids the wave amplitude increases and the wavelength decreases
with the increase of the gas flow rate; with high viscous liquids
the increase in the gas flow rate make the wave crest curved.

The wavy stratified flow in liquid–liquid flows was experimen-
tally observed by Chakrabarti et al. [15,16] using water and kero-
sene as working fluids. Accordingly to Charles and Lilleleht [17]
the rise of waves in co-current liquid–liquid flows is related to
the transition from laminar to turbulent of the less viscous phase.
In the case of viscous oil–water stratified flow, Castro et al. [18]
found that the wave characteristics might be related to a modified
Froude number. Sotgia et al. [19] affirmed that the wavelength of
the interfacial wave in viscous oil water-flow decrease as the water
superficial velocity decreases. Yusuf et al. [20] studied the effect of
the oil viscosity in flow pattern classification, pressure gradient
and phase inversion in oil–water flows by comparing their results
with other from literature. They observed that the interfacial wave
amplitude increase with increasing the water superficial velocity.

Looking at the cross-sectional interface shape, Brauner et al. [21]
compared the gas–liquid and liquid–liquid interfaces in stratified
flow. In the former a flat interface is more likely because the flow
is dominated by gravitational forces, whereas the latter tends to
present a curved interface since interfacial tension also plays a role.
The curvature of the interface depends on pipe geometry, physical
properties of the fluids and wettability [22] and Rodriguez and Bal-
dani [3]. The idea of a curved interface was used by Brauner et al. [23]
to propose new closing equations and predict holdup and pressure
drop in stratified liquid–liquid laminar flow. An experimental work
was performed by Raj et al. [24] and those authors confirmed that for
liquid–liquid flow the consideration of a curved interface provides
better predictions, improving some correlations earlier developed
based on the work of Taitel and Dukler [25] (for instance [26,27]).

An experimental work on characterization of liquid–liquid flow
patterns can be seen in Trallero [26] and Trallero et al. [27], where
data for horizontal flow were presented including stratified and
semi-stratified flow, dispersions and emulsions. Those authors
did not differentiate wavy stratified from stratified with mixing
at the interface. Elseth [28] presented a more detailed horizontal
oil–water flow pattern classification, observing the wavy stratified
flow, and dividing Trallero’s patterns into several sub-patterns.
Alkaya et al. [29] continued the work of Trallero et al. [27], but
now introducing the effect of pipe inclination. A wavy stratified
flow pattern was reported. All the quoted authors have dealt with
relatively low viscosity oils. On the other hand, Bannwart et al. [30]
studied a horizontal very viscous oil–water flow and reported the
stratified flow pattern among others. Interfacial waves in liquid–
liquid stratified flow have been spotted, but details on the wave’s
geometrical properties are rarely given.

The study of wave motion is a vast scientific topic; one can cite,
for instance, ocean waves in deep or shallow waters. The study of
interfacial wave behavior in two-phase flow is a relatively recent
research topic, but of significant importance, since key parameters
as holdup and pressure drop are expected to depend on the wavy
structure. In addition, an exponential increase in time or space of
wave amplitude might cause instabilities and, eventually, flow pat-
tern transition [2]. The one-dimensional two-fluid model has been
suggested as a tool for analyzing separated flows [31–34] and it has
been applied together with the linear hydrodynamic stability the-
ory and the concept of an exponential increase of an interfacial
perturbation wave. The study of the hydrodynamic stability of sep-
arated liquid–liquid flows, and therefore transition to dispersed
flow, has been carried out by Brauner [35] and Brauner and Maron
[36,37], Trallero [26], Brauner et al. [21,23], Rodriguez et al. [38]
and Rodriguez and Bannwart [39]. Crowley et al. [40] studied the
hydrodynamic stability of separated flows through a relation
between kinematic and dynamic interfacial waves. However, those
authors applied their theory for gas–liquid flow only.

There are a few studies in the literature on interfacial waves in
core-annular flow. In Ooms [41], Ooms et al. [42] and Oliemans
[43] it was demonstrated that the existence of waves is fundamen-
tal for the stability of the core-annular flow pattern. Feng et al.
[44], working with numerical simulation, also found that waves
are indispensable for the hydrodynamic stability of such liquid–
liquid separated flow pattern. Soon after, several theoretical and
experimental papers have been produced by the group of Joseph
in which it is alleged that without the presence of waves, there is
not core-annular flow [45–48]. Rodriguez and Bannwart [49] mea-
sured wave speed, amplitude and wavelength in core-annular flow
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and applied the kinematic wave theory of Wallis [2] to predict the
holdup of the phases with good agreement with their own exper-
imental data. In a related paper, Rodriguez and Bannwart [50] pro-
posed an analytical solution for the prediction of the wave
geometry and compared the results with experimental data,
achieving good agreement.

One might conclude that the curvature in the cross-sectional
view and the longitudinal wavy structure are important for the cor-
rect modeling of the stratified liquid–liquid flow. On the other hand,
information on interfacial wave properties in liquid–liquid stratified
flow is scanty. Some data are presented in Al-Wahaibi and Angeli
[51] and Al-Wahaibi et al. [52], but it lacks of details on wave prop-
erties. Al-Wahaibi and Angeli [53] presented a very complete study
on the geometrical characteristics of the stratified oil–water flow
with low viscosity oil (5.5 mPa s). Those authors connected the wave
characteristics with drop formation, that the drops are formed from
the increase of relative motion between the phases. A comprehen-
sive experimental study on interfacial wave characteristic in viscous
oil–water flows is presented by Castro et al. [18]. Recently, Barral
and Angeli [54] working with the same fluids of Al-Wahaibi and
Angeli [51] presented a study of the interface characteristics in
liquid–liquid flow using a double wire conductance probe. Those
authors experimentally studied the changes in stratified oil–water
flows during the transition to dual continuous flow. The power spec-
tra analysis of the probe signal showed low frequency peaks due to
the pumps and high frequencies that are related to the flow transi-
tion. The measurements were done at two different points of the test
line, one at the pipe inlet and other 7 m downstream. Differences in
the interface were observed, e.g. the presence of large waves only at
the pipe entrance. The authors were not able to find any work
devoted to the systematic study of waves in stratified viscous oil–
water pipe flow. Therefore, the idea of this paper is to present a more
complete study on such waves, offering new experimental data on
wave speed and aspect ratio (ratio between wavelength and wave
amplitude), a study of the wave shape and to propose a correlation
to reconstruct the interfacial wave based on a second order Fourier
series, where the coefficients are given as functions of dimensionless
parameters, Weber and Froude numbers. Ultimately, the dataset can
be used for further numerical or theoretical investigations.

In Sections 2 and 3 the experimental setup and procedure are
presented. The data processing and analysis is explained in Sec-
tion 4. In Section 5 data of wavelength, amplitude and wave speed
related to modified Froude and Weber numbers are offered. Sec-
tion 6 presents the mean interfacial wave shape. In Section 7 a cor-
relation for wave shape is proposed, which can be used to
reconstruct the interfacial wave of viscous oil–water flow. Finally,
the conclusions are drawn in Section 8.
2. Experimental setup

The experimental work was carried out at the Thermal-Fluid
Engineering Laboratory of the Sao Carlos School of Engineering,
USP, in a inclinable hydrophilic–oilphobic glass (borosilicate) test
line (�35� to +35�) of 12 m and 0.026 m i.d. This test section has
the necessary instrumentation for flow measurement with positive
displacements flow meters for oil and water, thermocouples for oil
temperature measurement, characterization of flow patterns by
visualization, global measurements of pressure drop with differen-
tial pressure transducers and in-situ volumetric fraction by quick-
closing valves technique (QCV). A schematic view of the flow loop
and details related to the holdup measurement technique might be
seen in Rodriguez et al. [55].

The working fluids are viscous oil and tap water. The properties
of the fluids were measured at the beginning and end of the exper-
imental campaign through proper sampling. The viscosity was
measured with a rheometer Brokfield™ model LVDV-III+ with
rotor SC4-18, varying the temperature with a thermostatic bath.
The oil viscosity did not vary significantly from the beginning to
the end of the experiments, staying on average in 0.3 Pa s at
20 �C. The oil density varied from 849 kg/m3 to 854 kg/m3, because
of the increase of dispersed water. The interfacial tension and con-
tact angle were measured with an optical tensiometer of KSV™
model CAM 200. The oil–water interfacial tension stayed, on aver-
age, in 0.044 N/m. The same occurred with the contact angle stay-
ing, on average, in 35� (hydrophilic–oilphobic). For the tap water it
is considered that the properties did not vary.

The test section has seven transparent acrylic boxes filled with
water (visualization sections) of 330 mm length and 40 mm height.
They were placed at different points of the test section to allow the
visualization of the flow development. The first was placed at 1.3 m
from the entrance and the rest at 1.5 m apart from each other. In
order to correct any remaining distortion of light due to lens and
parallax effects, a correction factor was obtained for the x-coordi-
nate and y-coordinate by inserting a ruler in the pipe filled with
water. The recorded image was compared with another ruler
placed outside the transparent box comparing real dimensions
with dimensions from the images.
3. Experimental procedure

The oil and water flow rates would be set and after reaching
steady state the flow was recorded. The injection protocol started
with filling the test section with oil and leaving it for several days.
Since it is an oilphobic pipe, this ensures that the pipe is wetted
and has the same characteristics of a pipeline used for oil trans-
port/production. Through a simple 45� ‘‘Y’’ shape junction, with
no separation between the phases, at the beginning of the pipeline
the fluids are injected. First the water at the desired flow rate is
injected through the bottom of the junction. Then the oil is
injected, and the flow is assumed developed when the oil phase
reaches the end of the pipeline.

The flow was recorded by a high-speed video camera (i-SPEED 3
OLYMPUS), at a rate of 100 fps (frames per second) for 48 s at
1280 � 1024 pixels of resolution. A NIKON lens was used (focal dis-
tance of 50 mm and shuttle of f/1.4). The equipment was installed
on a pedestal and two xenon lamps were used to illuminate the
flow, allowing the acquisition and optical measurement of the geo-
metrical properties and speed of the interfacial waves. The images
were taken at the third transparent box, at 4.3 m from the pipe
entrance. An area of the transparent box of 120 mm length by
21 mm height was selected for recording the movies, this area
was delimited with black ribbons; the height is smaller than the
pipe external diameter to avoid effects of light reflection at the
top and bottom parts of the pipe. It was observed that all the
filmed waves were in this region. A homemade LabView™-based
program was used to extract the properties of the waves from
the images (frames). The real-length-to-pixel conversion was
achieved by using the correction factor cited in Section 2. The
experiments were carried out at four different pipe inclinations:
horizontal, 5� upward and downward and 10� upward. The inclina-
tions were measured using a BOSCH™ inclination meter model
DN-ML 60 with accuracy of 0.1�. In Fig. 1 one can see six snapshots
of the lateral view of the oil–water flow taken with the high speed
camera. The sequence starts at the top-left frame and goes to the
right-down frame; the time interval between frames is of 0.01 s.
The flow goes from right to left.

One can observe in the sequence of snapshots of Fig. 1 that
there is more than one wave in each frame. Another conclusion
taken from Fig. 1 is that the acquisition frequency is sufficient for
the analyzed phenomenon.



Fig. 1. Sequence of snapshots taken with the high speed camera. It starts from top-left to right-down frame; time interval between frames of 0.01 s. The flow goes from right
to left, oil at the top and water at the bottom of the pipe (Uws = 0.16 m/s, Uos = 0.04 m/s, Fr⁄ = 0.59 and We⁄ = 1.31).

Fig. 2. Sequence of snapshots taken with the high speed camera. It starts from top-left to right-down frame; time interval between frames of 0.2 s. The flow goes from right to
left, oil at the top and water at the bottom of the pipe (Uws = 0.16 m/s, Uos = 0.04 m/s, Fr⁄ = 0.59 and We⁄ = 1.31).
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Fig. 2 shows six snapshots of the same flow of Fig. 1 but now
with a time interval of 0.2 s. The waves have different characteris-
tics and there are spatial and temporal changes. Notice that the
wave speed may be different for each wave, which can be con-
firmed by the difference of the position and shape of the last two
waves of frame #1 and the correspondent in frame #2 (first two
waves) or in frame #3. The faster wave reaches the one that was
traveling ahead, causing wave interference or superposition.
4. Data treatment and analysis

4.1. Data treatment

The software used to identify the oil–water interface and mea-
sure its amplitude (a), wavelength (k) and speed (c) is divided in
(

Fig. 3. (a) Real image; (b) binarized and (c) reconstruction of the image via text file (Uw
the top and water at the bottom.
four subroutines. This is the second generation of the software pre-
sented by Castro et al. [18]. The first subroutine binarizes each
frame of the film, takes off noises, cuts the ends of the images
and gives the real dimensions by converting pixels to millimeters.
It is important to point out that the length and height of the image
are related to the pixel by a ratio of 0.093 mm/pixel (length) and
0.084 mm/pixel (height). A text file with x and y coordinates of
each point of the interface in each frame is generated (Fig. 3).

The second subroutine identifies any wave present in the inter-
face in each frame via wave-peak-and-valley search algorithm and
generates a second text file with these filtered waves separated
one by one. To avoid both the use of Fourier filters, which modify
the wave shape, and the counting of remaining noises as interfacial
waves a windowing algorithm is used, where the operator set the
size of the window, and only waves bigger than this window are
counted, it works as a band pass filter (Fig. 4).
(a)

b) 

(c)

s = 0.12 m/s, Uos = 0.02 m/s, Fr⁄ = 0.42 and We⁄ = 1.18). Flow from right to left; oil at
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Fig. 4. Simulation of the wave-peak-and-valley search algorithm. Only three waves were separated from this frame (Uws = 0.12 m/s, Uos = 0.02 m/s, Fr⁄ = 0.42 and
We⁄ = 1.18).
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As the main purpose is to measure the 2-D interfacial wave, as
observed in Fig. 4, only waves with a certain dimension were
counted and have its dimensions measured. This also avoids any
problem due to the binarization process. It should be pointed out
that the procedure described above has the main purpose of keep-
ing the wave shape information available for subsequent analysis.
The third subroutine takes the new text file and calculates the
wavelength (k) and wave amplitude (a) of each wave. A PDF (prob-
ability density function) of each property is obtained and the mean
values, as well as the standard deviation (S), of wavelength (km)
and wave amplitude (am) for each studied case is acquired [18].

The wave speed, (c), was calculated by 1-D cross-correlation of
4800 consecutive frames [56], with the text file given by the first
routine, without any wave filtering process. The cross-correlation
between two conductivity probes was used by Al-Sarkhi et al.
[57] to measure the wave speed in annular gas–liquid flows.

The influence of the cross-sectional curvature of the interface on
the wave properties was discussed in Castro et al. [18]. It was
showed that the hypothesis of a 2-D wave, adopted in this work, is
suitable, even when the cross-sectional curvature is taken into
account.

4.2. Data sampling

The recording time and acquisition rate were set at 48 s and
100 fps, respectively. It was considered adequate since the maxi-
mum wave speed observed was of the order of 0.45 m/s and the test
section had a length of about 4.5D (0.12 m). Therefore, in the worst
case, the fastest wave crosses the visualization section in about
0.27 s and at least 27 frames are taken within this time interval.

4.3. Average wave shape

The proposed methodology to obtain the average shape of the
wave was presented by Castro et al. [18]. All the waves are normal-
ized in the x and y coordinates, by, respectively, its wavelength and
pipe’s internal diameter, giving the x⁄ and y⁄ normalized coordi-
nates. The x⁄ coordinate varies from 0 to 1 and within this range
the mean of each y⁄ coordinate is taken. Finally, the average wave
shape is given by the xm-coordinate and ym-coordinate (functions
of the mean wavelength, pipe’s internal diameter and normalized
coordinates):

xm ¼ km � x� ð1Þ

ym ¼ D � y� ð2Þ
5. Interfacial wave properties

The water and oil superficial velocities varied from 0.05 to
0.23 m/s and 0.02 to 0.18 m/s, respectively, at several inclinations
from horizontal, 0�, +5�, +10�, and �5�.
In liquid–liquid flow some relation between fluids and flow
properties are observed. In the specific case of stratified flow the
cross-sectional curvature and the relative velocity tend to disturb
the flow, whereas gravitational and capillarity effects and viscosity
of the phases are important in maintaining the flow and the inter-
face [19,58,59]. So, the interfacial wave characteristics may be
related to dimensionless numbers that include such effects. Modi-
fied Froude and Weber numbers are proposed to correlate the
dimensionless wave speed and the aspect ratio of the wave, respec-
tively. Correlations with the Reynolds numbers calculated via the
hydraulic diameter and in-situ velocity [3] of each phase were also
found for the wave properties.

The Froude number (Fr⁄) relates a characteristic velocity to the
gravitational wave velocity. In other words, it relates inertia,
through the relative velocity between phases, to gravitational
forces. Eq. (3) presents the proposed Froude number:

Fr� ¼ Vw � Voffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g cos hð Þycar

p ð3Þ

where Vw e Vo are, respectively, water and oil in-situ velocities, g is
the gravity, h is the inclination angle and ycar is a characteristic
dimension, Eq. (4).

ycar ¼ ew
pD
4

ð4Þ

where ew is the water holdup calculated via the 1-D two-fluid
model modified by Rodriguez and Baldani [3] and D is the pipe’s
internal diameter.

The Weber number (We⁄) represents the ratio between inertia
and capillarity forces. It is often used to analyze flows where there
is an interface between the phases, especially in cases where cur-
vature is present. The proposed modified Weber number is showed
in Eq. (5):

We� ¼ Dq Vw � Voð Þ2ycar

r
ð5Þ

where Dq is the difference between the density of the phases and r
is the interfacial tension between oil–water.

It is important to say that although the viscosity is not directly
present in Eqs. (3)–(5), it is implicitly taken into account in the cal-
culus of the water holdup and in-situ velocities of the phases.

The Reynolds numbers of the phases are shown in Eqs. (6) and
(7):

Rew ¼
qwVwDhw

lw
ð6Þ

Reo ¼
qoVoDho

lo
ð7Þ

The hydraulic diameters were calculated from the expressions
proposed by Rodriguez and Baldani [3].



Table 1
Standard deviation (S).

Wave characteristic Lowest S (%) Highest S (%) Mean S (%)

Wave speed 5 100 21
Wavelength 29 78 37
Wave amplitude 36 92 47
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The next section shows the average characteristics of the inter-
facial wave as functions of the proposed Weber, Froude and Rey-
nolds numbers.

The mean values of each wave characteristic were calculated via
normal distributions (PDF) of the measurements of all the waves
present in the 4800 acquired frames (14,400 waves); therefore,
the standard deviation (S) is the parameter chosen for quantifying
the error. Table 1 shows the standard deviation observed for each
property.

The highest values of standard deviation are related to the
smallest and slowest waves.

It is important to say that the uncertainties of the measure-
ments are related to the capability of the program to binarize
and identify the exact pixel where the valley and peak of the wave
were at. As each pixel corresponds to 0.093 mm in length and
0.084 mm in height, these uncertainties are not significant.

5.1. Interfacial wave aspect ratio

The ratio between the average wavelength and average ampli-
tude (km/am) or interfacial wave aspect ratio is presented as a func-
tion of the Weber number for different pipe inclinations (Fig. 5). It
is clear that as the relative velocity increases, the Weber number
increases and the aspect ratio asymptotically decreases. In other
words, the wave amplitude increases and wavelength decreases
with increasing the Weber number.

Three databases were used and all have the same behavior.
Therefore, it is possible to propose an exponential relation between
the interfacial wave aspect ratio and the modified Weber number,
as given by Eq. (8) (72% of the points are within prediction bands of
±30%):

km

am
¼ 84:3e �We�=0:4ð Þ þ 6:8 ð8Þ
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Fig. 5. Wave aspect ratio as a function of Weber number.
Considering the hydrodynamic stability of stratified flow, one
may infer that waves with low aspect ratio represent waves on
the brink of breaking up. Experimentally, Al-Wahaibi et al. [52]
presented the mechanism of drop formation in stratified liquid–
liquid flows. The authors concluded that the relative movement
between the phases may lead to the deformation of the interfacial
wave and to drops formation. The relative velocity has a destabiliz-
ing effect. As it increases it may overthrow the restoring viscous
and capillarity forces, which would lead to a higher level of insta-
bility. In the cases studied in this paper, the aspect ratio of the
interfacial wave decreases with increasing the relative velocity,
as expected [51,52]. Flows with higher Weber numbers, over 1.1,
were perceived to be near the transition from stratified wavy to
stratified with mixture at the interface. It also can be inferred from
Fig. 5 that the minimum stable wavelength–amplitude ratio is
around 7. It is important to notice that only stable wavy stratified
flows, without any drop at the interface, are presented. So, it can be
concluded that flow with a Weber number higher than 1.1 and pre-
dicting wavelength–amplitude ratio lower than 7, should have
already changed into stratified with mixture at the interface.

No relations between the wavelength–amplitude ratio and Fro-
ude and Reynolds numbers were observed.

Last but not least, low wavelength–amplitude ratios have been
related to transition from core-annular flow to dispersed flow
[39,49,50].
5.2. Interfacial wave speed

The mean interfacial wave speed is normalized by the mixture
velocity (Uws + Uos) and presented as a function of Froude number
(Fig. 6). The wave speed asymptotically increases with increasing
the Froude number. No relation of the normalized wave speed with
the Weber number was observed.

Using two databases, it is possible to propose an exponential
correlation for the normalized wave speed, Eq. (9) (58% of the
points are within prediction bands of ±50%, dashed lines of Fig. 6):

c
Uwsþ Uosð Þ ¼ �2:6e �Fr�=0:4ð Þ þ 1:5 ð9Þ

An increase of the Froude number can be related to a higher
degree of instability of the flow. It has been shown that the
observed interfacial wave is kinematic in nature [59]. In accor-
dance with the 1-D wave model for flow pattern transition
[40,59], an increase of the wave speed with the Froude number
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would indicate higher trend of instability of the stratified flow pat-
tern. In addition, according to Wallis [2], there is a limit value of
the kinematic wave speed related to stable flow. One can see in
Fig. 6 that the normalized wave speed presents an asymptotic
curve with limit around 1.6; this value might be related to the crit-
ical wave speed proposed by Wallis [2].

It was observed that the normalized wave speed also increases
with increasing the oil phase Reynolds number (Fig. 7). Only lam-
inar oil flow was observed in this work. At this point the necessity
of more experimental data is clear, especially of low viscous oil,
where turbulent oil flow may be observed.

An exponential relation for the normalized wave speed, Eq. (10),
is proposed using two databases (60% of the points are within are
prediction bands of ±50%, dashed lines of Fig. 7):
c
Uwsþ Uos

¼ �1:2eðReo=13:4Þ þ 1:4 ð10Þ

Another analysis that can be made is about the relation of the
wave speed with the in-situ velocities of the phases. According to
the literature, the kinematic wave speed must be in between the
values of the in-situ velocities [2]. One can see in Fig. 8 three differ-
ent velocities: phase’s in-situ and wave speed, as functions of the
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Fig. 8. Wave speed, water and oil in-situ velocities as functions of mixture velocity.
mixture velocity (Uws + Uos) for all experimental points. It is
observed that the interfacial wave speed is in between the other
two velocities. This supports the hypothesis that the lower and
upper limits of the wave speed would be the phase’s in-situ veloc-
ities and that the wave is kinematic in nature; otherwise the strat-
ified-flow stability cannot be guaranteed [2].
6. Interfacial wave shape

The average shape of the interfacial wave in stratified liquid–
liquid flow seems to be still unclear. Numerical studies that simu-
late the propagation of interfacial waves are still based on generic
waves without any connection with the physics or the intense rela-
tionship between the fluids [27,40,60,61]. It was observed that the
interfacial waves resemble sea waves in the region of surfing, with
steep fronts and smooth troughs, so the goal of the next sections is
to provide the mean wave shape and a generic equation that can
describe it. It is important to notice that in these pictures the flow
occurs from right to left and that water is below and oil above the
wave. Another important point is that all the waves plotted in this
section are plotted with the mean value as zero, in other words, all
the waves are plotted around ym equal to zero. This was done to
make the comparison easier. Notice that since the phases’ superfi-
cial velocities vary, the volumetric fraction and so on the water
height also vary. The water height should be the mean value of
the interfacial wave. It will be the subject of study of Section 7.
6.1. Relation with flow properties

The dependence of the wave shape on the superficial velocities
will be presented. Refer to Castro et al. [18] for more details on the
methodology used to obtain the average wave shape.

Fig. 9 shows the variation of the wave shape with increasing the
superficial velocity of water for a constant oil superficial velocity
(0.1 m/s) in horizontal flow. It can be observed that as the water
superficial velocity increases, the wave amplitude tends to increase
as well, which indicates the typical phenomenon of steepening of
short waves [62]. In addition, the waves are asymmetric with steep
fronts and smooth troughs. Notice that water, which is flowing fas-
ter, is below and oil above the wave and that the flow occurs from
right to left. On the windward side (right) the wave crest is gentler
and it has a steeper leeward slope (left), i.e., the wave resembles an
upside-down sea wave in the region where it is about to break. The
Weber numbers related to the flow cases of Fig. 9 are 0.46, 0.74 and
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1.20. The steepening of the wave crest with increasing the Weber
number was already expected (refer to Fig. 5). On the other hand,
the variation of the water superficial velocity does not cause signif-
icant change on the wavelength. It seems that, for the typical case
studied in this work, the wave amplitude is more sensitive to the
change in the value of the water superficial velocity than the
wavelength.

The dependence of the wave shape with the oil superficial
velocity for constant water superficial velocity (0.09 m/s) is
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Fig. 12. Binarized wave image and reconstructed mean interfacial wave: (a) horizontal
Uos = 0.02 m/s.
presented in Fig. 10. A slight decrease of the wavelength and wave
amplitude with increasing the oil superficial velocity can be
observed. The Weber number value related to the flow cases of
Fig. 10 is almost constant and of about 0.73. In this case, an
increase of the oil superficial velocity increases the relative veloc-
ity, but it decreases the water holdup. Therefore, the aspect ratio
remains virtually the same (Fig. 4). One may observe once more
the asymmetry of the wave.
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6.2. Relation with pipe inclination angle

As discussed in Sections 5 and 6, the aspect ratio of the waves is
related to the Weber number a function of the pipe inclination (Eq.
(5)) via water holdup and in-situ velocities of the phases. In Fig. 11
on can see four different waves at different pipe inclinations, but
with the same (or almost) Weber number. The wave shape in
upward flow (5� and 10�) is different from that in downward
(�5�) or horizontal (0�) flow. In upward flow, the action of buoy-
ancy pulls up the oil (lighter phase), which tends to flow faster,
minimizing the relative velocity. The interfacial wave tends to look
like a sinusoidal function. In downward flow, on the other hand,
the action of gravity makes the water (heavier phase) flow faster,
increasing the relative velocity. The interfacial wave resembles a
sea wave in the brink of breaking up. In horizontal flow there is
no direct action of buoyancy and so it is expected that the less vis-
cous phase (water) should flow faster, as in downward flow. Again,
as in downward flow, the interfacial wave tends to be as a sea wave
in the surfing zone. The effect of the inclination in waves character-
istics of the annular gas–liquid flow were studied by Al-Sarkhi et al.
[57], and some of the conclusions reached in this work were
observed by those authors, e.g. the decrease of the wave amplitude
with the increase of the inclination. In that article the authors did
not worked with descendent flows.

6.3. Comparison with real images

One can reconstruct the interfacial wave by sequentially assem-
bling mean waves. These waves are compared with binarized snap-
shots taken from the stratified flow. Now, the mean value is added
to the mean wave. Fig. 12(a) and (b) shows the binarized image
and reconstructed interfacial wave with water and oil superficial
velocities of 0.09 and 0.1 m/s in case (a) and of 0.16 and 0.02 m/s
in case (b) horizontal flows.

In case (a) an almost sinusoidal mean wave is observed as
expected looking the snapshot and the Weber number (low Weber
number indicates a low amplitude high wavelength wave). In case
(b), due to the difference in the Weber and Froude numbers another
wave is expected, with low aspect ratio. This is what the mean wave
presents, a wave resembling sea wave with high wave amplitude.

The wave-reconstruction methodology consistently captured
the wave shape. The comparison with real images of the flow shows
good agreement and the main qualitative wave characteristics were
preserved. It is important to point out that some quantitative dis-
agreement is expected since the reconstructed wave represents
the average wave shape, whereas the binarized images are just snap-
shots taken from the movie with the high speed video camera.

7. Correlation for predicting the mean interfacial wave shape

A generic equation to reproduce the wavelength, wave ampli-
tude and shape of the interfacial wave in oil–water stratified flow
is an open problem. The goal of this section is to propose a corre-
lation where the coefficients are functions of pertinent dimension-
less parameters of the flow.

7.1. Correlation

Several mathematical models were attempted in order to recon-
struct the observed interfacial waves. A second order Fourier series
equation was the simplest and the one that gave the best results, Eq.
(11):

ym ¼ A0þA1 cosðwxmÞþB1 sinðwxmÞþA2 cosð2wxmÞþB2 sinð2wxmÞ
ð11Þ
where ym and xm are the x and y-coordinates. A0, A1, A2, B1, B2 and w
are coefficients that were fit by using MatLab™ fitting tool, for each
flow condition. One can see the achieved agreement in Fig. 13,
where the wave predicted by Eq. (11) is compared with the exper-
imentally obtained mean wave for several flow conditions and pipe
inclinations, 0�, 5�, 10� and �5�.

It is rather clear that the proposed second order Fourier series
equation fits with almost 100% of accuracy the mean interfacial
wave of the flow. The mean R2 = 0.9989 and the mean RMSE = 0.029.

The problem now is how to express the values of the coeffi-
cients of Eq. (11) in generic terms. It is suggested that these coef-
ficients are functions of the modified Froude and Weber
numbers. Increasing the order of the Fourier series only augment
the number of coefficients to be adjusted and leads to a virtually
zero gain in accuracy.

7.2. Coefficients of the correlation

7.2.1. Coefficient A0

The A0 coefficient of Eq. (8) is the mean value of the mean wave.
This coefficient is the water height (hw) parameter of the 1-D two
fluid model of Rodriguez and Baldani [3], so it should be a function
of several parameters of the flow, including the fluid properties and
phases relative velocity. It is possible to plot this coefficient against
both Weber and Froude numbers. The best correlation found was
with the Froude number, presented in Fig. 14.

In the graph of Fig. 14, 60% of the points are within prediction
bands of ±50%.

The linear correlation for A0 is given by Eq. (12):

A0 ¼ �7:9Fr� þ 3:1 ð12Þ

Although the linear correlation is very simple, as the A0 coefficient
is the water height of the flow, it is seems very unlike that this cor-
relation capture all the effects present in determining this flow
parameter. This point has proved to be a problem of the recon-
struct methodology leading to a discrepancy, not in the wave
shape, but in the position, in the vertical direction, where the wave
should be in the pipe. So the water height (hw) as proposed by
Rodriguez and Baldani [3], given by the two-fluid model, was used
as the A0 coefficient.

7.2.2. Coefficients A1, B1, A2 and B2

The Fourier coefficients A1, B1, A2, and B2 are the ones related to
the wave amplitude and by the sum of these trigonometric func-
tions the wave shape is achieved. The graphics of the best observed
correlations with the dimensionless groups are shown in Fig. 15.
The proposed correlations are given by Eqs. (13)–(16).

The linear correlation for A1, B1, A2 and B2 are given by Eqs. (13)–
(16):

A1 ¼ 0:86We� þ 0:23 ð13Þ

B1 ¼ 0:31Fr� � 0:4 ð14Þ

A2 ¼ 0:06We� � 0:01 ð15Þ

B2 ¼ 0:21We� � 0:09 ð16Þ

All the graphs of Fig. 15 present prediction bands of 50%. In relation
to A1 – 57% of the points are within this region; B1 – 55%; A2 – 55%
and B2 – 64%.

7.2.3. Coefficient w (frequency of the Fourier series)
Coefficient w is the frequency of the Fourier series related to the

period of the wave and consequently to the wavelength. The wave
speed is proportional to the wavelength and so on to the frequency.
The speed increases with the Froude number, so it is expected that
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the same occurs with the frequency. Hence, one can see in Fig. 16
the correlation of frequency w with the Froude number, where the
frequency increases with the Froude number as expected. No clear
correlation was observed with the modified Weber number. In
relation to the correlation, 65% of the points are within prediction
bands of 50%.

The linear correlation for w is given by Eq. (17):
w ¼ 0:17Fr� þ 0:09 ð17Þ
7.2.4. Generic correlation for the mean wave shape
The generic correlation to reconstruct the interfacial wave of

the typical viscous oil–water stratified flow of this work is given
by Eq. (18) with A0 as a function of the Froude number or A0 as
the water height. In this article the water height will be used
because of the reasons mentioned in Section 7.2.1.

ym ¼ hw þ A1ðWe�Þ cos½wðFrÞxm� þ B1ðFr�Þ sin½wðFrÞxm�
þ A2ðWe�Þ cos½2wðFrÞx�xm þ B2ðWeÞ sin½2wðFrÞxm� ð18Þ
7.3. Predictions

As the modified Weber and Froude numbers are known quanti-
ties and the water height might be calculated from the two-fluid
model [3], it is possible to predict the interfacial wave shape by
applying the proposed correlation (Eq. (18)), with the coefficients
given by the relations of Eqs. (13)–(17). Some reconstructions are
shown in Fig. 17 for different pipe inclinations and flow conditions.

Fig. 17(a) and (b) shows the predicted and experimentally
obtained mean wave for horizontal flow, respectively, with low
and high Weber numbers, the agreement is quite good in both
cases. In case (a) both waves have the same shape, wave amplitude
and a difference of 5 mm (22%) in the wavelength and 0.6 mm
(13%) in the mean value. In case (b) both waves have almost the
same shape and a difference of 0.6 mm (30%) in the wave ampli-
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tude, 1 mm (5%) in the wavelength and 0.5 mm (12%) in the mean
value.

Fig. 17(c) and (d) also presents predicted and experimentally
mean waves, but now at 5� upward flow. Fig. 17(c) presents a
low Weber number flow, it can be seen that the waves have the
same shape and wavelength, but as well as in the horizontal case,
difference in the mean value of 1.6 mm (35%). Almost all the same
conclusions can be drawn about Fig. 17(d), the same shape, same
wavelength, difference of 0.2 mm (7%) in the wave amplitude,
and difference of 1.6 mm (35%) in the mean value.

Fig. 17(e) and (f) presents the waves for 10� upward flow, again,
for low and high Weber numbers respectively. In all cases the
shape of the predicted and experimental wave are the same. In
the low Weber case (Fig. 17(e)) the waves have the same ampli-
tude, difference of 0.6 mm (2.1%) in the wavelength, and 2.1 mm
(45%) in the mean wave value. In the high Weber number case
(Fig. 17(f)), difference of 0.35 mm (14%) in the wave amplitude,
1.4 mm (6%) in the wavelength and 1.84 mm (37%) in the wave
mean value.

In 5� downward flow, only cases of low Weber number were
seen, and in the plotted case the wave shape, wave amplitude
and wavelength are the same and a difference of 1.1 mm (14%) in
the mean value is observed.

It can be observed that in all cases the wave shape seems to be
captured with good accuracy, so the main goal of the methodology
was achieved (Fig. 17). Also, in almost all cases the wave amplitude
and wavelength were predicted with a low uncertainty, but it is
clear that more experimental data, that did not exist in the litera-
ture, are necessary to improve the quality of the correlations used
in Eq. (18) and so on, the accuracy of wavelength and wave ampli-
tude predictions.

Only for the horizontal cases the use of the water height as the
mean value for locating the position of the wave predicted a wave
below the experimental wave, but with a low error. For the other
pipe inclinations, waves above the experimental ones were pre-
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dicted and with relatively higher errors. However, one should
notice that the maximum difference observed in the wave position
was of 2.1 mm, which is lower than 10% of the pipe’s internal
diameter. In cases (a) and (b) of Fig. 17 the difference in the wave
position is related to a difference of 10% in the water volumetric
fraction, and in the others cases this difference ranged from 21%
to 26%. The average deviation of holdup predicted by the two-fluid
model of Rodriguez and Baldani [3] with experimental data was of
13%, with a maximum of 26%, which is in fair agreement with the
presented data. It can be inferred that the errors in locating the
position of the interface are due to the application of the chosen
two-fluid model [3] and are independent of the methodology’s
capability of predicting with good accuracy the average wave
shape, wave amplitude and wavelength.
8. Conclusions

An experimental study that focused on the interfacial wave
observed in stratified viscous oil–water flow was conducted. The
collected data on wave amplitude, wavelength and wave speed
were found to be dependent on holdup, pipe inclination, relative
velocity, interfacial tension and density of the liquid phases. Mod-
ified Weber and Froude numbers are proposed and used to corre-
late the wave aspect ratio and dimensionless wave speed. A
correlation of the dimensionless wave speed with the Reynolds
number of the oil phase was also observed. High Weber numbers
were related in this work to steeper waves, i.e., to high-amplitude
and short-wavelength waves, which are those usually observed in
studies of hydrodynamic instability and flow pattern transition.
The dimensionless wave speed was given as a function of the Fro-
ude number; the higher Froude number, the faster the wave speed.
The proposed correlations can be used to predict with good accu-
racy the geometric and kinematic properties of the typical interfa-
cial waves observed in this work.

The average wave shape experimentally obtained resembles a
sea wave in the region where it is about to break. A correlation is
given in order to reconstruct the typical interfacial waves observed
in stratified oil–water flow. It is based on a second order Fourier
equation, where the coefficients are the water height, given by
the 1-D two-fluid model, and linear functions related to the pro-
posed Froude and Weber numbers. The proposed methodology
allowed for the fair prediction of the average wave shape, wave-
length and wave amplitude.
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